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Abstract

A new class of marked and weighted empirical processes of residuals is introduced. The
framework is general enough to accommodate both stationary and non-stationary regressions as
well as a wide class of estimation procedures with applications in misspecification testing and
robust statistics. Two applications are presented.

First, we analyze the relationship between truncated moments and linear statistical func-
tionals of residuals. In particular, we show that the asymptotic behaviour of these functionals,
expressed as integrals with respect to their empirical distribution functions, can be easily ana-
lyzed given the main theorems of the paper. In our context the integrands can be unbounded
provided that the underlying distribution meets certain moment conditions. A general first or-
der asymptotic approximation of the statistical functionals is derived and then applied to some
cases of interest.

Second, the consequences of using the standard cumulant based normality test for robust
regressions are analyzed. We show that the rescaling of the moment based statistic is case
dependent, i.e., it depends on the truncation and the estimation method being used. Hence,
using the standard least squares normalizing constants in robust regressions will lead to incorrect
inferences. However, if appropriate normalizations, which we derive, are used then the test
statistic is asymptotically chi-square.

1 Introduction

Weighted and marked empirical processes have many statistical applications. Two related types
of empirical distribution functions have been analyzed previously. On the one hand, empirical
distribution functions of residuals weighted by some function of the regressors have been studied
by, for instance, [11, 13, 14]. Applications of this approach include asymptotic theory of robust
estimators and goodness of fit tests. On the other hand, the empirical distribution functions of
regressors marked by the residuals have been analyzed by, for instance, [6, 15, 20]. Applications
of this approach include model specification checks, which rely on moment conditions between the
errors and the regressors.

We consider the regression y; = z}3 + ¢;, where the regressors can be i.i.d., stationary or non-
stationary while the error term is i.i.d. with an unknown scale o; see §2.2 for details. Our concern
is the exceedingly common research strategy of robustifying the regression, where the investigator
first estimates the parameters by some consistent and, preferably, robust estimators §,5; then
deselects observations with large residuals &; = y; — x;ﬂN ; and finally re-estimates the parameters by
estimators B , 0 with residuals &; = y; — 2/ B for the selected observations. Properties of the updated
estimators have been analyzed by [18, 22] and more recently [9, 11, 12]. It is common to apply
standard misspecification tests at the end of the above mentioned robust regression procedure.
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The properties of such tests are unknown. To analyze these properties we generalize the class of
weighted and marked empirical distribution functions further and consider

From(e) = nilz?zlw(xm)m(éi/(?)1(5550), (1.1)

where w(z;,) is a weight function and m(é;/¢) is the mark, for some smooth function m. [11]
allowed polynomial marks m(e;/0) = (g;/0)P, without estimation error, which form the basis for
analyzing estimators. Here, we allow for marks with estimation error, which are the basis for
analyzing misspecification statistics. In doing so we generalize and improve some of the results in
[11], simplify the proofs and relax the regularity assumptions.

We note that the marked and weighted distribution function IA:,%”m(c) defines a very general
class that includes a number of special cases which are relevant in theory and in applications. In
particular, we consider two applications. First, we study linear statistical functionals of truncated
residuals

Tme(F,) = ffoom(u)dr:}il(u) = ”_12?:17”(51'/5)1(55&0)-

Here, Fp(c) = n_lz?zll(giga-c) — F1'(c) is the empirical distribution of the scaled residuals. When
m is unbounded the asymptotic theory of Tm’C(IA:n) cannot be derived from an asymptotic theory
for F,, in an obvious way. However, since Tm’c(len) = IA:%Lm(c), this is a marked empirical process
and an asymptotic theory follows from our results. Specifically, Tm’C(IA:n) is expanded in terms of
T<(F,).

In our second application, we consider testing for normality in robust regressions. It is common
to check normality after having eliminated outlying observations using a moment based test statis-
tic. The asymptotic properties of the moment based test after having implemented this robustifying
procedure are not known. In order to derive those properties, we express the test statistics in terms
of the weighted and marked empirical distribution function noting that the estimation errors in the

indicators and marks will now be different. In particular, we look at statistics of the form

P S (8i/6) 1z <50
: >oic1 Le <s0)

for k = 3,4. [4] suggest a related robust test using an information matrix approach. We show
that the normalizations in the moment based test for normality depend on the estimation method
being used and the outlier detection procedure. In particular, using the standard least squares
normalization constants, that is 3, 6, 24, can lead to misleading inferences. We derive the correct
normalizations for some robust estimators of interest.

The paper is organized as follows. §2 contains the main asymptotic results for marked and
weighted empirical processes of residuals. Two applications of these general results follow: linear
statistical functionals of truncated residuals are analyzed in §3 and normality tests for robust
regressions are studied in §4. All proofs are collected in the Appendix.

2 Marked and Weighted Empirical Processes

2.1 Model and Notation

We consider marked and weighted empirical processes of residuals estimated from the model
yi=Pri+ei=p+az+e, (2.1)

which includes an intercept and where 3 = (u, )" and z; = (1, 2])’ are k-vectors. In the empirical
process theory we will introduce weights w;, that are typically derived from the regressors. The
innovations are i.i.d. with distribution function F(c) = P(e; < oc¢) with unknown scale ¢ > 0.
Overall the model satisfies the following martingale structure.



Assumption 2.1. Let F; be a filtration so that e;_1,z;, and wy, are F;_1-measurable and 6@_/0 18
independent of F;—1 with distribution function F and positive density f on R with derivative f.

We normalize the regressors as z;, = N'z; where the normalization matrix N is chosen so
that the normalized information Y7 | z;,2}, has a positive limit. For example, N = n~/2[; for
stationary regressors, N = n~'I; for random walk regressors, while N = diag(n—"/2,n=%/2) if
z; = i. The weights are typically chosen so that n ! > i, wip has a limit and standard examples
include 1, n'/2N"z; or nN'z;ziN.

The error of the initial regression estimator is scaled as b = N *1(5 — (), while the rescaled
scale estimation error is @ = n'/2(6 — o). In standard situtations a, b converge in distribution, but
we allow @, b to diverge slightly in the following theory. The standarized residuals can be rewritten
using the model equation (2.1) as

& _ Yi— zif  — tLNN— (B B) €i — :v;nl;
o o a+n—1/2n1/2(& o) o+n 12

Likewise we introduce notation b = N~1(3 — 8) and @ = n'/2(6 — o) for the updated estimators
with & = ¢; — x;nl; for the selected observations.

In the asymptotic theory, Lemma A.1 in §A.1 allows us to replace the estimation errors 6 =
(a,b,a, l;) with deterministic values 8 = (a1, b1, am, by) varying in some set. Here the subscripts
indicate whether parameters appear in the indicator or the mark. The marked and weighted
empirical distribution of interest is then

/
’ [ € — X bm
F% m(e’c) =n Zi:lwmm (0 + nir/LQam) 1(€¢Sac+n—1/2a1c+x§nb1)’ (2'2)

so that F(0,¢) = F¥"™(c) is the empirical distribution function in (1.1). For later reference we
also introduce 61 = (a1,b1) and 0, = (@, by,) where 61 and 6,, collect the estimation errors in the
indicator function and the marks, respectively.

The statistical analysis of Fp,"" uses martingale theory, hence, we define the compensator as
the weighted sum of conditional expectations

/
€i — Tjpbm
o+ nil/zam

m(Q,C) = n—lz?zlmei—l{m < > 1(€¢§Uc+n*1/2a1c+x§nb1)}’ (2.3)

and define the empirical process as the martingale

7™ (0,0) = n'/2{F™(0,) — F," (0.0)}. (2.4)

2.2 Asymptotic expansions

Theorem 2.1 below shows that the empirical process F;,”"(6,c) is asymptotically equivalent to
F3"™(0,¢) uniformly in  and ¢. As a consequence we have that Fy'™(0,¢) and Fir"™ (0,¢) are asymp-
totically equivalent; see Lemma A.l. The theorem also gives an asymptotic uniform linearization
of the compensator F,,""(6,c).

Assumption 2.2. Set 0 < k < n < 1/4. Let m be a differentiable mark function and let m(u)
represent each of m(u), um(u), m(u). Suppose:
(i) density and marks satisfy

(a) moments: [ _m*(u)f(u)du < oo;

(b1) boundedness: sup,cg |u|{1 +m ( ) H(u) <

(b2) boundedness: sup,cp \au[{l + mt (u) M (u )]\ < oo

(b3) boundedness: sup,cp(l +u )|m( i(u)| <

(¢) smoothness: Let h(u) = {1 + m*(u)}(u) so that

SUPy>c B(U) Supy,<— cﬁ(u)

sup ——————=—— < 00, SUp —————— < 0.
c>0 1nf0§u§c h(u) ¢>0 inf_ e<u<0 h(u)



(d) local Lipschitz: Jw > 0 and a function m(u) > 0 so Yu*,u so that
|u* —u| < (14 |u))w then |m(u*) —m(u)| < |u* —ulm(u) and where
00 2)¢ )
f_oo(l + |ul®)m(u)f(u)du < oo;
(i) regressors: maxj<i<y [n'/> *N'z;| = Op(1) for some non-stochastic nor-
malization matriz N ;
ii1) weights: EY"1 . |win|?T = O(n) for some w > 0.
( ) g =1

Theorem 2.1. Let Assumptions 2.1, 2.2 hold. Then, VB > 0, n — oo,
sup  sup[F2™(0.¢) — F2™(0,)| = op(1),
|9|§Bn1/4*n ceR
sup sup '/ {F," (0,¢) = F,"(0,0)} = B (6, ¢)| = op(1),

|9|§n1/4*nB ceR
where By,"™ (0, c) = By (61, ¢) — B (0m, ) and

BY"(01,0) = o7 m(e)f (e)n P jwin(n T are + 2l b), (2.5)

B (O, ¢) = 0_1n_1/2Z?:lwin{n_l/QamE(Ei/U)m(gi/0>1(ai§UC) (2.6)

+ :E;nbm Em(gi/o')l(eigac)}'

Remark 1. Theorem 2.1 generalizes [14] who had marks m(u) = 1, known scale o, and bounded
normalized estimators so that n = 1/4. Their result essentially required 2nd moments for regressors
and weights, which is slightly weaker than for the present result. Both proofs evolve around chaining

and martingale inequalities combined with truncation of regressors and weights. The basic setup

is a locally quadratic Fi-martingale V,, = Y1, v; with predictable quadratic variation (V), =

S E(v?|Fi—1) and total quadratic variation [V, = > i, vZ. Since [14] had bounded marks they
could use the [7] inequality: for |v;| < ¢, then

P(Va > 2, (V), <y) < exp[~2®/{2(y + cz)}].

With unbounded marks we will instead use the [3] inequality, refined by [5], see also [2] and embedded
in the iterated martingale inequalities in Theorems A.2, A.3: for any |v;|, then Yx,y >0

P(Va > 2, [V]n +2(V), <y) < exp{-327/(2y)}. (2.7)

The total quadratic variation [V],, is harder to control than the predictable quadratic variation (V'),,
so that slightly stronger conditions are needed here. Theorem 2.1 also generalizes results in [11],
where the marks are m(u) = uP without estimation errors. That result required that the number of
moments grows with the dimension of the regressors, which is relazed here.

Remark 2. Assumption 2.2(i,c) is a smoothness condition that is satisfied if {1 + m*(u)}f(u) is
monotone for large |u|; see [11, Remark 4.1].

Remark 3. The local Lipschitz Assumption 2.2(id) is satisfied for polynomials m(u) = uP. Note
m(u) = puP~ and m(u') —m(u) = p(ut —u) Z?;g w) (uh)*=273, For |ut —u| < (1+ |u|)w and w =1
we can choose m(u) = ng;g |ul? (1 4 |u|)*=277 with integrability condition E|ulP < co.

Remark 4. Assumption 2.2(i) is satisfied for the normal distribution with m(u) = uP for any
p € N since the derivatives of the normal density are bounded, tail monotone and locally Lipschitz.

