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1 Introduction
Many economic activities rely on the first-price sealed-bid auction for finding marketclearing prices and corresponding allocations. Imagine the development of a new
high-tech machine and the procurement of one of its novel components. There are
only a few potential suppliers, and these firms have different production costs due
to differences in the supply chains, the current capacity, and accessible technologies.
The beauty of an auction is that the buyer does not need to know all of this. She
can create competition through an auction so that it is in the bidders’ interest to
reason about the competitors. The bids then reflect information about the own
production costs and the expectations about the competitors’ bids. Based on the
supply expressed in the bids, the auction finds a price that clears the market. The
corresponding allocation is often efficient in the sense of the firm with the lowest
cost winning the auction. While the auction is simple from the buyer’s side, this is
not necessarily the case for the bidders.
The bidders in a first-price auction face a complex strategic decision under substantial uncertainty about the other bidders’ behavior. In a standard bidder-asbuyer auction, bidding low increases the surplus conditional on winning. However,
bidding low also decreases the chance of the bid becoming winning, which depends
on the distribution of the other bidders’ bids. Hence, the essential input for optimal bidding is the other bidders’ bid distribution, which is typically unknown. To
elaborate on the strategic uncertainty,1 bidders often have only a single bid to get
it right; there is no repetition. Besides time and resource constraints, there are
limits to how detailed the bidding behavior of the other bidders can be anticipated.
However, players are also not completely uncertain about the bidding behavior of
the other players as they do have some understanding of the environment.
I propose a new way of modeling the bidders’ beliefs about the competitors’
behavior. In my model, two types of statistics characterize the players’ beliefs:
moments and the range. One specific moment belief is a belief about the mean bid
of the other players. In addition to the moment beliefs, bidders have range beliefs
in the form of a lower and an upper bound on the other bidders’ bids. Assuming
that bidders do not make systematic mistakes in forming these beliefs leads to the
following equilibrium concept.
With moment equilibrium, I introduce a new equilibrium notion for the firstprice auction. A moment equilibrium consists of a bidding function, range beliefs,
and moment beliefs. The bidding function maps the private information into bids
1

To avoid confusion, I refer with “uncertainty” to a situation in which players do not have a
unique probabilistic prior.
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and naturally depends on the beliefs. Three properties characterize a moment
equilibrium. First, the bidding function is optimal according to the players’ decision
criterion. Second, the moment beliefs match the moments of the bid distribution
generated by the optimal bidding function and the latent distribution of private
information. Third, the lowest bid is the belief about the lowest bid, and the
highest bid is the belief about the highest bid. The last requirement is optional.
I characterize the optimal bidding function and prove the existence of an equilibrium for the case in which bidders are ex-ante identical, have independently drawn
private values, and bid independently. The bidders’ decision criterion is minimax
loss (Savage, 1951).2 Minimax loss allows ambiguity in the sense that the belief is
not a single bid distribution but a set of possible bid distributions. I characterize
this belief set with the moment and range beliefs. Advantages of minimax loss are
the absence of free parameters, which is useful in analyzing data, and that it leads
to sharp and sensible predictions, even with considerable uncertainty. These two
properties distinguish it from other decision rules.3
To assess the empirical content of the new theory, I test the predictions with
experimental and field data. These two data sources are well suited for two types of
complementary exercises. The known value distribution in experiments allows the
immediate computation of the corresponding equilibrium bid distribution, which I
compare to the subjects’ bid distribution. In the field, one only observes the bid
distribution, which suggests the reverse exercise of inferring the value distribution
from the bid distribution. I analyze data from four experiments. These experiments
vary the number of bidders per auction and the subjects’ information. For the field
data, I use the data set of Californian highway procurement auctions prepared by
Bajari, Houghton, and Tadelis (2014).
I find that across four experiments, the overall mean-squared error between the
actual and the predicted bids is lower for moment equilibrium than Bayes-Nash
equilibrium (BNE). In particular, in experiments with two or three bidders, moment
equilibrium predicts clearly better. When there are more bidders, the advantage
of the new theory fades. Note that the majority of real-world auctions have only
2

More specifically, I use the “multiple-priors” framework axiomatized by Hayashi (2008) and
Stoye (2011). Note that Savage (1951) calls the concept “loss,” while others talk about “regret.”
3
Other decision theories like α-maximin expected utility (Marinacci, 2002) or smooth ambiguity
(Klibanoff, Marinacci, and Mukerji, 2005) have free parameters to specify. The priors of
subjective expected utility maximizers without imposing Bayes-Nash equilibrium also qualify
as free parameters. Another decision theory without any free parameter is maximin expected
utility (Gilboa and Schmeidler, 1989). In contrast to minimax loss, it does not lead to sharp
predictions as for low values all bids are optimal. To see this, let v < m and consider b ∈ [0, v].
Expected utility is minimized by all the mass on m, showing that b maximizes minimized
expected utility.