Remark 5. Assumption 2.2(ii) allows a general class of regressors. For stationary regressors the
assumption is satisfied if there exists a ko s0 1/4 > k > kg > 0 and E|z;|'/" < oo, since by the
Boole and Markov inequalities

P(max |z| > y) = PUL, (|Jai] > ) < 3311 P(|i] > y) < 3L Elai/y["/"

vanishes for y = n/2=5. For deterministic regressors and random walk regressors we can choose
k = 0. See [11, Example 3.2] for details.



Combining Theorem 2.1 and Lemma A.1 in Appendix A.1 we expand
n'2{Fem(B,c) — Fp " (0,¢)} = FU™(0,¢) + BY™ (8, ¢) + op(1), (2.8)

uniformly in c. The next step is to find an asymptotic theory for the process Fp,'"™ + By'"". Often
the process F,"™ + By,"™ is asymptotically Gaussian by the Central Limit Theorem even in the
presence of random walk regressors with examples following in the subsequent sections. But, the
asymptotic distribution could also involve stochastic integrals, see §1.5.4 of [9]. The tightness of
the process F;,”" is analyzed by [14] with unit marks, m(u) = 1, while the following result applies
for polynomial marks.

Assumption 2.3. Let m(u) = uP for some p € Ny. Suppose
(i) density satisfies: E|g;|*PTV < oo for some v > 0;
(i) weights satisfies: ES 0 |win|*(1 + [nY/2N'z;]) = O(n).

Theorem 2.2. ([11, Th. 4.2]) Let Assumptions 2.1, 2.3 hold. Then, Ve > 0,

lim lim sup P{ sup IF™(9,cT) — FY™(0,¢)| > €} — 0.
0 n—oo ¢ cteR:|F(c)—F(ch)|<o

3 Truncated Moments & Linear Statistical Functionals

Many test statistics can be expressed as statistical functionals of empirial processes of residuals,
say T(F,) where Fp(u) = n™ 13" 11(z,<5). Conditions ensuring the weak convergence of F,, are

A

insufficient to describe the asymptotic theory of T(F,) in genereal, especially when considering
functionals of the form

T™(Fn) = [ m(u)dF,(u) = n 'S0 m(E/6) Lz <s0), (3.1)

and the integrand is unbounded. However, this statistical functional is a weighted and marked
empirical distribution function, that is, T™<(F,) = F"™ (6, ¢). Theorem 2.1 expands such statistical
functionals.

Corollary 3.1. Suppose n'/?(¢ — o) and N=Y(3 — B) are Op(n'/*=") for some n > 0. Under
Assumptions 2.1, 2.2 with that n, mark m defined from T"™¢ and weights w;, = 1, then

n!2TE(F,) = T™O(F)} = nP{T™(Fy) = T™(F)} + By (0, ¢) + op (1),
uniformly in ¢ € R, and where By™(0,c) = B};Zm(é, ) — B0, ¢) with

BiT (8, ¢) =em(e)f()n'/?(5 /o — 1) + m(c)f (c) 11 (B — B),
BL™ (0, c) =n'*(5 /o — 1)E{(e1/0)1iv(e1/0) 1 (c1<00) }
+ 0_712?:13:;”(5 - /B)E{m(gl/a)l(sigac)}‘

We note that the bias term B}L’l(é, c¢) only depends indirectly on the regressors. In particular,
for least squares estimators we have

n'2G/o—1) = 272 {(ei/0)? — 1} 4 op(1), (3.2)
oI wl (B—B) = nVEY (eifo) +op(1), (3.3)

see Lemmas B.5, B.6 in Appendix B.

We now consider the special case m(u) = u? in some detail. We focus on the results without
further attention to the regularity conditions set out in Corollary 3.1. Denote T™¢ by TP, let
TP = TP and consider a symmetric density f for simplicity. The idea is to highlight some subtle
differences that arise when applying the statistical functional T?¢ to F, and IA:n7 respectively.



Denote one-sided truncated moments by TP“(F) = E(¢i/0)P1(.,<4c) for ¢ € R, while two-sided
truncated moments are given by

78 = E(64/0)P1 (e <o) = TP°(F) — TP (F) for ¢ > 0. (3.4)

In particular, T%¢(F) = P(g; < oc) for ¢ € R and 7§ = P(|e;]| < o¢) for ¢ € R. Denote 750 = Tp. We
note that when F is the standard normal distribution function then, for p € Ny,

7—2Cp+1 = 07 TQCp = {(2]9 - 1)"}P(X%p+1 S 02)7 (35>

where the odd factorial (2p—1)!! is one for p = 0 and [])_,(2¢—1) for p € N. This is proved by first
integrating u” with respect to the standard normal density ¢(u) and substituting «> = v and then
noting I'{(p+1)/2} =T'(1/2) iffl (2¢—1)/2} by the functional equation for the gamma function.
[1] have similar formulas for 71, 75. Now, inserting ¢ = oo in the above formula gives the moments
of the standard normal distribution: 9 = 7 = 1, 7y = 3, 7§ = 15, 73 = 105. Exploiting that the
normal density satisfies (0/0u){—uf(u)} = (u? — 1)f(u) we also get

5 = [ u*f(u)du = 75 — 2cf(c). (3.6)
Example 1. The sample central moments of F,, are
TP(Fn) = [ {u— [*° vdF,(v)}PdF,(u).

This is analyzed as a non-linear statistical functional of F,, by [19, p. 232f]. However, we can
also analyze this as a linear statistical functional of IEn(c) =n Y0 L(z,<gc) Where &; = €; — €.
To do so let z; = 1 in (2.1), that is y; = p+ ;. We then get that TP(F,) = TP(F,), which is
a linear statistical functional in F,. Recall the properties of least squares estimators in (3.3) and
apply Corollary 3.1 with ¢ = o to get

nHTP(F,) = TP(F)} = n 2300 (6] fo” — 1) = prp—an™ 2300 1 + op(1).
Assuming 71 = 0 the asymptotic variance is found to be
var = Top — (Tp)2 — 2pTp—1Tps1 ‘|‘p27}?—17’27

in agreement with [19, p. 233]. Serfling leaves it to the reader to check whether his condition Ay
applies to his remainder term Ry,. Here, this is done through Corollary 3.1 with its more primitive
conditions, which are satisfied for instance for a normal distribution.

Example 2. Standardized sample moments of Fn. Let B,& be least squares estimators in
model (2.1). This includes an intercept so | & = 0. We get the standardized moments TP(F,) =
n=t S (£i/6)P, so that TH(F,) = 0 and T*(F,,) = 1 while T3(F,) and TX(F,.) are sample skewness
and kurtosis. Corollary 3.1 combined with (3.2), (3.3) shows that

n!2{TP(F,) = TP(F)} = 07230 {(ei/0)? — 7}
_ n I _
= prpin” P (e3/0) — prpgn T P {(i/0)” — 1} + op(1).
The asymptotic variance, assuming 7 = 0, is

_ 2 2.2
vary = Top — T, — 2PTp1Tps1 + P Ty 172 — PTp(Tpr2 — TpT2)

+ p27'prp_17'3 +p27'p2(74 — 722)/4. (3.7)

In particular, in the normal case this reduces to vars = 6 and vary = 24.



4 Testing for Normality in Robust Regressions

We now apply the general theory of §2 to normality testing in robust regressions. We consider the
widely used “data-analytic strategy” described in [22]; that is, outliers are first detected using an
initial estimator and then, after eliminating them, the model is estimated by least squares on the
retained observations. The properties of such statistical procedure are unknown but can be studied
using the above general theory.

4.1 Estimators, test statistics, assumptions and notation

Suppose we have initial estimators 3,5. We then select observations where |&;| < oc with & =
y; — x; and run a regression on those observations giving

A -1
B = {1zl (s, <50} 2im1TiYil (5| <50)-
This results in updated residuals é; = y; — $;B and a residual variance estimator of the form

6% =M Na<on t 16 L (s <0 (4.1)

where the consistency factor is ¢2 = 75/ 75- Table 1 gives numerical values for 2 under the hypoth-
esis of normal errors without outliers. The above estimators are refered to as 1-step Huber-skip
estimators and are analyzed in [9, 10, 11, 12]. Examples include:

Example 3. The least squares estimator where o¢c = oo.

Example 4. The robustified least squares estimator where B,& are full-sample least squares esti-
mators and c is a user-specified cut-off so that oc = 6e. We will write Brrs for B.

Example 5. The least trimmed squares estimator of [17]. Let &(B) = |y;—x, 5| with order statistics
@) (B) in increasing order. Let n — h be the number of trimmed observations corresponding to a
trimming proportion of (n — h)/n = P(e2 > o2c?). Then the least trimmed squares estimator is
Brrs = arg minﬂz?zlfé)(ﬁ). Let & = &(Brrs). This estimator selects h observations with smallest
resitduals é(i) so that the cut-off value is oc = é(h). In our setup with 8= /3 = Brrs giving residuals
Ei=¢& =y — x;BLTS- Inserting this in (4.1) gives 5%TS =52

We consider the moment based normality test on the robustified (truncated) sub-sample of
second stage residuals &; = y; — 5. Let s denote the estimation procedure being used and define
the conditional sample moments

P > i1 (8i/6)P1(151<50)
p:c > i1 Lz <70)

We then study the following truncated normality test statistics

for p € N. (4.2)

Ly VO e (O Vb 1) s
T T TR |

where A3 ., A§ ., A3, . are normalizing constants that depend on the selection stage through ¢ and
the estimation method. We note that when oc = oo there is no selection over observations and
the statistics reduce to the standard cumulant based test statistics for normality of residuals with
)\goéos =3, /\8503 = 6 and )\204%2 = 24, see Example 2. When there is selection, the normalizing
factors A3 ., A§ ., A3y, depend on the truncated moments and certain constants entering the first
order asymptotic expansions of the estimation method being used.

We analyze the normality test when there is no contamination and normal errors. Assumption
2.2 reduces as follows, see Remark 4.



Assumption 4.1. Let 0 < k < 1/4. Suppose

(i) &i/o is N(0,02) distributed;

(i) regressors: maxi<i<n |n'/2""N'z;| = Op(1) for some non-stochastic normalization matriz N,
where Nt = O(n®) for some £ > 0 and where inf{n : Y. | x;2} invertible} < oo a.s.

For the least trimmed squares estimator further assumptions are needed.

Assumption 4.2. The regressors are nonrandom so that Y+ | |z;|* = O(n) and n=1 Y1 | @)
has a positive definite limit.

4.2 The robustified least squares case in Example 4

The normality test is based on the truncated empirical moments in (4.2) where B , 0 are full sample
least squares estimators and ﬁ ) ¢ are the corresponding 1-step Huber skip estimators with residuals
Ei=vy; — T ﬁ and &, = y; — x. 5, respectively, while the cut-off is oc = Gec.

The truncated normality test statistics T RLS T fCLS in (4.3) are computed as follows. The
asymptotic expansions will involve the vectors

(€i/0)* (e, 1<o0) —
. (57,/0') (les|<oc) . (EZ/O')Z (les| <oc) — c
23,0 = (5Z/U) (les|<oc) ) 245 = _ e . (4.4)
(ei/0) Ljes<o) = 70

(ei/0)? — 1

For normal and hence symmetric €; these vectors are uncorrelated. The Central Limit Theorem
then shows that z5;, 2 ; are asymptotically normal and independent with variances

TS Ti T4
Q5 = T8 TS TS |, (4.5)
Ty 15 1
(- - (- 1) -7
g _ ) o o w(-g) - 46
' 1 =7) 1 -78) Q-7 -7 |
| 76— T4 TS —T5 Ty — Th 2
We compute the vectors
505 = {1, =-375/75,2( = 375 /75)cf ()}, (4.7)
UGS = L =2rf /s, 77, (¢ = P2rf 75 + 75/ 6) e (o))
and define the normalizations, for s = RLS,
g,c = TX/TS, g,c = SI C3 c/ TO) ) 34,0 = S/ C4 c/( ) (49>

Table 1 gives numerical values for )\RLS )\RLS Agff . We note that these normalizations depend

substantially on the choice of c.
We get the following asymptotic result.