3

two or three bidders. In these auctions, strategic uncertainty is arguably more
relevant. Intuitively, a growing number of bidders decreases the set of bids that can
be optimal as the chance of winning the auction with a low bid goes down. Hence,
the importance of specific beliefs about the other bidders’ behavior decreases in the
number of bidders.
Moving to the structural analysis of field data, I first show that the value distribution is identified under the assumption that bidders play a moment equilibrium.
The non-parametric estimation then uses the inverse minimax bidding function to
assign to each bid a corresponding value. The estimated beliefs that enter the
inverse bidding functions are estimates for the mean bid and the minimum and
maximum bid. To estimate the latter two, I remove outliers. I control for observed
and unobserved heterogeneity by homogenizing the bids with a random-effects regression, i.e., I regress the bids on covariates and essentially use the residuals as
homogenized bids.
In out-of-sample predictions, I find that moment equilibrium organizes the data
at least as well as BNE. For each number of bidders per auction n, I use the
auctions with a different number of bidders to estimate the cost distribution and
then compute the equilibrium bid distribution had there been n bidders. I assess the
fit by computing the distance between the sample and the predicted bid distribution.
The benchmark uses the estimator proposed by Guerre, Perrigne, and Vuong (2000),
which relies on the BNE. Overall, the distance between the sample and the predicted
bid distribution is slightly lower for the moment equilibrium. In any case, I want
to highlight that the estimation of the cost distribution is straightforward when
assuming moment equilibrium play. In contrast to the BNE, one does not need
to estimate the entire bid distribution but only the mean and the range. Thus,
estimation might be feasible in small samples.
Bayes-Nash equilibrium is the predominant game-theoretic method for analyzing
the first-price auction. Following the subjective expected utility paradigm, it posits
that players have a belief in the form of a single probability distribution about
the bids of the other players, and this belief is correct in equilibrium. Hence, the
bidders know or act as if they know the entire bid distribution. Such a modeling
choice does not reflect the uncertainty inherent in complicated games played in new
or changing environments. As bidders with a subjective prior also have a belief
about the mean and the range, I substantially weaken the information bidders
are assumed to know. Moreover, BNE is as if players have an infinite sequence
of moment beliefs. To summarize, moment equilibrium and BNE both share the
assumption that players do not make systematic mistakes in forming beliefs. The
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difference is that players face strategic uncertainty in a moment equilibrium, while
they face no such uncertainty in a BNE.
Moment equilibrium has a flavor of self-confirming equilibrium (Fudenberg and
Levine, 1993). Suppose play is repeated with short-lived agents, and agents see the
minimum and maximum of the past bids as well as the respective moments of the
bid distribution. The observed statistics confirm the equilibrium beliefs in the sense
that they match the players’ beliefs. In a moment equilibrium without consistent
range beliefs, feedback about the minimum and maximum of past bids does not
confirm the beliefs as the lowest bid is higher than the belief about the lowest bid.
The literature on ambiguity in games falls into two categories. The first considers
games of complete information and players being uncertain about the strategies of
the other players. The second strand considers players in games of incomplete
information being uncertain about the type, i.e., value, distribution. The first
strand is more related as the second assumes that players know the other players’
strategies in equilibrium.4
Lehrer (2012) defines with partially specified equilibrium a related equilibrium
notion for games of complete information. In his model, players’ information are the
expectations of random variables that depend on the mixed strategies of the other
players. This is similar to the moment and range beliefs in my model. However, it
is not clear how one would extend his notion to a game of incomplete information in
which players choose pure strategies like in the first-price auction. Forming beliefs
about strategies is only useful if one also has a belief about the value distribution.
However, knowledge of the value distribution would be against the spirit of the
exercise. I argue that beliefs directly about the bid distribution, so about the
distribution of actions, are often a better modeling choice. I discuss the advantages
in the next paragraph.5
A characteristic of my model is that players’ beliefs are directly about the distribution of other players’ actions, i.e., bids. The standard game-theoretic modeling
approach of games of incomplete information assumes that players know the value
distribution and figure out the other players’ equilibrium strategies. Beliefs about
4

Lo (1998), Chen, Katuščák, and Ozdenoren (2007), and Gretschko and Mass (2018) analyze the
first-price auction and belong to the second category as the players are uncertain about the
value distribution, but there is no strategic uncertainty in equilibrium. Hyafil and Boutilier
(2004) and Schlag and Zapechelnyuk (2020) do not analyze the first-price auctions but use
minimax loss to deal with the unknown type distribution.
5
Another difference is the decision criterion. Lehrer (2012) uses maximin expected utility,
whereas I use minimax loss. I argue above that maximin expected utility does not lead to
sharp predictions in the first-price auction with moment beliefs. Using smooth ambiguity,
Battigalli, Cerreia-Vioglio, Maccheroni, and Marinacci (2015) propose a related solution concept (cf. Battigalli, Cerreia-Vioglio, Maccheroni, and Marinacci, 2016).
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the bid distribution are then indirect. Players directly forming beliefs about the
distribution of other players’ actions has the following advantages. First, avoiding
beliefs about the type distributions makes the model more parsimonious. Second,
actions are observable, and it may be an empirically better model to base beliefs on
observables. Third, in a game without informational externalities, that is, private
types, players’ utility only depends on the other players’ actions but not their types.
This means that players ultimately care about other players’ behavior but not their
types. A final technical advantage is that beliefs directly about bids do not require
the inversion of the other bidders’ strategies. Inverting the bidding function is often
mathematically challenging, particularly in models with multidimensional types or
multiple goods. Moment equilibrium might pose a tractable alternative.
There are also other solution concepts for games of complete information with
equilibrium strategic uncertainty in the sense of multiple priors. Lo (1996) has
the restrictive requirement that only optimal mixed strategies are deemed possible.
Klibanoff (1996) and Renou and Schlag (2010) demand that the optimal strategy is
just one of the strategies deemed possible, which is overly permissive as they do not
determine the entire belief in equilibrium.6 My model finds a middle ground. In
contrast to the latter two, all possible bid distributions reflect the truth by having
the same mean as the true bid distribution. At the same time, the bid distribution
that comes from optimization is just one of the possible bid distributions.
Kasberger and Schlag (2020) also analyze the first-price auction under strategic
uncertainty with minimax loss. Their objective is not to explain behavior but to find
bidding rules that work well for a single bidder. They construct the set of possible
bid distributions for a single bidder, whereas I determine the set in equilibrium.
Empirically, they find that their bidding rules would have indeed led to a higher
expected utility on average, which implies that their model is not well suited for
explaining observed behavior. Linhart and Radner (1989) is an early paper that uses
minimax loss for the analysis of a strategic decision problem (bilateral bargaining).
However, they do not define an equilibrium.
Section 2 introduces the model. Section 3 defines the moment beliefs and moment equilibrium. Section 4 contains the existence theorems, characterization of
the (inverse) minimax bidding function, and comparative statics. Section 5 presents
examples of moment equilibria and compares these to actual bidding behavior in
lab experiments. Section 6 proves the identification result and analyzes field data.
Section 7 concludes. Appendix A contains the omitted proofs. Appendix B supple6

Other solution concepts in this vein are by Dow and Werlang (1994), Eichberger and Kelsey
(2000), and Marinacci (2000) for players maximizing Choquet expected utility (Schmeidler,
1989).
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ments the analysis of experimental data.