Theorem 4.1. Let Assumptions 2.1, 4.1 hold and cg > 0. Then, uniformly in ¢ > cy, for p = 3,4,
we get TRLS = TELS 1 op(1) where

p,c,n

RLS _ {( RLS) Qc( RLS)}fl/Q( RLS)/ 71/22

pcn D,C = 1pz

For ¢ > ¢y then TELS and TFES converge to independent Gaussian processes with zero mean and

3,c,n 4,c,n
unit variance. In particular, for fived ¢ > co then (Tffs)2 + (TfCLS)2 is asymptotically x3.



Table 1: Normality test for robust regressions. Normalization factors under normality.

75 =P(le1] < oc) | 0.5 0.95 0.99 0.999 0.9999  0.99999 1
c 0.67 1.96 2.58 3.29 3.89 4.42 00
o ! 2.6477 1.1480 1.0399 1.0059  1.0008 1.0001 1
ARLS ATS 0.0379 1.3501 2.2750 2.8381 2.9709 2.9954 3
Aggs 0.0111 0.8865 2.4986 4.6725 5.6472  5.9250 6
MG LS 0.0041 0.8313 2.4908 4.6724 5.6472 5.9250 6
Agifcs 0.0012 1.1211 4.5439 12.9758 19.7877 22.7983 24
MLS 0.0029 2.0489 7.6335 16.8966 21.9157 23.5276 24

Example 6. The normalizations )\3}355, )\gfs, )\%CS found in Theorem 4.1 are substantially differ-

ent from the traditional values 3, 6, 24. Those incorrect values are commonly applied in practice
after outlier detection. This leads to severe size distortions as we are comparing ,uRLS and [LRLS
with N(0,6/n) and N(3,24/n) distributions rather than N(0, )\RLS/n) and N()\?fgs, ﬁLCS/n) distri-
butions. Then the 3 moment test is under-sized while the 4" moment test has asymptotic size of
unity. Indeed, suppose we set ¢ = 2.58 corresponding to a 1% trimming and let n = 100. The incor-
rect normalizations give 95% sampling regions of [—0.48,0.48] and [2.04, 3.96], respectively, instead
of the correct [—0.30,0.30] and [1.86,2.69], leading to sizes of 0.24% and 13.5%, respectively. For
n = 200 and n = 400 the fourth moment test has sizes increasing to 62.0% and 98.9%, respectively.

4.3 The least trimmed squares case in Example 5

The result in this case is similar to the previous one. The main difference is technical: since order
statistics are used the proof involves empirical and quantlle processes.

The truncated empirical moments in (4.2) have ﬂ B as the least trimmed squares estimator
with residuals &; = &; = y; — 5 The cut-off is o¢c = f(h) which is the hth smallest order statistic
of & = |&]. The least trimmed estimators 3 and & were analyzed by [21] and [12], respectively.

The truncated normality test statistics 7 ?{:g’s and TZfCTS are computed from (4.3) where the
normalizations are expressed as follows. Recall the covariances Q§, Q2§ in (4.6) and compute vectors

gLTS = {1,26%(c) /75 — 3,0}, (4.10)
FTS = (1 — 7 /78, —275 )78, 75 /76 + 267 15 — 10y, (4.11)

and the normalizations )\gfs , )\gfgs , A%Z S from (4.9) with s = LT'S. The normalizations are tabu-
lated in Table 1. We have the following result.

Theorem 4.2. Let Assumptions 2.1, 4.1, 4.2 hold and choose a fized h/n € (0,1). Then TngTS and
T4L’CTS are asymptotically independent x3.

A Empirical Processes Results

We prove Theorem 2.1. The weights w;, may be arrays, but to show that the resulting array of
empirical processes vanishes it suffices to show this for each element. Thus, we proceed in this
appendix as if w;, is scalar.

A.1 The Chaining Setup

We consider processes Mn(é, ¢) depending on estimation errors 6. If 6 is bounded in probability,
then M, (0,¢c) can be analyzed by studying the behaviour of M, (6,¢) uniformly in # € © for a
compact ©. This is due to the following result.



Lemma A.1. If Ve > 0 a compact set © exists so lim, oo P(d € ©°) < € then P{|M,(0,¢)| >
e} < P{supyeg |Mn(0,c)| > €} + €.

Proof of Lemma A.1: Boole’s inequality shows P(A) < P(ANB) + P(B) for events A =
{IMn(0,¢)| > €}, B = (0 € ©). The probability P(AN B) is bounded by considering the largest
possible outcome of |M, (6, c)| for 6 € ©. The probability P(B°) vanishes by assumption. O

We generalize the norm on R developed in [11] in order to cover R with a finite number of
chaining points ¢x. The norm evolves around fourth power of the variables m(e;/ 0)1(51. Jo<e) for
¢ € R, where ¢;/0 has density f and m is a (mark) function that will be chosen in various ways
throughout the proof of Theorem 2.1. We define

H™(c) = ffoo{l + |m(u)|4}f(u)du =E{1+ m4(5i/a)}1(£igac), (A.1)

with derivative H™(¢) = {1 + |m(c)|*}f(c¢). The function H™ is increasing by construction and
bounded by Assumption 2.2(ia). Let

H™ = H™(00) = E[{1 + m*(g;/0)}] = ffooo{l + m*(u) M (u)du < oc.
The inequality m?* < 1+ m* for 0 < ¢ < 2 implies that, for ¢ < ¢,
E{lm(ei/o) 1 (cce, jozety} < E{L+m*(61/0)} (cce,jocty = H™ () = H™(0). (A2)

We denote H™(cf) — H™(¢) the H™-distance between ¢ and c.
For the chaining, partition the range of H"(¢) into K intervals of equal size H™ /K. We choose
K = int(n'/2/§) for some § > 0, and, accordingly, partition the support into K intervals defined
by the grid points
—0=cp<cp < <cg-1 <Cg =00, (A3)

so that H™(¢;) — H™(¢x—1) = H™/K = O(6n~1/?).
A chaining argument is used to show sup.cg |My (8, c)| is small. That is

sup | M., (6, ¢)| < M, (6 3 M, (0, ¢) — M, (6.c)|. A4
zlellgl n(,C)I_lrgr;%XK\ ”(’Ck)HlIﬁI}ca%XKczckfggck' n(0,c) n(0, cr)l (A.4)

We refer to these two terms as the discrete points and the oscillation terms.

A.2 TIterated exponential martingale inequalities

In the chaining arguments we investigate the tail probability for the maximum of a certain family of
martingales. We now modify the iterated martingale inequality in [11, Th. 5.1]. The new inequality
is sharper as the proof uses the Delyon inequality (2.7) instead of the Bercu and Touati inequality.
Only a single iteration is presented as this suffices with the subsequent proofs. However, the main
difference is the intersection with the set bounding the weights inspired by the [14, Lemma 2.3]
version of the Freedman [7] inequality.

Theorem A.2. For 1 < ¢ < L, let wy; and yp;4+1 be Fi-adapted with Ezzli < 0. Let D, =
maxi</<r, Z?Zl Ei,lzg forr=1,2. Then, for all ky,kg,k1,k2 > 0 and for
D, = (max<¢<y Maxi<i<p [Wei| < Ky),

P{ max |37 jwei(ze; — Eic120)| > ko N D)}

1<¢<L
K2 kEL K2 K2
< WED, + “WZEDy + 2L -0 E——_—
T K1 L 3k 2+ {exp( 6/61) + exp( 6rK9 )}
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Proof of Theorem A.2: Let P, be the probability of interest.

1. Truncation. Define wy; = w5i1(|wei|§nw) so that wy; = wy; on D,,. Let Ay = Zyzlwm(z&—Ei_1Z&)
and A = (max;<<z, |A¢| > ko) so that we get P, = P(AND,,) which is bounded by P, < P(A).
2. Martingale Ay and quadratic variation. The weight wy; is F;_1-adapted and bounded, so that
Ay is a martingale with bounded weights and its sum of predictable and total quadratic variation is
By, = Z?:fLDZBEi where By; = (Zgi — Ei_lz&')Z + 2EZ‘_1(Z&' — Ei_lz&-)Q. This requires that EZZ < 00,
which is assumed. Let B = (maxj<¢<z, By < 9x1) and note the inequality

P(A) = P(ANB) + P(AN B°) < P(AN B) + P(B°). (A.5)

3. Bounding P(AN B). Let Ay = (|A¢| > ko) and By = (By < 9k1). Apply Boole’s inequality
noting that A = UnglAg and then that B C By to get

P(ANB) < S0 P(ANB) < SO P(A; N By).
The martingale exponential inequality in (2.7) shows

P(ANB) < 37 2exp{—3r5/(18k1)} = 7, 2 exp{—rp/(61)}-

4. Martingale decomposition of By. Ignore the indices on By;, F;_1 and zy;, and apply the inequality
(2 — E2)? < 2(2% + E22) along with E22 < E2? and E(z — Ez)? < Ez? to get that B = (z — E2)? +
2E(z — Ez)? satisfies the inequality B < 222 4+ 5E22 = 2(2% — E2?) + TEz2. Thus,
P(B) < Plmax 5 ;_ 1R 202 — Eimizy) + TEim12} > 9kl

Let Ay = Koy i 1(2& Ei—12%) and .A (max1<g<L |Ag| > K1).
Further let C = (k2 maxi<p<y Y r Ei122 > K1). Noting that P(2z + 7y > 9x) < P{(2z >

2k) U (Ty > Tk)} we get the further bound P(B¢) < P(A) + P(C).
5. Bounding P(C). Note w2, < K,y and apply the Markov inequality to get

P(C) < Ky ﬁwElréléachZZ 1Eiz 1zh—f<;1 'W2ED;.

6. Martingale Ay and quadratic variation. The martingale A, has quadratic variation B, =

ke S By where By = (22 — Ez_lzh) + 2E;_1(27, — Ei- 125)2, requiring Ez?z- < o0o. Thus, the
triangle inequality and (A.5) with A and B = (max<¢<y, By < 9r2) give P(A) < P(ANB) +P(B°).
7. Bounding P(AN B). Proceed as in item 3 to get the bound

P(ANB) < 2Lexp{—(r1/r3,)?/(6r2/Ky)} = 2L exp{—r1/(6r2)}.
8. Bounding P(B). By Boole’s inequality

P(BC) _ PUe 1(,€ By > 9kg) < Llrélgax P(fi By > 9k3).

The Markov inequality and EBy; = 3E(z§i —E;i- 12&) < 3Ez€ give

4 4
pB) < ol o £B, < 3wl
9Ky 1<U<L

max E 24
Ok 1<(<L i1 %t

Use iterated expectations and max;<¢<y, Ezy < Emax;<y<r, ¢ to get

KA L !
wl
C < _wT 4' — _w
P(5) < 3/@2 Elgléa<XLZ Bio1zii = ED2
9. Combine the bounds P(ANB), P(C), P(AN B), P(15°) in items 3,5,7,8. O

The next result is a corollary to Theorem A.2 and modifies [11, Th. 5.2].
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Theorem A.3. For 1 </{ < L, let Zy;, Wiy1,, be Fi-adapted so Eé;{i < 0.
Let D, = maxi<p<p > i Ei_122 for r = 1,2. Suppose, 3¢ > 0, A > 0 so that L = O(n*) and
ED, = O(n®) for r =1,2. Then, Yv > 0 so that
(1) ¢ < 2w, (77) ¢+ A < 4v
it holds, Yk > 0, ¥y > 0 and D, = (maxi<i<n |Win| < n®), that

- - s . YR AP 1
nh_}ngo P{lr&aSXL I> i Win(Zei — Eic120)| > yn" " N Dy} = 0.