2 The Model
There are n players, n ≥ 2. The set of players is denoted by N = {1, 2, . . . , n}. I
index players by i and j.
The players bid in a first-price auction for a single good. The rules of the firstprice auction are such that all bidders simultaneously submit sealed bids. The
bidder with the highest bid wins and pays her bid. In the case of ties, the good is
allocated uniformly between the bidders with the highest bid. I use bi to denote
bidder i’s bid. Bidder i can only choose bids from the set of feasible bids Xi , where
Xi ⊆ R+ .
The bidders are risk-neutral and their utility functions are linear in money. Bidder
i knows her willingness-to-pay vi for the auctioned item. The private value vi is
drawn independently from a distribution with the cumulative distribution function
Fi . The support of the value distribution is [v i , v i ], with 0 ≤ v i < v i < ∞. The
utility of losing is normalized to 0. The utility of winning with bid bi equals vi − bi .
Hence, conditional on a profile of bids (b1 , . . . , bn ), the expected utility is equal to

 1 (v − b ) for b = max
i
i
i
j∈N bj and k = |{j ∈ N : bj = bi }|
ui (b1 , . . . , bn ) = k
0
for bi < maxj∈N bj .
I assume that there is at least one permissible bid xi ∈ Xi with xi ≤ v i . If this
conditions was not true, then bidder i would not necessarily join the auction.
Bidding takes the form of choosing a strategy βi : [v i , v i ] → Xi that maps values
into bids. The strategy is measurable with respect to the underlying Borel σalgebra. The true value distribution Fi and the bidding strategy βi generate a bid
distribution Bi ∈ P i , where P i is the set of Lebesgue measures on Xi . Bidders bid
independently so that the distributions Bi and Bj are independent for i 6= j.
Bidders know that there are n bidders in total, that values are independent draws,
and that all bid independently. Moreover, they know that bids must lie in Xj . There
is no need to specify more specific beliefs about the value distributions.
Bidders do not know the strategies the other players choose and also do not know
how they make their choices. Instead of forming beliefs about value distributions
and the strategies, they form beliefs directly about the bid distributions, the objects
that determine expected utility. From bidder i’s perspective, the bid of bidder j is
a random variable that takes values in Xj with distribution Bj ∈ P j .
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For a profile of bid distributions B−i = (B1 , B2 , . . . , Bi−1 , Bi+1 , . . . , Bn ), the expected utility Ui (bi , B−i ) of bidder i is given by
Z
Ui (bi , B−i ) =

u(bi , b−i )dB−i (b−i ).

In the absence of ties, Πj6=i Bj (bi ) is the probability that bi is higher than all bids of
the other bidders so that Ui (bi , B−i ) = Πj6=i Bj (bi )(vi − bi ).
Bidder i entertains a non-probabilistic belief about bidder j. Her belief about
bidder j’s play is that the bid distribution of bidder j belongs to the set Bij , where
Bij ⊆ P j . I call Bij the set of possible bid distributions or the belief set. Hence, the
belief is a set of multiple priors. The multiple-priors framework was axiomatized
by Hayashi (2008) and Stoye (2011) for minimax loss for arbitrary belief sets. Note
that the economic agents in my model are not Bayesian (Savage, 1954), i.e., they
do not have a probabilistic prior over the set of conceivable bid distributions. I put
structure on the players’ belief sets in the next section.
Bidder i deals with the uncertainty by minimizing the maximal loss (or regret,
Savage (1951)). For a bid distribution, the loss of a bid is the difference between
the highest possible expected utility and the actual payoff. Formally, the loss of
bidding bi is
λ(bi , B−i |vi ) = sup Ui (b̃i , B−i ) − Ui (bi , B−i ).
b̃i ∈Xi

Player i chooses the bid bi to minimize the maximal loss, i.e.,
bi ∈ arg inf

sup λ(b̃i , B−i |vi ).

b̃i ∈Xi B−i ∈Bi

The worst-case bid distributions of the other players play a key role in finding the
optimal bidding rule.

3 Moment Beliefs and Moment Equilibrium
I use a parameterization to put structure on the players’ beliefs about the other
players’ behavior. Intuitively, bidder i conjectures some moments of Bj , the distribution of bidder j’s bids.7 Formally, let there be Mij + 1 measurable real-valued
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There are other papers in economics (Ollár and Penta, 2017; Carrasco, Luz, Kos, Messner,
Monteiro, and Moreira, 2018) and in operations research (Smith, 1995; Popescu, 2005; Perakis
and Roels, 2008) that use moment constraints. These papers do not use them to define a
game-theoretic equilibrium concept.
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moment functions gijk : Xj → R, and their expectations mkij , i.e.,
Z

gijk (x)dBj (x) = mkij ,

Xj

Bj ∈ P j and k = 0, 1, . . . , Mij . Only bid distributions with these moments are
conceivable to bidder i.8 I refer to mkij as a moment. I use the additional moment
function gij0 to model that bidder i knows that all of bidder j’s bids are in Xj . This
belief is formalized by gij0 = 1 and m0ij = 1. Let mi denote the moment beliefs of
P
player i, i.e., mi ∈ R j6=i Mij . An example for any other moment function gijk is
gijk (x) = xk , k = 1, 2, . . . , Mij . Then bidder i believes that the k th power moment of
Bj is mkij . To summarize, all that bidder i believes about bidder j’s bid distribution
is that it belongs to the set of conceivable bid distributions Bij (mi ), which is given
by
(
Bij (mi ) =

Bj ∈ P j :

Z

)
gijk (x)dBj (x) = mkij for all k = 0, 1, 2 . . . , Mij

.

Xj

This is the set of all probability measures that have the same Mij moments. Let
Bi (mi ) = j6=i Bij (mi ) with typical element B−i .
For all i and j 6= i, the moment functions are linearly independent in the sense
that there is no vector α ∈ RMij +1 \ {0} such that α0 gij0 (x) + α1 gij1 (x) + · · · +
M
αMij gij ij (x) = 0 for all x ∈ Xj .
I now put even more structure on the beliefs as I add beliefs about the range of the
bids of the other bidders. Bidder i believes that the bids of bidder j lie in Xij , where
Xij = [lij , uij ] with 0 ≤ lij < uij ≤ ∞. Note that Xij now takes the role that Xj previously had. Let li be the n−1-dimensional vector of the beliefs of bidder i about the
lower bounds of the other players, and let ui be defined analogously. Let Bi (li , mi , ui )
denote the corresponding set of conceivable bid distributions. From now on, the set
of possible bids Xj takes a the form Xj = [min{lij : i ∈ N }, max{uij : i ∈ N }]. I
assume that min{lij : i ∈ N } ≤ v j .
The minimization of player i’s maximal loss leads to a bidding function βi (vi |li , mi , ui )
that maps bidder i’s value as well as moment and the range beliefs into bids.
The moment beliefs are consistent with play, or in equilibrium, if the moments
generated by play and the value distributions match the beliefs of the players.
Similarly, the range beliefs (lij , uij ) are consistent if the lowest and highest bids

×

8

The definition allows any finite number of moment beliefs. In the current version of the paper,
I consider the case in which players have a single moment belief about the mean bid. A future
version of the paper will also have other moment beliefs.
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of bidder j are lij and uij , respectively. The value distributions and the bidding
functions, which depend on the moment beliefs, generate bid distributions. The
moments of the generated bid distributions are the moment beliefs in equilibrium.
The same consistency occurs in Bayes-Nash equilibrium. The bidders have a belief
about the distributions of the other bidders’ bids. The BNE bidding functions
depend on these beliefs. The BNE bidding functions and the value distributions
generate bid distributions. In equilibrium, the beliefs match play.
Let β = (β1 , β2 , . . . , βn ) be a strategy profile, m = (m1 , m2 , . . . , mn ) a profile of
moment beliefs, (l, u) = ((l1 , u1 , ), (l2 , u2 ), . . . , (ln , un )) a profile of range beliefs, and
F = (F1 , F2 , . . . , Fn ) the profile of value distributions.
Definition 1. The pair (β, m) is a moment equilibrium if
1. βi minimizes the maximal loss for all players i ∈ N and values vi ∈ [v i , v̄i ],
i.e.,
β(vi |li , mi , ui ) ∈ arg inf
sup
λ(b̃i , B−i |vi ).
b̃i ∈Xi B−i ∈Bi (li ,mi ,ui )

2. The moment beliefs mi are consistent with β and F , that is,
Z

v̄j

gijk (βj (vj |lj , mj , uj ))dFj (vj ) = mkij

vj

for all i ∈ N , j 6= i, and k = 0, 1, . . . , Mij .
Adding the requirement that the range beliefs are also consistent with play leads
to the following definition.
Definition 2. The tuple (β, l, m, u) is a moment equilibrium with consistent range
beliefs if (β, m) is a moment equilibrium and
inf

vj ∈[v j ,v̄j ]

βj (vj |lj , mj , uj ) = lij

sup βj (vj |lj , mj , uj ) = uij
vj ∈[v j ,v̄j ]

holds for all for all i ∈ N and j 6= i.
The definition of a moment equilibrium does not require that the range beliefs are
consistent. Thus, moment equilibrium with consistent range beliefs is a refinement
of moment equilibrium. One can also define an equilibrium with partially consistent
range beliefs. For example, one could require that the lower bound is consistent but
not the upper bound.
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As already mentioned in the introduction, moment equilibrium with consistent
range beliefs has a flavor of self-confirming equilibrium.9

4 Theoretical Analysis
In this section, I characterize the minimax bidding function and show that a moment
equilibrium exists when players have a belief about the average competing bid. I
focus on the case of symmetric bidders and symmetric beliefs about the play of the
other bidders. The bidders are ex-ante symmetric as their values are i.i.d. draws
from the value distribution F with support [v, v̄].
Before turning to specific moment beliefs, I present a general result that significantly simplifies the analysis. Observe that the maximization of loss is over competing bid distributions. As these bid distributions can be any Lebesgue measure
that satisfy the moment constraints, the maximization is over a very large space.
The results of Mulholland and Rogers (1958) and Smith (1995) lead to the following proposition which shows that there are always finite dimensional worst-case bid
distributions.
Proposition 1. The loss of bidder i is maximized by a vector of bid distributions
∗
, where each Bj∗ has at most Mij + 1 elements in its support, j 6= i.
B−i
The section considers bidders with a single moment belief. Bidders have a belief
about the mean bid m of each other bidder and all other bidders are believed to
have the same mean bid. The corresponding variables are Mij = 1, gij1 (x) = x, and
m1ij = m for all i and j. The bidders also always have a belief about the lowest
bid of the other bidders l, i.e., lij = l for all i and j. I specify a non-trivial belief
about the highest bid u in some sections. In other sections, bidders do not rule out
that the other bidders bid arbitrarily high. In the entire section, the values of the
bidders i.i.d. draws from the distribution F with support [v, v̄].
9

There are also other solution concepts within the subjective expected utility paradigm that
weaken the information players have in equilibrium compared to the BNE. One can view my
and these solution concepts as sharing the interpretation of play being the steady-state outcome
of an implicit dynamic process in which short-lived players receive partial information about
past play. Osborne and Rubinstein (2003) introduce the notion of “sampling equilibrium.”
Applied to the first-price auction, players do not know the entire bid distribution, but receive
only a small sample of bids, and best respond to it. Salant and Cherry (2020) develop the
sampling idea further by analyzing agents who use statistical inference to form beliefs about the
distribution. In my model, players act as if they know moments and not samples. Moreover,
they minimize the maximal loss instead of maximizing expected utility. In an analogy-based
expectations equilibrium (Jehiel, 2005), players receive coarse information about past play.
Applied to the first-price auction, Jehiel (2011) considers asymmetric bidders with two value
distribution. Bidders learn, however, only the distribution of all bids, not taking the asymmetry
into account. Note that one can coarsen the moment beliefs in a similar way.
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4.1 Consistent Moment Beliefs
I begin by analyzing the case when only the moment belief but not the range
beliefs are consistent with play. The purpose of the section is twofold. First, in a
relatively simple setting, it provides intuition for the minimax problem and the role
of the moment beliefs. Second, it demonstrates the multiplicity of equilibria due to
inconsistent range beliefs. To simplify the analysis, I do not specify an upper bound
belief for the bids of the other bidders. Thus, the set of possible bids is X = [l, ∞)
for each bidder. The belief about the upper bound can never be consistent when
the highest willingness-to-pay is finite.
Of particular interest are separating moment equilibria, that is, beliefs such that
the types of the players play different bids. A moment equilibrium (β, m) is separating if βi (vi |l, m, u) = β(vi0 |l, m, u) implies vi = vi0 . A moment equilibrium is
pooling if all types of a player play the same bid. Separating equilibria have the
property that they are efficient if the bidding function is monotone. An equilibrium
with some pooling is never efficient.
Theorem 1. Let Mij = 1, gij1 (x) = x, mij = m, lij = l, and u = uij = ∞ for all
i ∈ N and j ∈ N \ {i}. Let β ∗ (v|l, m, u) denote the corresponding minimax bidding
function. There exists a unique separating moment equilibrium (β ∗ , m? ) for each
l ∈ [0, v].
The proof of the theorem in the appendix is intended to be read after the proof
and discussion of Proposition 2. It uses the minimax bidding function to show that
R v̄
the continuous function ϕ(m) = v β ∗ (v|l, m)dF (v) intersects the identity function
exactly once in the interior of a certain interval of moment beliefs. The point of
intersection is the equilibrium belief. The interval of moment beliefs is constructed
such that some but not all types bid below the mean-belief for each mean-belief in
the interval. Note that this is a necessary requirement for the mean-belief to be
consistent and to induce a separating equilibrium. Below I discus a class of pooling
equilibria. These equilibria are degenerate, exist purely for technical reasons and
are economically implausible.
Before further discussing issues related to the existence of equilibria, I introduce
the inverse minimax bidding function in the following proposition. As the inverse is
strictly increasing in b, there is a unique minimax bidding function associated with
the inverse. The derivation of the inverse minimax bidding function is given in the
proof of Proposition 3. The proof in the appendix shows the properties.
Proposition 2. Let Mij = 1, gij1 (x) = x, mij = m, lij = l, and u = uij = ∞ for
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all i ∈ N and j ∈ N \ {i}. For b ≥ l, the inverse minimax bid is

v ∗ (b|l, m) =


2b − l
b +

for l ≤ b < m
(b−l)n−1

(b−l)n−1 −(b−m)n−1

(b − l)

(1)

for m ≤ b.