Proof of Theorem A.3: Apply Theorem A.2, for a fixed n, while

+7)2 VR4
U4 _ (yn®™") _ (yn" ™) _
= , Kl = ————, Ko = oz, Rw =N
o =an Y7 Thlogn 27 (T logn)? v
for any v > 0 and & > 0 so that x2/k1 = Kk2/k2 = TAlogn and exploit conditions (i,i) to see that
the probability of interest for the particular coordinate of n'/2N"xz; satisfies

. n2F . nAEpA . A =TS o
Pr= (n2v+2;%/ lognn + Ty log® nn +n'n ) = o(1),
as desired since ¢ < 2v and ¢ + A < 4v while XA > 0. O

A.3 Preliminary Lemmas

Lemma A.4. (Jiao, Nielsen, [8]): If |¢ — c| < |Ac+ B| and |A| < 1/2 then |c| < 2(|¢| + |B|) and
(Ac+ B)? < 16(A2%¢% + B?).

The next result generalises [8, Lemma 2].

Lemma A.5. Suppose Assumption 2.2(ib3) holds. Define the function H(a,b,c) = E;_1{(1 +
\Ei/al)]Th(ei/a)\{1(€i§ac+n_1/2ac/a+$;nb) — L(e,<oe) H}- Then, VB >0, 3ng,C >0, ¥n > ng so that

sup sup H(a, b, ¢) < Cn~ VA1 4 nl/2)zy, ).
|a‘7|b|§n1/4*’ﬂB ceR

Proof of Lemma A.5. Apply the mean value theorem at the point ¢ to get H :]cnfl/Qa/J +
xh b|J(€) where J(¢) = (1 + |c])|m(c)|f(c) while |¢ — ¢] < |o~'n"Y2ac + #f,b]. Bound H <
(o=t~ 2a]|c| 4|}, b])J(c) using the triangle inequality. Notice that there exists an ng, so that for
any n > ng then [n~'/2a/c| < 1/2 uniformly in |a| < n'/4~"B. Hence, for n > ng, the first inequal-
ity in Lemma A.4 shows |c¢| < 2(|é| + |#/,,b]). Combine the bounds to get H < {2|n~"2a/c||¢| +
(1 +2[n~12a/0))|x},b]}J(¢). Now, note that |al, |b| < Bn'/4~" while sup.cr(1 + |¢[)J(¢) < oo by
assumption. ]

We now bound differences of H™ over grid points. The result generalizes Johansen and Nielsen
(2016a, Lemma B.1) with a simplied proof.

Lemma A.6. Apply Assumption 2.2(ia,ib2,ic) with m = m only. Then

max [ () = A" (1) = O(K /%),

Proof of Lemma A.6: 1. Definitions. Introduce the bounding functions

H(e) = info<a<c H™(d) for ¢ > 0, ﬁ(c)— SUPg<c<d Hm(d) for ¢ > 0,
7 | infecg<o H™(d) for ¢ <0, | supgeeco H™(d) for ¢ < 0.

The functions H(c) and ﬁ(c) are monotonic on R} and R_. Assumption 2.2(ic), implies 3Cy > 0,
<

Ve € R then ﬁ(;) ChH(c) so that
CitH(e) < Fi(e) < H™ () < H(c) < CuH(e). (A.6)

12



2. Bounding Hy = H™(cx) — H™(cx—1). We prove Hy = O(K ~/2) uniformly in k. Condition (i)
shows H is continuous and integrable. Thus, H vanishes for large |¢| and for large K there exist
c— <0 < ¢y so that

H™(c_) = H™(cy) = H™ /K2, (A7)

We consider 5 cases depending on the location of c¢g, ¢y relative to c4,c—.
2.1. When c— < ¢x_1 < ¢ < c4. The mean value theorem gives, for an intermediate point ¢, Hy, =
H™ (¢;) — H™(cr_1) = (cx — cx—1)H™(E). Since |H| is uniformly bounded by Assumption 2.2(ib2),
then |Hy| < C(cx — cx—1) for some constant C, and it suffices to show (¢ — cx_1) = O(K~/2)
uniformly in k. Note that H™ < oo by Assumption 2.2(ia), while H™(c;) — H™(cx—1) = H™/K by
construction. The mean value theorem gives, for an intermediate point ¢* that H™ (¢x) —H™ (¢k—1) =
(ck — cxp—1)H™(c*). The ordering (A.6) shows H™(-) > H(-) so that ¢, — cp_1 < (H™/K)/H(c*).
We now argue that H(c*) > Cngm/Kl/Q. First, for ¢* > 0 and noting ¢* < ¢, < cg, the
monotonicity of H gives H(c*) > H(c). The ordering in (A.6) gives H(cy) > Cp'H™(c;) while
H™(c,) = H™/K'? by the construction (A.7). Similarly, for ¢* < 0 and noting ¢_ < ¢;_; < ¢* we
get H(c*) > H(c-) where H(c_) > C'"H™(c_) while H™(c_) = H™/K/2.
Combining the inequalities ¢ — cx_1 < (H™/K)/{H(c*)} and H(¢*) > Cy'H™/K'/? gives that
ek —cp_1 < (H™/K)/{Cq H™/K/?} = Oy /KY/? uniformly in k. Thus, [Hy| < CCu/K'Y2.
2.2. When ¢4 < cx—1 < ¢ use the triangle inequality and then the bound (A.6) to get |Hy| <
H™ (¢x) +H™(cp—1) < H(e) 4+ H(cp—1). Noting ¢4 < ¢x—1 < ¢, the monotonicity of H, the ordering
(A.6) and the construction (A.7) give |Hy| < 2H(cy) < 2CHH™(cy) = 2CqH™/K'/2.
2.3. When cp_1 < ¢ < c_ follow item 2.2 using c_ instead of c.
2.4. When cp_1 < ¢t < ¢g. Recall Hy, = Hm(ck) — Hm(ck_l). Add and subtract Hm(c+) to My
and apply the triangle inequality to bound |[Hy| < [H™(cx) — H™(cq)| 4+ [H™(cy) — H™ (1))
The first term involves the points c¢; > ¢4 while the second term involves the points cx_1 < cy.
Thus, modifying the arguments in items 2.2, 2.1, respectively, gives the further bound |’Hk| <
2C4H™/KY? + CCOyx/K'Y? = O(K~1/?).
2.5. When cp—1 < c— < ¢ follow item 2.4, using at c_ instead of c,. O

A.4 Chaining Lemmas without estimation error

We present a maximal inequality for sums of z;(c) = winm(ei/0)1(,<qe) Without estimation error.
The first two lemmas analyze the discrete points term and the oscillation term. The third lemma
combines the two results.

Lemma A.7. Discrete points term.  Apply Assumptions 2.1, 2.2(ia, ii, iii) with m = m,
w = 0 only. Apply the chaining setup in §A.1 for some § > 0. Let d = 0,1 and k > 0. Let

ki = wm(nl/%m)dm(a/a)1(&50%). Then, Vi > 0, we get maxi<p<k |Yiq(2ki — Eic12ki)| =
OP(n3/4+dn+1/J)_

Proof of Lemma A.7: 1. Truncation. For some C, > 0, ¢ > 0, let

Cn = (max |n'%z;,| < Con®), D, = (max |wip| < n'/?H¥). (A.8)
1<i<n 1<i<n

By Assumption 2.2(i7) Ye > 0 3C,,ng > 0: P(CS) < € for n > ng and P(Df) vanishes since
Assumption 2.2(i7i) and Boole and Markov inequalities imply

P(D;,) = PUL, (lwin| > n®) < n=*/*3 1 Ewin|® = o(1). (A.9)

Thus, it suffices to show the result on C, N D,. We note that on C, N D,, and for d = 0,1 then
maxi<;<n \n1/2x¢n|d|wm\1/2 < n® with & = dk + 1/4 + 1[)/2

2. Apply Theorem A.3 with ¢ =k and L = K = O(n*) so A = 1/2; let v = 1/2+1/2 and & as above
so that v+& = 3/44dk+1); choose Zp; = |wm|_1/2wmm(si/0)1(5i§mk) and W, = \wm|1/2(n1/2xm)d
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¢. while ¢ = 1. We check

so that Wz = 2x; and D, = (maxi<i<p [Win| < nF) with 75,61 C CEuDs,

the conditions of Theorem A.3.

2.1. Condition EZj; < oo holds since E(z};) = E|wi|*Elm(e;/o)|* < oo by independence and
Assumption 2.2(ia, 7).

2.2. Condition EDy = O(n®) for 1 < g < 2. The bound (A.2) and Assumption 2.2(ia) gives, for
q = 1,2, that, E;_1{|m(ei/0)|* Lic,<pe)} < H™(cr) < H™ < oco. As a consequence E;_1Z], =
lwin) 2" Ei_1{m?*’ (£i/0)1(ci<oey)} is bounded by E;_13} < lwin|?*”" H™, uniformly in k, so that
ED, = Emaxi<g<x > Ei—1Z2; is bounded by ED, < HWEZ?:1|wm|2qil, which is O(n) = O(n®)
by Assumption 2.2(i7).

2.3. Conditions (i), (ii): c=1<2v=14+¢Yand ¢+ A=1+1/2 < 4v. O

Lemma A.8. Oscillation term.  Apply Assumptions 2.1, 2.2(ia,ii, iii) with m = m only.
Apply the chaining setup in §A.1 for some 6 > 0. Let d = 0,1 while k > 0. Define z;(c,c) =
wm(nl/me)dm(Ei/J)l(cqi/ag%) forcp_1 < c<cg. Then

n ' —Ei 1z _ 1/2+dx ]
1I§r}i‘aéXK c:Ck_Slu<pC§Ck ‘Zz:l{zz(c’ Ck) v 121(6’ Ck)}‘ OP(TL )

Proof of Lemma A.8: 1. Truncation. By Assumption 2.2(ii,ii) we can choose C,, as in (A.8)
and D,, = (max<i<p |win| < n'/279/%) for w > 0 given in Assumption 2.2(iii), so that P(CS U D¢)
vanishes. Thus, it suffices to show the result on C, N D,,.

2. A first bound. Let My = Y i {zi(c, cx) — Ei—1zi(c, ) }. Note

1/2

|2i(c, k)| < zni = |win| 0" 2@ | m(ei /o) Ly <erjo<en)s (A.10)

for cx—1 < ¢ < ¢g. Thus, |(Mpke] < Mpp = >0~ (26 + Ei—12k;) uniformly in c. Decompose
Mo = Mo+ 2M,y, where My, = i1 (zri —Ei—12k;) and My = o1 Eic1zi. Thus, it suffices
to show that maxj<p<x \/\;lnk\ and maxi<p<g M, are of the desired order.

3. The compensator is maxy My = 0p(n1/2+d“). Since P(CS) — 0 it suffices that 1¢, maxy M, =
op(n'/2+d5) - Apply the bound (A.2) and the z;; expression in (A.10) to bound

Eic12ki < |win||n'/?zin|*{H™(c}) — H™(cj—1)}. The chaining setup in §A.1 and Assumption 2.2(i)
give H™(¢;) — H™(¢j—1) = H™/K = 50(n~/?) so that E;_1zp; = |win||n'/?zi|400(n"1/2). By
Assumption 2.2(#i7) then EY"7" |win|le, < EY i |win| = O(n), so that

Elc, mlgank = Elg, max 377 ,Ei1z < SO =YES™ Jwip|= O (nY/2Hd%) . (A1)
The Markov inequality gives P(lc, max;n /2" M, > €) < O(1)§/e for all §,¢ > 0. For any
€ > 0 we can choose § small. The~desired bound follows.

4. The martingale is maxi<g<k |[Mpnk| = op (n1/2). Use Theorem A.3 while truncating to C,,ND,,. In
Theorem A.3 let £ = k and L = K = O(n?) with A = 1/2; with v = 1/4+w/10 and & = 1/4 + dk —
w/10 so that v+~ = 1/2+dk; with W;y, = |wm]1/2\n1/2xmld and Zp; = ]wm\*1/2wmm(5i/0)1(£i§gck)
so that W;,Zs = zxi; and with ¢ = 1/2. We check the Lemma A.3 conditions .