The inverse minimax bidding function v ∗ (b|l, m) is increasing in b and continuous
in b, l, and m. The function v ∗ (b|l, m) is decreasing in n.
The minimax bidding function minimizes the maximal loss. Loss is maximized by
one of two sources. Recall that loss is the difference between the highest possible
expected utility and the expected utility one gets from bidding b. Proposition 1
implies that the worst-case bid distributions have at most two mass points x1 and
x2 , where l ≤ x1 ≤ m ≤ x2 . The best response is to bid slightly higher than x1 or
x2 .10 The best response can be higher or lower than the bid b. If the best response
is lower than b, then the loss comes from bidding too high. On the other hand, if
the best response is higher than b, then the loss comes from bidding too low. For
each bid b ≥ l, there is a worst-case bid distribution associated with bidding too
low and one associated with bidding too high. Maximal loss is the maximum of the
loss that comes from these two bid distributions. The minimax bid minimizes the
maximal loss by equalizing the maximal loss from bidding too low and the maximal
loss from bidding too high.
The bid distribution that amplifies bidding too high is the limit of the bid distribution (1−)·[l]+·[xt2 ], where xt2 tends to infinity. For each t ∈ N,  = (m−l)/(xt2 −l)
to satisfy the moment constraint along the sequence. In the limit, each bidder bids
l with certainty. It is then clearly optimal to bid just slightly above l. Hence,
maximal loss equals v − l − (v − b) = b − l. Note that the moment constraint is not
effective as the worst-case bid distribution is as if no moment constraint is known.
Why does the inverse minimax bidding function distinguish between b < m and
m ≤ b? The reason lies in the bid distribution that maximizes loss when the best
response is higher than b. The loss associated with bidding too low is highest when
the other bidders bid just marginally higher than b. In this case, one loses but
the surplus conditional on winning is maximized. When the bid b lies below the
mean m, then a similar construction as in the previous paragraph is feasible. Loss
is maximized by the limit of the sequence (1 − ) · [b + ] +  · [xt2 ], where xt2 tends
to infinity and  is such that the moment constraint is satisfied for each xt2 . For
such a bid distribution, one always loses, yielding a payoff of 0. Maximal loss then
10

Strictly speaking, there is no best response to a discrete bid distribution with random tiebreaking. This poses no formal problem as loss operates in the payoff space by taking the
supremum of the payoff. Nevertheless, I often say that bidding xi is a best response.
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equals v − b. This worst-case bid distribution is infeasible if m ≤ b as there must be
mass below m to satisfy the moment constraint. The mass on b +  is maximized
by placing mass on the lowest bid l. The worst-case bid distribution is then the
limit of π · [l] + (1 − π) · [b + ], where  tends to 0 and π is chosen to satisfy the
moment constraint. In the limit, π = (b − m)/(b − l). Note that the mass on l is
positive. The bid b wins if all other bidders bid l, which happens with probability
π n−1 . Maximal loss then equals v − b − π n−1 (v − b). To summarize, the moment
condition only binds if the bid is above the mean. The next subsection rules out
the limiting bid distributions by placing a finite upper bound on the bids of the
other bidders. The minimax bid equalizes the maximal loss from bidding too high
and the maximal loss associated with bidding too low.
The minimax bidding function β ∗ (v|l, m) has the following properties. A first
observation is that the type 2m − l bids m. Types below this cutoff bid (v + l)/2,
while types above 2m − l bid less than this. First, values v < 2m − l bid (v + l)/2
and values v ≥ 2m − l bid less than (v + l)/2. To see this, note that 2b − l <
b + (b − l)n /((b − l)n−1 − (b − m)n−1 ). Hence, for a given value v, the bid that solve
v = 2b − l is larger than the bid that solves v = b + (b − l)n /((b − l)n−1 − (b − m)n−1 ).
For the case of two bidders, it is possible to state the minimax bidding function
in closed form.
Corollary 1. Let n = 2. Let Mij = 1, gij1 (x) = x, mij = m, and lij = l for i = 1, 2
and j = 3 − i. The minimax bid is
b∗ (v|l, m) =


 v+l
2

 3l−m+

for l ≤ v < 2m − l
√

√

m−l 4v+m−5l
2

(2)

for 2m − l ≤ v.

I come back to the problem of equilibrium existence. An initial observation is
that there is always a degenerate pooling equilibrium. Let l ≤ v and m = l.
The mean-belief m is consistent only if all bid m. As the moment belief is on the
boundary of the set of feasible moment beliefs [l, ∞), there is a unique distribution
that satisfies the moment constraint. This distribution puts all bids on l. Hence,
there is no uncertainty and the set B is a singleton. There is no best response to this
bid distribution. However, the maximal loss equals supb̃>m v − b̃ − (v − b) = b − m
for b > m so that the minimax bid equals m ∈ inf b>m b − m. As the minimax bid
is then to bid l, all the mass will be on l, making (l = l, m = l) consistent. Such
degenerate beliefs are empirically implausible and of no economics interest.
The proof of the theorem shows that the moment equilibrium is not degenerate
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in the sense of putting all the mass on the lowest possible bid l. In particular, the
consistent moment belief m? is such that (v + l? )/2 < m? < (v̄ + l? )/2. As a result,
some low types bid (v + l? )/2 and the other values bid less than that.
The lower bound l is a parameter in the equilibrium construction. In principle,
it can take any value in [0, v]. The consistent mean m? is then a function of the
chosen l? . This suggests a multiplicity of equilibria based on an indeterminacy of
the lower bound l. In the next section, I add the requirement that the lower bound
l must be consistent, that is, it is indeed the lowest bid played in equilibrium. Such
a construction eliminates the indeterminacy. The unique consistent lower bound is
l? = v.
I use the explicit bidding function (2) to compute the fixed point m? and demonstrate equilibrium multiplicity when the range beliefs are not necessarily consistent
when the value distribution is uniform.
Example 1. Let the assumptions of Corollary 1 hold. Let F (v) = (v−v)/(v̄−v) for
R v̄ 1 ∗
v ∈ [v, v̄]. To find a consistent moment belief, consider ϕ(m) = v v̄−v
b (v|l, m) dv,
given by
Z
ϕ(m) =
v