4.1. Condition E(Z};) < oo holds by Assumption 2.2(i), (i), see also proof of Lemma A.7, item
2.1.

4.2. Condition ED; = O(n®) for ¢ = 1,2. Note D, = maxj<g<x Y.~ Ei—1Z2; so that D, =
mMax) <k<i Z?ZlEi_llwm]Zq_lqu (€i/0)(ci<oen)= 5O(n1/2) as in (A.11).

4.3. Conditions (i), (ii): s =1/2<2v=1/24w/5and ¢+ A =1/2+1/2=1<4v =14 2w/5. O

Lemma A.9. Maximal inequality. Let d= 0,1 while k > 0.

Define zi(c) = wm(nl/zmm)dm(ei/a)1(ai§(,6). Apply Assumptions 2.1, 2.2(ia, i1, iii) with m = m
only. Then sup.ep |Yi—; {zi(¢) — Eim12i(c)}| = op(n?/4F5+),

Proof of Lemma A.9: We prove this result by chaining over ¢. For any § > 0 consider the
distance function H™ defined in (A.1) and K = int(n'/2/4) discrete points grid points ¢; chosen in

§A.1. Apply then the chaining inequality (A.4). Lemmas A.7 and A.8 analyze the discrete points
term and the oscillation term, respectively. O
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A.5 Chaining Lemmas with estimation error

Two maximal inequalities are presented. The first result is concerned with additive estimation
error. It replaces the polynomial marks (¢;/0)P in [11, Theorem 4.1] by a general mark function
m(e;/o) while improving the proof of that result.

Lemma A.10. Apply Assumptions 2.1, 2.2(ia,ib2,ic, ii,iii) with m = m only. Let 0 <k < n <
1/4. Consider the distance function H™(c) in (A.1) and its derivative H™(c) = {1 + m*(c)}f(c).
Let d = 0,1 and z(b,c) = wm(nl/QN’:Ui)dm(ai/U){1(Ei§ac+x;nb) — L(e,<o0)}- Then

sup  sup|Y i {zi(b,c) — Ei_1zi(b,c)}| = oP(nl/Hd”).
|b|<Bnl/4=n cER

Proof of Lemma A.10: 1. Notation. Let M, (b,c) = > ;" {zi(b,c) — Ei_12i(b,c)}. We want to
show M, (b, c) = op(n'/?) uniformly in b, c. Let ¢ be the nearest right grid point to c. We rewrite
zi(b, c) by adding and subtracting 1(c,<4,) to get (b, c) = zg(b, ¢, c) — 23(0, ¢, cx), where

2 (b, e, c) = win (0 2N'2;) m(ei o)L e <oerat b) — Lier<oen) }-

mn

Hence, we have M, (b, c) = M} (b, ¢, ci) — M (0, ¢, ci) with
M;[L(bv c, Ck?) = Z?:l{zz-‘l-(ba c, ck) - Ei*lzg(bv C, Ck:)}
Thus, M, (b, ¢) = op(n'/?) uniformly in b, c if

su max su Ml(b, e, e max sup  |MI(0, ¢ cp)l.
\b\SBnI?/‘*—” 1§kSKCk71§IC)§Ck| n( Y )|7 1§kSKCk71§C§Ck| n( Y )|

are both op(n'/21). The second term was analyzed in Lemma A.8. It is also bounded by the first
term, so it suffices to show that M,i(b7 ¢, c) = op(n'/?).

2. Truncating regressors and martingale decomposition. Following (A.8) then Assumption 2.2(i7)
shows Ve > 0 3C,, ng > 0 so that the sets

Cp = (max N2, < Cen®),  Cin = (In224| < Cun®), (A.12)

satisfy P(CS) < € for n > ng, while C, C C;, and C;y, is F;_i-adapted. Thus, n_l/Q\M:L(b, ¢ )l
vanishes if n~1/ 2\M7];(b, ¢, cx)|1e, vanishes. By the triangle inequality and C,, C C;;, we get

ML B, ¢, er)le, < 3y {lz] (b e en)le,, | + Eimal2] (b e ei)le,, I}
We bound zj(b, ¢, ci)le,, . First, recalling the bound to b, we get, on Cyy,
|2, b < |b]|zin| < Bn'/41Cn Y2 = BOn 1A < K712

where the last inequality holds for large n since n > x while K = int(n!/? /9) for fixed §. Since
cp—1 < ¢ < ¢ we can now bound the indicator functions in the summands z;r (b,c,cr), on Cip,

|1(Ei§ac+x;nb) - 1(aigack)‘ < 1(5i§gck+K—1/2) - 1(5,L-So'ck71—K_l/2)'

Exploiting the truncation on C;, and the above bounds we get, for d = 0,1 that
0< ]z;r(b, ¢, c)lle,, < zé[(ck,ck_l) uniformly in b, ¢, where

d,d
Zii(ck’ Ck-fl) = CCCn H’wln‘|m(€l/0-)’{1(51S0'Ck+K_1/2) - 1(6,‘S0’Ck,1—K_1/2)}'

Thus, we can bound

M (b, ¢, cr)lle, < Mi(cr, cpm1) = S0 {2 (cr, cumr) + Eim1z (e cnmn) }-
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Now, Mfi has martingale decomposition M, - Mfg + ZMEL where

Mi(cp,en1) = S {2 (er enr) — Eizb (e, cn)},
Mi(ckackﬂ) = Z?:lEi—lzét(Ckvckfl)-

3. The compensator is maxy M}L(ck, cr—1) = op(n'/?). To see this define Hj = H™ (¢, + K~1/?) —
H™(cp_1 — K~1/2), so that the bound (A.2) implies

Max | <k<K Ez;lzii(ck, ck-1) < and”|wm| maxi<p<xi Hp. The mean value theorem gives, for ¢j, ¢,
so |t — ckl, |ty — cr—1]) < 2K71/2 that

H™ (e + K 7Y2) = H™ () + K 2H™ (cp) + (K1 /2)H™(c}),
H™ (o1 — K%)= H™(cpo1) + K V2H™ (cpr) + (K1 /2)H™ (ch_y).

Taking difference and using the triangle inequality
[He| = [H™(ck) = H™ (cra)| + K2 H (er) — H™(ee—1)| + (K7H/2)[H™(c) = H™ ().

The first term is H/K = O(K~!) by construction. The second term is O(K ') since [H™(c;) —
H™(¢;_1)| = O(K~'/2) by Lemma A.6 and its assumptions are satisfied by Assumption 2.2
(ia, ib2,ic). The third term is O(K ') since H™(.) is uniformly bounded by Assumption 2.2(ib2).
Hence, |Hy| = O(K 1) so that

I Ei 12} (cry cro1) < n%|win|O(K ™) = |win|60(n®~1/2). (A.13)
Thus, we get uniformly in k that M (cg, cp_1) = S |win|6O (=12, Since SO [win| = Op(n)
by Assumption 2.2(ii7) and the Markov inequality we get ]\Zf,ﬁ(ck, ch_1) = 60p(n!/?T4%), Since § > 0
can be chosen arbitrarily small, then M; = op (nt/2tdr).
4. The martingale is maxy Mi(ck,ck,l) = oP(nl/Hd”). It suffices to show the result on D, =
(max|<i<p [win| < n'/274/%) since P(DS) vanishes by Assumption 2.2(ii), see (A.9). Apply Lemma
A3withf=kand L =K = 0(n'?/§)so A =1/2;let v=1/4+w/10, Kk = 1/4 —w/10 and ¢ = 1.
Choose Wi, = C* ¥ |w;,|"/? and z,; = |wm]_1/22ii(ck, ck—1) so that

Zoi = [win| T2 winl[m(ei/ ) {1 e <oep s k-172) = Lei<oep s —i-1/2) b

so that W, 2, = zii (ck,cr—1). We check the conditions of Lemma A.3.

Condition Ez?zli < 00 holds by Assumption 2.2(ia, i), see also proof of Lemma A.7, item 2.1.
Condition ED, = O(n®) for ¢ = 1,2. Analyze Dy = maxi<x<xk » r1Ei—172 . Proceed as in (A.13)
to get Dy = Yo7 |win|?00(n~Y/2) for ¢ = 1,2 so that ED, = §0p(n'/?) by Assumption 2.2(ii).
Conditions (i), (i1): ¢ =1/2<2v=1/24w/bandc+A=1/2+1/2=1<4v =1+ 2w/5. O

The next result concerns the scale estimation error. It generalizes [8, Theorem 5] and uses a
bivariate chaining argument in the proof.

Lemma A.11. Apply Assumptions 2.1, 2.2(ia,ibl, i) with m = m only.
Let zi(a, c) = winm(ei/o){1(,<oein-1/2ac) — L(ei<oc)}- Then, V>0,

sup  sup |3 i {zi(a,¢) — Eimizi(a, )} = OP(nl/Z)-
‘a|§Bn1/4*77 ceR

Proof of Lemma A.11: Let z(c*, ¢) = z(a,c) and ¢* = ¢+ n~"2ac/o so

Z,‘(C*,C) = wmm(ai/a){l(siggc*) — 1(€¢§UC)}7 (A.14)
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and the object of interest is the martingale M,,(c*,¢) = > 1" 1 {zi(c*, ¢) —Ei—12i(c*, ¢)}. Let ¢ and
ci, be the nearest right grid points to ¢* and ¢, respectively, and decompose

Mn(C*a C) = M?’L(C*7ck*) + Mn(ck*7 Ck) + Mn(clm C)‘

We show that each term is op(n'/?) uniformly in a, c.

1. The oscillation terms My(c*, cp) and My(cg, c) are op(n'/?) uniformly in a,c by Lemma A.8
with d = 0 using Assumption 2.2 (ia, iit).

2. The discrete points term My, (cp+, ¢t) is op(n'/?) uniformly in a, c.

2.1. Distance between cy=, ci. Let H =|H™(c) — H™(ck+)|. Note first that

H < [H™(c) = H™ ()] + {H" (cx) — H™ (ck—1)} + {H™ (i) — H" (cr1)}-

Apply the mean value theorem to the first term while the last two terms equal H™/K to get that
H < |e—c*[H™(&)+2H™K !, for an intermediate point éso |é—c| < |e—c*|. Now, c—c* = n~2ac/o
where [n~"2a/0| <n~Y*"B/o. Lemma A.4 with A =n"'2a/0 and B = 0 shows that |¢| < 2|¢|.
Further, |u|H™(u) = |u[{1 + m*(u)}f(u) is bounded uniformly in u € R by Assumption 2.2(ib1),
while K = int(n'/2/5). Hence,

H < Cln~Y2a/o| + 2H™K 1 = {O(n'/*") 4+ 2H™} K~ = O(nY/*")(H™/K). (A.15)

Thus, the number of grid points between cpx, ¢y, is O(n1/4*”).

2.2. Cover of cpx,ci for all k*, k. Since ¢, takes K = O(n1/2) values and there are O(n'/4~") grid
points between ¢+, ¢, uniformly in k, we have L = O(n'/2)O(n!/4=") combinations of k*, k.

2.3. Apply Theorem A.3 with £ = (k*,k) and L = O(n*) so A = 3/4 —n. Let v=3/8 —n/2 +w
and & = 1/8 4+ 1/2 — w so that v+ & = 1/2. Choose Wi, = |w;i,|"/? so that, using (A.14),

2 = [win| 7 ?2i(c%, ) = |win] T Pwinm(ei/0) {1, <o) — Liei<o0)}-

It suffices to show the result on D,, = (maxi<i<p [win| < n'/?~%/%) since P(DE) vanishes for large
n by Assumption 2.2(ibl), see (A.9). We check the conditions of Theorem A.3.

Condition E(Z};) < oo holds by Assumption 2.2(i, iii), see also proof of Lemma A.7, item 2.1.
Condition ED, = O(n®) for ¢ = 1,2. Let D, = maxj<y<; > »,E;—172 . By the bound (A.2) then

~ -1 -1
Eic1Z; = lwin® Eicim® (2i/0)|1(c;<oer) — Lie;<00)] < lwinl® [H™(ck) — H™(ci+)|.  (A.16)

By (A.15) and K—' = O(n~'/2) then E;_1 2} = lwin|2* O(n~/4=7) uniformly in £. By Assumption
2.2(7it) then
ED, = O(n Y MES™ |win|* = O(n¥*7) = O(nf).

Conditions (i), (ii): ¢ =3/4—n<3/4—n+2w=2vand ¢+ A =3/2—-2n <3/2—-2n+4w = 4v.0

A.6 A Lipschitz result

This is the last ingredient to the main result.

only. Let Spy; = nil/Qamei/U + nil/Qbﬁn(nl/me) and v;(0,¢c) = wipo m{(e; — smi)/o} —
m(€i/0)|L(e,<octal, by) where 0 = (0,b1,am,bm). Then, VB >0, it holds

sup  sup [n Y2 {0;(6,¢) — Ei_qvi(6,¢)}| = op(1).
|0|§Bn1/4*n ceR

Proof of Lemma A.12: Decomposition. By the mean value theorem,

m(= ) = m(C) = () = T

*
&

) =)}
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for intermediate points €} so |ef — &;| < |sm;|. Insert this in the expression for v;(0,c), add and
subtract win$mio1(€:/0)1(c,<0e) to get vi(0,c) = S8 vsi(6, ¢) where

Uli(97 c _winsmio-_lm(si/a){1(€i§00+x’mb1) - 1(6¢§Uc)}u

) =
U2i(9, C) = —winsmig_lm(gi/a)1(Ei§UC)’
) =

vgi(e, c —winsmiofl{m(&‘f/O’) - m(gi/a)}l(sigoc—&-m;nbl)-

Likewise, let Vs, (6,¢) = n=/23"" {v5(0, ¢) — Ei—105:(0, ¢)}. By the triangle inequality it suffices
to show that each Vg, is op(1) uniformly in 6, c.
1. The term Vi,(0,¢) is op(1) uniformly in 6, c. Insert s,,,; to get

v14(0,¢) = wma_l{(n_l/Qam)(ai/a)

+ (0720, (0P ) (e /o) H e <ocar, b) — Lei<oe b (ALT)

where n="2a,,, n='/2b,, are O(n='/4="). Apply Lemma A.10 coordinate-wise to the sums involving
win(g5/0)m(e; /o) and wi,n'%zi1m(e; /o) to see that Vi, (6, ¢) is O(n~ Y4 Mop(n"*) = op(n=1/%),
recalling £ < 7. Assumptions in Lemma A.10 are met for weights and marks wj,,um(u) and

2. The term Vo, (60, c) is op(1) uniformly in 6, c. Insert s,,; to get
v2:(0,¢) = wino ™ {(n"2a)(ei/o) + (07 20,) (0P win) bri(ei /o) e, <oc)-

Apply Lemma A.9 coordinate-wise to the sums involving wi, (g;/0)1m(e; /o) and wi,n'/?2,m(e; /o)
with d = 0,1 to see that Vw > 0 then Vo,(6,c¢) is O(n~Y4"")op(n!/*+5+%). In particular, for
w < 1 — K the product of remainder terms is op(1). The assumptions in Lemma A.9 are met for
3. The term V3, (0, c) is op(1) uniformly in 6, c. We use a Lipschitz argument.

3.1. Truncate x;, using the sets C, C Cj;, outlined in (A.12). Thus, |V3,(6,c)| vanishes if
|V3,,(0, ¢)|1¢, vanishes. The triangle inequality and C,, C C;;, show

Van (0, c)|1e, < 32 {lvsi(0, ©)lc,, | + Eimalvsi(9, c)le,, | }-

3.2. Bound vs; on Ci: Recalling s,,; = Einfl/Qam/a + ) :bm, ]nl/me\ < Cyn® on Cip, k < 1,
while n=2a,,,n~Y2b,, = O(n~/4=") shows

|smille,, = o(n™ )1+ |ei/o])1c,- (A.18)

We note that |ef — g;| < |spi|. Thus, the local Lipschitz condition (id) shows |m(ef/o) —
m(eifo)|le, <o ter —eilm(e;/o)lc,,, which can be bounded further by
o(n V(1 + |e;/o|)m(ei/o)1c,, . Insert this in vs;, apply (A.18) and (1 + |¢])? < 2(1 + |¢]?) to
get |v3i(0,¢)|lc,, = o(n~'?)b; where ¥; = |win|(1 + |e;/a|?)m(ei/o). Here E;_19; = |win|o(1) by
Assumption 2.2(id) and the o(1) term is uniform in i.
3.3. Bound Vs, on Ci,: Insert the |vs;|1¢,, bound in that of |Vs,|1c, to get

Vi = sup  sup [Vsa(6,¢)|1e, = o(n VY2 (4 4 Ei1@;).

|6|<Bn—" c€R

Taking expectations and using iterated expectations shows that EV;ZD = o(nil)EZ?ﬂQEi_lf}i. The
bound E;_19; = |wjn|o(1) from item 3.2 gives EV5.F = o(n™1)EY L |win|, which then vanishes by
Jensen’s inequality and Assumption 2.2(ii7). Then, the Markov inequality shows V5 P vanishes. O

A.7 Proof of Theorem 2.1

Part A: The Empirical Process: Define V,,(6,c) = Fy"™ (0, c)—Fy"" (0, ¢) where 6 = (ay, by, am, b,
It has to be shown that V,(6,c) vanishes uniformly in ,c. Add and subtract Fy " (6,,c) with
04, = (a1,0,0,0) to decompose V,, = V1, + Va,, where

Vin(0,¢) =F2™(0,¢) —F™(0h,,¢), Von(0,¢) =F2""(04,,c) — F2"™(0,c).
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Here, V1, is concerned with estimation error in the location b; as well as in the marks, a.,,, by,
while Vs, is concerned with estimation error in scale aq.
1. The term V1,,(0, ¢) equals V1,{0, b1, am, b, c(1 + n_1/2a1/0)} so that
sup Sup‘Vh—L alablaa’mv my C ’ —SUP|V1n(0 blaamabmac)’
|a1|§Bn1/4 n ceER ceR

Thus, it suffices, in this part of the proof, to let a; = 0 and consider § = (0, b1, am, by,), so that
Vin(0,¢) = n= 123" {v14(6, ¢) — E;_1v15(0, ¢)} where

’Uli(ea C) = win{m({f?’b/a)1(5i§00+m;nb1) - m(Ei/O—)l(aiSac)}a

with z-:?’b/a = (g; — 4, bm)/ (0 + n~2a,,). Linearize

eq’b =&i(1 —n"V2a,,/0) — 2 by = i — Fmi, (A.19)

where d, = ay,/(1 +n~2a,,/0) and bm—bm/( ~12q,,/0) and &,y = n~Y2amei /o — @, by

Given the bounds to a,, by, there exist ng, B > 0 so that |G, |bm\ < Bn'* for n > ng. It
suffices to show the uniform result over this larger region. Henceforth, we work with the linearized
estimation error and, for the remainder of part A, ignore the tildes so that

€ — sz')l &

’011'(09, C) = wln{m( = (eiloctxl, br) — m(;)l(eigac)}'

Add and subtract winm(gi/o—)l(eigcrc—&-m;nbl) to get vy; = Zi:l v1s; and Vi, = Zi:l Vins Where

vlli(07 C) = winm(gi/o-){1(5i§06+z§nb1) - 1(5—:¢§UC)}7

gi - sz)

v12i(0, ¢) = win {m( —m(€i/0)} (¢, <octal, br)-

Due to the triangle inequality it suffices to show that each of V11,,(0, ¢) and V12, (0, ¢) are op(1) uni-
formly in 6, c by applying Lemma A.10 with d = 0 and Lemma A 12 rebpectively All assumptions
2. The term Vop(a1,c) is op(1) umformly in 0,c. To see thls apply Lemma A.ll notlng that its
assumptions are satisfied for weights and marks wj,, m by Assumption 2.2(ia, b1, 7).

Part B: The Compensator: We let V,,(6,¢) = n'/?{F,”""(6,¢) — F,"""(0,¢) — By"™(#,¢)} for a pa-
rameter 6 = (a,, a1, bm,b1) and show that V,, vanishes uniformly in 6, c. Use (A.19) and write

51—5

?:’m(67 C) = nilzyzlwinEi—lm(Tm)l(sigac+sli)7

where §,,; = nfl/zdm(ei/a) + :c;ngm and sy; = cn~Y%ay + z, by, where ay,, b, are defined above.
The bias term Bj;"™ (6, ¢) can be expressed in terms of s,,; = n~2a,,(gi/0) + ), by as

B%Vm(evc) =0 n_1/22 1wm{511m( )f(C) - Ei*lsmim(ei/a)l(aigac)}'

Thus, we can write V, (6, ¢) = n /231w, v;(0, ¢) where

0i(0, ¢) = winBi—1{m{(ei — Smi)/0} (e, <octs1)

—m(&i/0)1(c,<oe) — s1m(e)f(c) + smiri(€i/0) ;<o) }-  (A.20)

Add and subtract the terms {m(e;/0) + (8mi/0)m(ei/0) (e, <oetsy) and (Smi/o)m(ei/o) (e, <00
to get v; = 23:1 Usi and V,, = 2451:1 Vs, where

& Smi .

_ € — Smi i
Uli<67c) = winEi—l{m(?) - m(;) + o m(;)}l(aigac+su‘)a

_ &q S14
v2i(0, ¢) = win[Ei—lm(;){l(sigac+su) — Lie<o0)} — 7m(6)f(0)]7

_ Smi . Ei
v3i(0,c) = winEi—l%m(ﬁ){1(5¢§0c+su) — L, <000}

Smi — Smi .

_iea = inEi— il i <oc)*
Ba(6,¢) = winEi 1 (T oy
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We truncate x;, using the sets C,, C C;;, outlined in (A.12) and using Assumption 2.2(i7). Thus,
Vsn(0, ¢) vanishes if Vg, (0, ¢)1¢, vanishes. In turn, V, (6, c) will vanish by the triangle inequality.
Since C,, C Cyy, and C;y, is F;_1-adapted then |V, (6, ¢)|1¢c, < o Eic1]0si(0,¢)1¢,, |. We show that
each summand satisfies, for s = 1,...,4 and uniformly in 6, c,

[05i(6, )1, = O(n~ /%) jwin1Lc,, - (A.21)

Then, Assumption 2.2(7ii) and the Markov inequality gives |Vsn|le, = op(1).
1. Vin(0,¢). Consider mi; = m{(g; — 8mi)/o} — m(ei/o) — o 5mimn(ei/a). We get [3mille, =
o(n~Y4)(1 + |e;/o|)1¢,, as in (A.18). The mean value theorem gives, for an intermediate point
ef so |ef — &i| < |3mi| the expansion my; = —o 1§, {m(e}/o) — m(ei/o)}. Thus, |[mlle, <
o182 9n(e;)lc,, by the local Lipschitz condition in Assumption 2.2(id). Further, |my;|le,, =
o(n™12)(1 + |ei/o|*)1n(ei)1e,, by the bound to |8,:|le, . The integrability of 77 then shows
Ei1lmaillc,, = O(n=1/272M)1¢, | uniformly in 6, c. In turn, |51;(0, c)|1l¢, has the form (A.21).
2. Van(0,¢). Write v9;(0,¢) = wm{fccﬂli/gm(u)f(u)du — 2im(c)f(c)}. Taylor expand K(s) =
fcc+8 k(u)du as K(s) = sk(c) + 27 k(c¢*) for some ¢* so |¢* —¢| < s.
Hence, T2;(0,¢) = (win/2)(s1:/0)?{m(c*)f(c*) + m(c*)f(c*)} for ¢* so that |¢* — ¢| < |s1;] where
s1; =n 1 2a1c+ x, by. Since |a;| < Bn!/4=1 then, for large n, we can use the second inequality in
Lemma A.4 with A = nfl/zal, B =zl b; and ¢ = ¢* to get