2m−l

v+l
dv +
2(v̄ − v)

Z

v̄

2m−l

√
3l − m
dv + m − l
2(v̄ − v)

Z

v̄

2m−l

√

4v + m − 5l
dv.
2(v̄ − v)

The function can be simplified to
!
√
2m−l
v̄
v̄
3
m−l
v2
+ vl
+ (3l − m)v
(4v + m − 5l) 2
+
2
6
v
2m−l
2m−l
p
2
(m − l)(4v̄ + m − 5l)3 2v̄(3l − m) − m − v(2l + v)
l(m − l)
+
.
=
+
v̄ − v
12(v̄ − v)
4(v̄ − v)

1
ϕ(m) =
2(v̄ − v)

Let v = 1 and v̄ = 2. There is a multiplicity of equilibria. The equilibria can be
indexed by the choice of l? ∈ [0, 1]. Figure 1a plots ϕ for l? = 0, which is the lowest
possible l. The unique consistent moment belief m? is 0.72. Figure 1b presents ϕ for
the highest possible l. With m? = 1.22, there is again a unique consistent moment
belief in the interior.

4.2 Consistent Moment and Range Beliefs
In this section, I show that a separating moment equilibrium with consistent range
beliefs exists. I maintain the assumption that bidders know the mean bid m of the
other bidders. In addition, they believe that the highest bid of the other bidders is
at most u such that 0 ≤ l ≤ m ≤ u < ∞.
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id(m) = m

0.72

id(m) = m

ϕ(m)

m?

v+l?
2

ϕ(m)

1.22

v+l?
2

v̄+l?
2

(a) l? = 0

m?

v̄+l?
2

(b) l? = 1

Figure 1: Consistent Moment Beliefs and Equilibrium Multiplicity
Notes: The moment equilibrium m? is the intersection of ϕ(m), which gives the
average bid when players have the belief m, and the identity function id(m). Figures
(a) and (b) differ in the choice of the lower bound l? , demonstrating the equilibrium
multiplicity with inconsistent range beliefs.

Theorem 2. Let Mij = 1, gij1 (x) = x, mij = m, lij = l, and u = uij < ∞ for
all i ∈ N and j ∈ N \ {i}. There exists a separating moment equilibrium with
consistent range beliefs.
The proof of the theorem is to large parts constructive. I characterize the minimax
bidding function for beliefs about the mean bid. These beliefs are arbitrary in
the sense of not being necessarily consistent. I then apply Brouwer’s fixed-point
theorem to show that consistent beliefs exist and argue that the fixed point induces
a separating equilibrium.
The following proposition presents the inverse minimax bidding function for arbitrary moment and range beliefs. It turns out that it is simpler to write the inverse
of the minimax bidding function in closed form. When there are two bidders, I use
the two cutoff values
v̂1 =

u(u − l) − l(u − m)
u(m − l) + m(u − m)
and v̂2 =
.
u−l
m−l

Proposition 3. Let Mij = 1, gij1 (x) = x, mij = m, lij = l, and u = uij < ∞ for
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all i ∈ N and j ∈ N \ {i}. Let = 2. The minimax bidding function is

β ∗ (v|l, m, u) =


p


u − (u − l)(u − v)


√
l+



u

Let n ≥ 3 and x̃1 =
bid is

−(m−l)(u−l)+

if v < v̂1

(m−l)(u−l)((4v−3l)(u−m)+u(m−l)−l(u−l))
2(u−m)

if v̂1 ≤ v < v̂2
if v ≥ v̂2 .

, m}}.
max{l, min{ (n−1)b−u
n−2

(3)
For b ∈ [l, u], the inverse minimax



n−1
u−b

b + u−x̃1
(b − x̃1 )




n−1
b−x̃1
v ∗ (b|l, m, u) = b + (u−m)(b−l)
u−x̃1
(b−l)n−1 −(b−m)n−1




(u−m)(u−l)n−1
[u + (u−l)
n−1 −(u−m)n−1 , v̄]

for l ≤ b < m
for m ≤ b < u

(4)

for b = u.

For any number of bidders, the minimax bidding function β ∗ is continuous in l, m,
u, and v. The minimax bidding function β ∗ is strictly increasing in v for values
bidding below u; strictly increasing in n; and it is strictly increasing in m for values
bidding above m.
The finite upper belief u changes the incentives for bidding. A first implication
is that if u is relatively low, it can happen that some high types pool in the sense
that their minimax bid is u. Indeed, Proposition 3 shows that can be the case for
any number of bidders. A second, more technical, implication is that the only bid
on which the entire mass can be is the mean bid m. The mass on all other bids is
strictly less than 1.
Separation and consistency requires v̄ = v̂2 if n = 2 and
v̄ = u +

(u − m)(u − l)n−1
(u − l)n−1 − (u − m)n−1

if n ≥ 3. In either case, there is a unique u? (m) for each l and m that solves
the respective equation. Uniqueness follows from the right-hand side being strictly
increasing in u. While it may look like the consistent upper bound belief being a
function of l and m, it really is just a function of m as there is a unique lower bound
belief for any m and u. For any m and u, l? = v is the unique consistent lower
bound. This follows from β ∗ (v) = l in the two-bidder case and from v ∗ (l|l, m, u) = v
in the case with more bidders. Hence, for each m there is a unique consistent lower
bound belief l? = v and a unique upper bound belief u? (m), which is a function of m.
R v̄
Plugging in the consistent range beliefs yields ϕ(m) = v β ∗ (v|l? , m, u? (m))dF (v).
The consistent moment belief m? is a fixed point of ϕ.
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id(m) = m
ϕ(m)
1.3

v

m?

v̄

Figure 2: Consistent Moment and Range Beliefs
Notes: There is a unique separating moment equilibrium with consistent range beliefs as the function ϕ intersects the identity function id exactly once in the interior
of the domain [v, v̄].