[020(0, )| < [win[80~2((¢")* (0™ 2ar)? + (2 b1)] (") (") + m(e*)F(e™)].
Recall |ay], |by| < Bn'/4=" while n!/2z,; = O(n*) = o(n") on Cj, to get

[020(0, )| Le,, = o(n™ /%) [win| supyer (1 + u?)riv(w)f(w) + m(u)f(u)|Lc,-

By Assumption 2.2(ib3) we get |v9;(6, ¢)|1¢,, = o(n~Y?)|win|1c,, , which is of the form (A.21).
3. Van(0,¢). Note |5mille,, = o(n™/4) (1 + |e;/0|)1c,, as in (A.18) and let
H = Ei1(1+ |ei/o])lri(ei/o)|Lc,<octsi) — Lie;<oe)| S0 that [03;(0,¢)|lc,, = o(n™ ) Jwi,| Hle,, .
Apply Lemma A.5 using Assumption 2.2 (ia,ib3) to get H = O(n~Y/4")(1 + |n*/%z4,|). The
truncation of ,; gives Hle, = o(n~*)1¢, . Thus 03;(6, c) satisfies (A.21).
4. Vin(0,¢). Expand s — mi = n~Hei(a%,)? + n'/22!, bpal,} /(1 +n~2a,) where af, = am /0.
Use the bounds a,,, by, a%, = O(n'/*7") to get that sp; — 5mi = O(n~2721)(1 + |0~ Y22, ) (1 +
lei/o|). The x,; truncation gives (Smi — dmi)le,, = o(n~Y2)(1 + |&;/o|)lc,,. Since E; 1(1 +
lei/o|)|m(ei/o)| < oo by Assumption 2.2(ia) then v4;(6, c)lc,, satisfies (A.21). O

B Proof of robust normality results

B.1 Two sided empirical processes

Introduce . '
w,m _ I\ €i — Lipbm
Gn (9,0) - nZizlm <J 4 n—1/2am
so that G, (0,c) = Fi"™(6,¢) —limy o F5 " (8, — ¢ — h). The corresponding compensator Gy, bias
term G, = G} — Gmyn' and empirical process G, are defined similarly. The following three
results are immediate consequences of Theorems 2.1, 2.2.

Corollary B.1. Suppose Assumptions 2.1, 2.2 hold. Then, VB > 0,

sup  sup|GU™(6.¢) — GU(0,0)] = op(L),
|6|<Bnl/4=n >0

sup sup [n'/2{G(0,c) = G (0,¢)} — G (6, ¢)| = op(1).
|6|<nl/4=nB c>0

> 1(\€ifa:;nb\goc+n—1/2alc)7 (Bl)

Corollary B.2. Suppose Assumptions 2.1, 2.8 hold. Then, Ve > 0,

lim lim sup P{ sup IGE (0, ) — GE(0,¢)| > €} — 0.
A0 n—oo ¢ cteR:|G(ch)—G(e)|<¢
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B.2 Preliminary Lemmas

Lemma B.3. If wy, = 1, m(c) = c* and f is symmetric, then the two sided bias term of Corollary
B.1is GE(0,c) = Gk (01,¢) — GE,.(Om, ), where

gfn(ela C) = 1(k even)2ck+1f(c)aila1 + 1(k odd)2ckf(c)o-71nil/szzlx;nbl7

gfnn(‘gma C) = l(k even)k’rlgo—_lam + 1(k odd)k’rlgflo—_ln_l/22?:1x;nbm-

Proof of Lemma B.3. By definition g]’?n(-,c) = B;;Lk(~,c) — limg, B;;f(-,—é) for j = 1,m. Set
win = 1, m(c) = ¢*, note f is symmetric and compute le.;f(ej, ¢) from the general formulas (2.5),

(2.6) to get the result. O

Lemma B.4. Let Assumption 2.2 hold with wy, = 1 and m(u) = u* and symmetric density f. Let
01 = (a1,b1), O = (am,bm) be estimation errors for indicator and mark. Let ¢® = ¢ + n=12d, be
an additively shifted quantile and let 0% = (odic™4,0), while 6 = (01,0,,) and 6% = (01 + 0%, 0,,).
Then, YB,n > 0 and uniformly in ¢ and |6],|d,| € n'/*1B we get:
(a) gjkn(0]7 Cd) = g]kn(ejv C) + OP(l) for j=1,m;
(b) n'/2{Gy(0,¢%) — G (0,0)} = GF,, (61, ¢) + op(1)

where GF (64, c) = Lo even)Qckf(c)a_ldl;
() n'/2{Gh(0,¢%) — G (0,0)} = n'/*{GE(0,¢) — G (0,¢)} + GE (64, ) + op(1);
(d) GE(,e?) = GE(0,¢) + op(1).

Proof of Lemma B.4. (a) Evaluate the biases in Lemma B.3 at ¢? to get

gfn(ela Cd) = 1(k even)2(cd)k+1f(6d)a_1a1
+1(k odd)2(Cd)kf(cd)o-_ln_l/22?:1x;nb17
gnkmn(en"w Cd) = 1(k even)leng-_lah + 1(k odd)legd—la_ln_l/QZ;?:lxénbh-

For G¥ we note that vy(c) = ¢Pf(c) for p = k,k + 1 has bounded derivatives by Assumption
2.2(ib3). Then the mean value theorem shows v,(c?) = v,(c) + (¢? — ¢)i,(c*) for an intermediate
point ¢* so that |¢* — ¢ < |¢? — ¢|. Since ¢? — ¢ = n"12d; = O(n~Y4") we get v,(c?) = v,(c) +
O(n=1/4=m). Since 6; = O(n*/4=") and n =2 37| |2in| < n'/? maxi<i<p [Tin| = Op(n”) with k < 7
by Assumption 2.2(ii) then n=/23>" 2 b = op(n'/*) so that Gf, (61, c?) = GF (01, ¢) +op(n™").

For GE, the only difference in the argument is that we replace the function v(c) by w(c) = 5
defined in (3.4) for p = k — 1, k. This function has derivate w(c) = ¢Pf(c¢) which is also bounded by
assumption 2.2(ib3). Hence, GE. (0,n,¢?) = G (0, c) + Op(n=27).

(b) The term of interest is SZ?zlEi—l(€i/0)k{1(|gi|ggcd) — 1(jes| <o) }- Write ¢ = ¢+ n~1/2d; and
let &3 =n~'/2 and b% = od; so that Lesj<oct) = L(jei|<oetzinbd)- Thus

S=n"120 Ei_l(si/a)k{1(|5i‘§m+jmbd) — L(je;|<oe) }» SO that with 6 = (0,0,0,b%) we can write
§ = wA{FE(D.c) — F5(0,0)} — ¥ {lim FA(-0, ) — lim (0, ~0))

Now we apply Theorem 2.1 to each term on the right hand side. For both terms the regressors
are Z;, = n~ /2 while 0, ¢ are 0, ¢ and —6, —c, respectively, and where b = od; is of order nl/4=n,
Hence, the assumptions of Theorem 2.1 are met in this situation by assumption 2.2, so that

S ={B""(,¢) + op(1)} — {BL* (=6, —c) + op(1)}.

Recall the expression B}{k in (2.5) and note that Z;, = n~1/2 g0 that n_l/zzln:li;mbd = b to
get S = o 1cFf(e)b? — o7 (—c)Ff(—c)(=b?) + op(1). Given the symmetry of the density f and
b¢ = ody while 8} = (0dic™1,0) we get as desired S = Lk even)Zo_lcka(c)adw_l +op(l) =
1 (07, ¢) + op(1).
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(c) The bias G in Lemma B.3 shows that for 67 = (01 + 6{,0,,) we have G¥(0%,¢c) = GF(0,c) +
Gr (64, c). Thus, we can write

n'2{G(6,¢") — Gp(0,¢)} = n'/*{G};(0,¢) = GR(0,¢)} + G (6%, ¢) + 171 Ry,

with remainder terms

R =n'?{GE(0,¢") — Gf (6,¢") — G}, (0,¢) + G (0,¢N)},
Ry = n'/2{G}(0,¢") — G}, (0,¢") — G (0,¢) + G}, (0,0)},
R = n'/2{G}(6,c") — G (0,¢")} — GE(6, ¢?),

Ra = n'/2{G}(0,c") — G (0,0)} — G, (61, ),

Rs = GF(6,c¢?) — Gk, c).

We get Ri,R3 = op(1) by Corollary B.1, Ra = op(1) by Corollary B.2, R4 = op(1) by part (b)
and R5 = op(1) by part (a) noting G¥ = Gk — Gk . B
(d) Apply part (¢) multiplied by n~/2. The first term G (0,¢) — G (0,¢) vanishes uniformly in ¢ since
the finite dimensional distributions vanish by the Law of Large Numbers and the process is tight by
Corollary B.2. Finally, for the second term, note that G (6, ¢) = GF (01, ¢)+GE,. (O, c)+GF . (6%, c).
Recall the expressions of these terms in Lemma B.3 and part (¢). Apply the triangle inequality to
get

1G1a(01, )] < 1k evem) 21" f(c)o ™ an |

+ 1k oaa)2lFIF (€)oY @i b1,
1G5 (O, ©)] < Ltk even) KTE0 M am| + Lok odaykTi_10 02300 2| |binl

‘gfn(e(liv C)‘ < 1(k even)2|ck|f(c)‘d1‘

Note that |c**1|f(c) and |cF|f(c) are bounded by Assumption 2.2(ib3), the estimation errors,

a1, am,d; are assumed O(n'/4=7) while n=1/23"" 2/ b; = op(n'/*) for j = 1,m as in part (a).
Hence, G (6%, ¢) = O(n'/*) uniformly in ¢, ,d; so that n=/2G¥ (%, ¢) vanishes. O

B.3 Preliminary Results on Estimators

The estimators we consider have an expansion with a leading term that is of least squares form.
For such estimators we can exploit the following result for the sum of predictors.

Lemma B.5. Let z; = (1, 2]) while (m;)ien s a random sequence, and
“HB - B) = (NS i N) TN wim + op(1). (B.2)

Assume 1" | N'z; = Op(n'/?) and 31" xi2} is invertible. Then,

Sra(B— B) = Y1 mi +op(n?).

Proof of Lemma B.5. The sum of predictors satisfy .7 24(3 — ) = 7 #/NN~Y(3 - 3).
Given expansion (B.2) we can write

S @i (B = B) = i N (N i N) T NS wimy + op (1)L, 74N

The normalizations cancel in the first term. Thus, we can normalize by any invertible matrix A.

For the second term note Y 7 #/N = Op(n'/?) by assumption. Hence, we can write

Z?:NUQ(B -B)= Z?:lng(A’Zyzlxing)_lA’Z?leimi + 0P(”1/2)-
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Noting x; = (1, 2})’ define the sample average z =n~!Y"" | 2; and choose

, (1 =7 p 1
A—(O Idimz) so that A:L'Z—(Zi_z).

Since Y 1" 4 (z; — z) = 0 we get

Z?:ﬂgA(AIZ?:ﬁix;A)71AIZ?=1ximi

=0 | 0 S (s - B)ei - 2 _12?:1(zi1—2>mi’
(5) 1 oo )

which equals )" ;m;. Insert in the above expression for Zlex;(ﬁ - f). O

Lemma B.6. Let B, & be full sample least squares estimators of B, o. Suppose Assumptions 2.1
4.1(i1) and E(g;|Fi—1) =0, sup,, E(e2|F,—1) < < a.s. Then

NN B—=B) = (N'S i i N) N wies, (B.3)
n'?(6 — o) = (o/2)n Y {(ei/0)? — 1} + op(1). (B.4)

Proof of Lemma B.6. (B.3) follows by the definition of the least squares estimator and linearity
of the model. For (B.4) note that

W2 — o) = n VAT (o)
—n_l/sz 1(52_0') 1/221 161 (Zz 1LX ) 121 1Ti&4- (B5)

The second term is of order o{n~'/2(log Amax)?} a.s., see [16, Lemma 1]. This vanishes since
log Amax = Op(logn) by assumption. Further, write

22 9
2—1—62—02)1/2—0:0{(1—1-70 0)1/2—1}.