The domain of ϕ is [v, v̄]. If m = v, then all the mass is on l? . Likewise, if m = v̄,
then u? = m = v̄ and all the mass is on u? . The codomain of ϕ is also [v, v̄] as no
type bids below l? and no type bids above value. The function ϕ is continuous by
Lebesgue’s dominated convergence theorem (Elstrodt, 2018). A fixed point exists
by Brouwer’s fixed point theorem. I argue that the fixed point is in the interior so
that the moment equilibrium is separating. If m = v, then the minimax bid of all
types is v. If m is marginally higher, then almost all values bid strictly higher than
v. Similarly, if m = v̄, then almost all values v bid less than m. The function ϕ
must intersect the identity function at least once in the interior of [v, v̄].
Example 2. Let the value distribution be uniform with support [1, 2]. Let n = 2.
√
For l? = 1 and v̄ = 2, the upper belief is u(m) = 1 + m − 1 in a separating equiR2
librium. Figure 2 shows the function ϕ(m) = 1 β ∗ (v|1, m, u(m))dv. The concave
shape of ϕ implies that there is a unique separating moment equilibrium with consistent range beliefs. The equilibrium beliefs are l? = 1, m? = 1.3, and u? = 1.55.
In comparison, without the consistent upper bound the consistent mean was 1.22.
The mean bid in the unique BNE is 1.25 and the highest bid is 1.5.

5 Analysis of Experimental Data
In this section, I assess the predictive power of the moment equilibrium and alternative theories in laboratory experiments. Laboratory experiments are ideal for
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such a task as one knows the value distribution and the bidders’ values and bids.
I use the value distribution to compute the bid function predicted by theory and
compare it to the empirically observed.
I compare the predictions of the following theories: moment equilibrium with
consistent range beliefs, risk-neutral Bayes-Nash equilibrium, and level-k. Level-k
behavior depends on the choice of level-0 behavior (L0) as well as the k-level of the
bidder. I only consider level-1 and level-2 behavior. Crawford and Iriberri (2007)
suggest two variants for L0. The first variant defines L0 bidders as bidding uniformly
between 0 and the highest value. Level-1 bidders then best respond to the maximum
of n − 1 uniform draws. Level-2 best respond to level-1. Note that L2 behavior is
indistinguishable from L1 behavior if the value distribution is uniform as the bid
distribution generated by L1 behavior is again uniform. The second popular choice
for L0 is truthful bidding. L1 then best responds to the maximum of n − 1 draws
from the value distribution. Note that the two theories are strategically equivalent
when the players are ex-ante identical and the value distribution is uniform.
I use the data of the experiments conducted by Dyer, Kagel, and Levin (1989)
(DKL), Güth and Ivanova-Stenzel (2003) (GIS), Chen, Katuščák, and Ozdenoren
(2007) (CKO), and Filiz-Ozbay and Ozbay (2007) (FOO).11 The experiment by Dyer
et al. (1989) asked subjects to report two bids, one when there are three bidders and
one when there are six bidders in the auction. The values are uniformly distributed
between 0 and 30. Güth and Ivanova-Stenzel (2003) have two asymmetric bidders.
The values of the weak bidder are drawn uniformly from 50 to 150, while the
values of the strong bidder are drawn uniformly from 50 to 200. In one treatment
(T1), bidders know the value distributions and, consequently, the asymmetry. In
the other treatment (T2), the bidders are unaware of both aspects. Chen et al.
(2007) have two ex-ante symmetric bidders in their experiment. There are two
value distributions, both of which have a piecewise linear c.d.f. Values lie between 1
and 100. An independent draw determines for each bidder which value distribution
applies. The compound value distribution puts relatively more weight on values
below 50. The subjects know the two distributions. In the first treatment (T1),
subjects know the probability with which the first is the true value distribution,
while the same probability is unknown in the second treatment (T2). Filiz-Ozbay
and Ozbay (2007) consider four bidders per experiment. The treatments differ in
the information players get after bidding. In one treatment (T1), bidders do not
receive any information. In other treatments, they learn the winning bid if they lose
11

I thank Yan Chen, Radosveta Ivanova-Stenzel, and John Kagel for generously providing the
data of their respective experiments.
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(T2) or the second highest bid if they win (T3). Values are distributed uniformly
between 0 and 100.
To make the data more comparable, I normalize the value distributions so that
values lie in the unit interval. The normalization is done by an affine transformation
of the values and bids. The following proposition shows that the moment equilibrium is invariant to such transformations. Athey and Haile (2007) prove an analogous result for BNE. Anticipating the analysis of field data with auction-specific
observable heterogeneity, consider the function α(v; y) = p(y)v + q(y), where y
is the vector of observables and p and q are functions. The following proposition
shows that the linearity of the values carries over to the bidding functions.
Proposition 4. Let M = 1 and (β, l0 , m0 , u0 ) be a moment equilibrium with consistent range beliefs for valuations v distributed according to density f . Then
β(α(v; y)|α(l0 ; y), α(m0 ; y), α(u0 ; y)) = p(y)β(v|l0 , m0 , u0 ) + q(y)

(5)

is a moment equilibrium with consistent range beliefs for valuations α(v; y) distributed according to density f (α(v; y)) = f (v) for all v ∈ [v, v̄].
I compare the theories as follows. First, I normalize the observed values and bids
such that v = 0 and v̄ = 1. Second, I compute for each value distribution the
predictions of the theories. Third, I compute the mean-squared error between the
predicted bidding function with the bidding function inferred from the subjects’
bids to measure the predictive success. I infer the subjects’ bidding function by
computing the mean bid of all bids that were submitted by subjects who were
assigned the same value. I compute the mean bid per value as all theories are
deterministic theories. The theories cannot explain variation for a given value.
Hence, I take out the variation by considering averages. Appendix B contains a
more detailed description of the theories and experiments.
Figure 3 shows the bidding functions for four selected treatments. These treatments are T1 of the experiments by Chen et al. (2007) and Filiz-Ozbay and Ozbay
(2007), respectively, and both cases of Dyer et al. (1989). So the number of bidders per auction varies from 2 to 6. The figures show the bids of the subject, the
mean bid per value (black), the moment equilibrium bidding function (red), and
the BNE bidding function (green). In Figures 3a and 3b, the moment equilibrium
bidding function is higher than the BNE bidding function. With more bidders and
in contrast to the BNE bidding function, the moment equilibrium bidding function
markedly flattens out for high values.
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Figure 3: Bidding functions
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Table 1: Mean-squared error between actual and predicted bid function
CKO (2007)
GIS (2003)
n=2
n=2
n=2
T1
T2
T1 weak T1 strong T2 weak T2 strong
MEQ
BNE
L-1 uniform
L-2 uniform
L-1 truthful
L-2 truthful