6—o0= (o p

Expand (1 4+ )2 = 1 4+ /2 + (1 4+ 2*)~3/222/8 for some z* so |z*| < |z|. For small = then
(1+2)2 =1+2/24 O(z?). Insert z = (62 — 02) /02, O

Lemma B.7 (Jiao, Nielsen [8]). Consider the robustified least squares estimator. Suppose Assump-
tion 2.2 holds. Then, uniformly in ¢ € [co, 00),

“HBES — B) = (6 N'S2 0w N) TN wigil 1oy <00
+ {2cf(c) /T5INTH (B — B) + 0p(1), (B.6)

n'2(67S — o) = {o/(275) 2 {(8i/0)* 1 (es 1 <o0) — TS}
- {U/(2Tg)}n_1/22?:1{1(\€i|§00) - 7—5}
+{2c(® = 75 /75)f()}/ (275)n 2 (610 — o) + 0p(1), (B.7)
where the initial estimators B(O), ) have expansions given in Lemma B.6.
The least trimmed squares estimator has been analyzed by [21, 12].
Lemma B.8. Let BLTS, LTS | ¢ be the LTS, the 1-step variance and the quantile estimators,
respectively. Suppose Assumptions 2.2, 4.2 hold. Then
“L(BETS _ p) 1:2 {r§ — 2cf(c)}*1(fv’§lj;;:1xix;zv) NS wigil (e, <0e) + 0p(1), (B.8)
2(6 = ¢) = —{26(e)} " V2T {100 — 7} + 0p (1), (B.9)
nl/Q(a_LTS _ O') — (0_/27_5),”—1/2
X 3 {(ei/0)* L <oe) — 75 — H{1(eij<o0) — T6H] +0p(1).  (B.10)
Proof of Lemma B.8: See [12, Theorems 4, 5] O
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B.4 Proof of results for robustified least squares estimators

We represent the truncated moments (4.2) in terms of the two sided processes introduced in §B.1. In
this section the superscript 45 is ignored. Let 6; = (&, b) where & = n'/2(6—0) and b = N~1(3—p)
are the full sample least squares estimation errors. Let also 6, = (a,b) where @ = n'/2(6 — o),
b=N *1(3 — f3) are the least squares estimation errors for the selected sub-sample. In combination
we get 0 = (él, ém) These errors were analyzed in Lemmas B.6, B.7. Then,

n'2pfits = n'2GE(0,0) /G (0, ). (B.11)

We will expand the third and fourth moment test statistics in terms of the vectors 25, and zf;
given in (4.4), which are asymptotically independent.

Lemma B.9. Let Assumption 4.1 hold. Recall (3. and (. defined in (4.7). Then, uniformly in
c > cg for some cg > 0, we get the expansions

(a) Gp(0, c) = 7§ + op(1);

(b) nl/QG%(é’C) = Cé,cn‘l/T?:lZ%,i +op(1);

() n'/2{Gp(0,¢) — (75/76)Gh (0, €)} = Cy ™23 25 + op(1).

Proof of Lemma B.9. (a) Apply Lemmas A.1, B.4(d) with di = 0 noting that G2(0,¢) = 7§.
(b) Let N3 = G(0,¢) — G5 (0, ¢) noting that G} (0, ¢) = Ee®1(j,|<s¢) = 0. Due to Lemmas A.1 and
B.4(c) with d; =0,

nY2Ns . = n/2{G3(0,¢) — G2(0,¢)} + G3(0, ¢) + op(1). (B.12)
Lemma B.3 shows that the bias term is
G3(0,c) = 203f(c)a*1n*1/22?:1x;n1~) - 37'260*171*1/22?:13:%6.
Hence, given expansions (B.3), (B.6) for b, b, respectively, Lemma B.5 shows
Sl =Y e = 0(0,0, 1)”_1/22?:125,1‘7

S @b = (1/78) 0 61 e <o) + {266(0) /7)1 16 + 0p(1)
= 0{0,1/75. 26 (c) [7}n P 55

so that
G3(0, ) = [2¢*(¢)(0,0,1) — 375{0,1/75, 2cf (c) /75 Hn /23201 25,5 + op(1).

Insert this expression in (B.12) along with G3(0,¢) = (1,0, O)n*1/22?21z§7i and G3(0,¢) = 0 to get
n'/2N3,. = Cévcn_l/QZ?zlzg,i +op(1), where (3. = {1, —375/7§,2(c? — 375 /75)cf ()} as required in
(4.7).

(¢) Let Ny = n'/2{GL(0,¢c) — (75/75)G%(0, c)}. Due to Lemmas A.1, B.4(c) with d; = 0, uniformly
in ¢ we get, for p =0, 4,

n!/2{Gh (0. ¢) = G1(0,¢)} = n'/*{G(0,¢) = G1(0,¢)} + G (0. ¢) + op (1),
with compensators Gh (0, ¢) = EeP L(jei|<oe) = T5- We note the relation
G (0, ¢) — (75/76)Gp (0, ¢) = 75 — 7675 /76 = 0.
Therefore we can write
n'2Nyc = {G(0.¢) + Ga(0,0)} — (7§/T6){G (0, ¢) — G(0, )} + 0p(1).
The first components of each term satisfy

G?L(()? C) = (17 0,0, O)nil/QZ?:lzim G?z(oa C) = (07 0,1, O)n71/22?21zii_
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From Lemma B.3 the bias terms are
GH0,¢) = 2°F(c)oa — 4rfo e, GO0, ¢) = 2cf(c)oLa.
Since a and a satisfy (B.4) and (B.7) we get
GL(0,¢) = 2634(c)(0,0,0, 1/2)n V25 25

— 27§ /T5){0, 1, —(15/76), e(c* — 75 /7§)f () }n VAT 25 4+ op (1),
G20, ¢) = 2¢f(¢)(0,0,0,1 /2)n_1/22?:12ii + op(1).

Add the expansions for G(0,¢) and G2(0,¢) and subtract 7§/7§ times the sum of GY(0,¢) and
Go(0,c) to get Ny = (C4,C)’n*1/22?:1zj’i+0p(1) where (4. = [1, =275 /75, 75 /75, {ct = 2(75 /7§) P +
75 /15 ef ()] as in (4.7). O

Proof of Theorem 4.1: 1. Empirical process representation. Recall from (B.11) that, for p = 3,4,
then fi,. = G (8,¢)/G2(8,c).

2. Denominator. Lemma B.9(a) shows supczco{G%(é, c) — 15} = op(1).

3. Third moment. Lemma B.9(b) shows n'/2G3 (0, ¢) has uniform expansion (3.1 n1/23yn 25, +
op(1) for ¢ > c¢y. Noting that (7§)*X¢. = Var{((3,)'25;} we then get Ty = n'/?3 c/)\l/2
T3.cn + op(1) uniformly in ¢ > ¢o.

4. Fourth moment. Write

n'?(fuae — 75 /76) = n'*{GL (0, ¢) = (7/75)G) (6. )} /G (6, ).

Lemma B.9(c) expands the numerator as Cfl?cn_l/z > i1 2§ +op(1). Proceed as in item 3 to see
that T4,c = T4 cn +op(1) uniformly in ¢ > ¢.

5. Distributions. The Central Limit Theorem shows that the finite dimensional distributions
of T3 cn, Ty cn converge jointly to zero mean normal distributions with unit marginal variances.
Comparing the definitions of z;; and Gp""(0,¢) in (4.4), (B.1), respectively, it is seen that each

coordinate of T}, ., is of the form Gy™ (0, ¢) so tightness follows from Corollary B.2. O

B.5 Proof of results for least trimmed squares estimators

We represent the truncated moments (4.2) in terms of the two sided processes introduced in §B.1. In
this section the superscript £ is ignored. Let 6 = (01, 6,,,) with 6, = (0,b) and 6,,, = (&, b) where
b= N"YBrrs—pB) and @ = n'/?(6ps—0). Let also d = nl/Q(é(h) —oc) where h/n = P(e? < o%c?).
These errors were analyzed in Lemmas B.6, B.8. Then,

02 = n'2GE0, ¢+ nY2071d) /GO (0, ¢ + n~ 207 Ld). (B.13)

Lemma B.10. Suppose Assumptions 4.1, 4.2 hold. Recall (3, Ca,c from (4.11). Then
(a) GO0, c+n~1/2d) = 7§ + op(1);
(b) nY2G3 (0, ¢ +n~Y20"1d) = Céﬁn_l/QZ?:lzg,i +op(1);
(¢) nV2{GL(0, ¢ +n~12d) — 75 /76G0 (0, ¢ + n~V/2d)}

= Ci,c”_l/QZ?:ﬁZ,i + op(1).
Proof of Lemma B.10. (a) Apply Lemmas A.1, B.4(d) and G%(0,c) = 7§.
(b) Let N3e = G3(6,c+n~1/2d) — G3(0,¢) noting that G2(0,¢) = 0. Let 6 = (n"*/26—1d,0) and
0% = (6 + 0%,0,,) = (n"Y261d,b,a,b). Then by Lemmas A.1, B.4(c), 1/2NLTS = G}(0,c) +
G3(0%,¢) +op(1). Lemma B.3 shows that G3 (6%, ¢) = {2¢3f(¢) — 375 }0_171_1/223Z 1xmb Given that
b= N—'(8 — j3) has expansion (B.8), then Lemma B.5 shows Y7 @/ b= (75)~ Ly il (jei<oc) T
op(1), noting that 75 = 7§ — 2cf(c) by (3.6). Thus,

G (07, ¢) = (15)71{2c%(¢) — 375}(0,1,0)n~ /Y00 25 + op(1).
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Add G3(0,c) = (1,0,0)71*1/22?:1231- to get n'/2N3, = Céycnfl/zzyzlz;i + op(1) recalling that
(3.0 = [1,{263F(c) — 375} /75,0) in (4.11).
c) Let Ny = ,c+no — T4/ T ,ct+n~ . Due to Lemmas A.1, B.4(c) we get,
(¢) Let Nyg = {GA(0, c+n~"/2d) — 75/76GY (D, e +n~"/2d)}. Due to Lemmas A.1, BA(c) we g
for j = 0,4,

n2{GI (65T ¢ + n=2d0)) — G (0,¢)} = GI(0,¢) + G (67, ¢) + op(1).
The compensators satisfy the identity (B.4) so that
n'2Nye = {G(0,¢) + G, (8%, ¢)} — (7 /T){G (0, ¢) + G1, (8%, ¢)} + op(1).
The first component of each term satisfy
Gp(0,¢) = (1,0,0,0)n 2370 265, GO(0,¢) = (0,0,1,00n /23 25 .

From Lemma B.3 the bias terms are

Gl (6%, ¢) = 2¢* (c)od — 4o, GV (6%, ¢) = 2f(c)od.
Given the expansions for @,d in (B.9), (B.10) we get

Gt (0%, ¢) = {(0,0, —c*,0) — 2(75/75)(0,1, =%, 0)}n /2300 25 .,

Gin(8%,¢) = (0,0,=1,0m /230 25

Add the expansions for G2(0,¢) and G2(6?,c) and subtract 7§/7§ times the sum of GO (0,¢) and
G20, ¢) to get Ny = levcnfl/zz:?:lzii+0p(1) where (4. = {1, =275/75, —75/75+C*215 /5 —*, 0)
as in (4.11). O

Proof of Theorem 4.2. As the proof of Theorem 4.1 replacing Lemma B.10 by Lemma B.9. [J
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