0.68
1.83
1.34
2.32
1.34
1.35

0.48
1.40
0.99
1.81
0.99
0.99

0.37
0.96
1.50
1.50
1.50
1.50

0.86
1.56
0.92
1.71
0.92
1.71

T1

FOO (2007)
n=4
T2

T3

0.28
0.12
0.12
0.12
0.12
0.12

0.79
0.60
0.60
0.60
0.60
0.60

0.36
0.17
0.17
0.17
0.17
0.17

DKL (1989)
n=3 n=6
MEQ
BNE
L-1 uniform
L-2 uniform
L-1 truthful
L-2 truthful

0.67
1.03
1.03
1.03
1.03
1.03

0.63
0.17
0.17
0.17
0.17
0.17

0.47
0.65
1.07
1.07
1.07
1.07

0.53
0.93
0.47
1.08
0.47
1.08
All

0.61
0.85
0.75
0.87
0.75
0.88

Table 1 reports the mean-squared error (MSE) between the actual and the predicted bidding functions. For readability, the table presents the MSE multiplied
by 100. The last column presents the MSE for the pooled data. The first finding
is that the moment equilibrium predicts the subjects’ behavior overall better than
Bayes-Nash equilibrium and any of the level-k models. Looking at the individual
treatments and experiments, it appears that for experiments with at most three
bidders, the moment equilibrium predicts behavior better than the alternative theories. With more bidders, BNE and level-k predict behavior more accurately. To
summarize, I find the following.
Finding 1. Across the experiments and treatments, the moment equilibrium with
consistent range beliefs predicts the actual bids more accurately than the Bayes-Nash
equilibrium or level-k.
Table 2 presents for each experiment and treatment the mean bid and maximum
bid of: the subjects, the moment equilibrium, and the BNE. One can see that
for experiments with at most three bidders the mean moment equilibrium bid is
closer to mean bid of the subjects than the mean BNE bid. The same holds for
the maximum bid. With six bidders, the picture is reversed. With four bidders,
however, the mean bids in T1 and T3 are not very different. BNE leads to a
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higher maximum bid than the moment equilibrium, which suggests that moment
equilibrium leads to too low bids for high types when the number of bidders is
relatively high. Figure 3 confirms this for selected treatments and experiments.
The high mean bid in T2 of Filiz-Ozbay and Ozbay (2007) cannot be explained by
any of the presented theories.
Table 2: Mean and Maximum Bids in the Experiments
Actual
n Mean Max

MEQ
Mean Max

BNE
Mean Max

CKO (2007)
T1
2
T2
2

0.35
0.33

0.68
0.69

0.28
0.28

0.51
0.51

0.24
0.24

0.45
0.45

GIS (2003)
T1 weak
T1 strong
T2 weak
T2 strong

2
2
2
2

0.33
0.30
0.30
0.27

0.83
0.67
0.73
0.63

0.33
0.27
0.33
0.27

0.64
0.42
0.64
0.42

0.27
0.22
0.27
0.22

0.60
0.40
0.60
0.40

DKL (1989)
3
6

0.43
0.46

0.87
0.90

0.38
0.41

0.65
0.69

0.35
0.44

0.67
0.83

FOO (2007)
T1
4
T2
4
T3
4

0.38
0.42
0.37

0.78
0.89
0.83

0.38
0.38
0.38

0.67
0.67
0.67

0.37
0.37
0.37

0.74
0.74
0.74

6 Analysis of Field Data
In this section, I use the moment equilibrium for structural estimation. Specifically, I estimate the distribution of private information with data from highway
procurement auctions. Out-of-sample predictions show that the data is better explained by estimates based on the moment equilibrium than the estimates based on
Bayes-Nash equilibrium (Guerre et al., 2000).
The section is organized as follows. I first show that the distribution of private
information is identified. I then discuss the incentives in procurement auctions, the
analyzed data, the estimation, and finally the results.
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6.1 Identification
To show that the distribution of private cost F is non-parametrically identified by
the bid distribution, I prove the following theorem. Guerre et al. (2000) show an
analogous theorem for BNE. For convenience, I establish the result with the notion
of bidders-as-buyers auctions.
Theorem 3. Let G be a distribution with support [l, u] and mean m, i.e., m =
R
bdG(b). There exists a distribution of bidders’ private values F such that G is the
bid distribution of a separating moment equilibrium with consistent range beliefs if
and only if l < m < u. Moreover, when F exists, it is unique with support [v, v̄]
and satisfies F (v) = G(β ∗ (v|l, m, u)) for all v ∈ [v, v̄].
The theorem relies on the minimax bidding function β ∗ being strictly increasing
in v in a separating moment equilibrium (Proposition 3) because this allows transforming the value distribution to a bid distribution and vice versa. In a separating
equilibrium, the unique type bidding u is v̄. Then the necessary condition for the
bidding function to be strictly increasing is l < m < u. The formal proof is in
Appendix A.
Assuming that the observed bid distribution comes from a separating moment
equilibrium with consistent range beliefs, the theorem shows that the distribution
of private values (costs) is non-parametrically identified from the observed bid distribution whenever l < m < u, where l is the minimum bid, m the mean bid, and
u the maximum bid. This is a minimal prerequisite as it only requires that there is
some dispersion. If all the mass were on one point, then one could not tell whether
the data came from a point mass value distribution or a pooling equilibrium.

6.2 Incentives in Procurement Auctions
In procurement auctions, the incentives are reversed compared to the usual bidderas-buyer auction. As bidders are sellers in procurement auctions, the bidder with the
lowest bid wins. The private information is the privately known cost of producing
the good. Bidders pay this cost conditional on winning the auction. In a bidderas-seller auction, the expected utility of bidder i when bidding bi is
P(bi < min b−i )(bi − ci ) = (1 − P(min b−i < bi ))(bi − ci )
= (1 − (1 − (1 − B(bi ))n−1 ))(bi − ci )
= (1 − B(bi ))n−1 (bi − ci ),
where the bids of the other bidders are drawn from distribution B.
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The minimax bidding function is analogous to the regular bidder-as-buyer case
in Proposition 3. In a procurement auction, the bid is too low when one wins but
one could have also won with a higher bid. The worst-case bid distribution is then
π[l] + (1 − π)xP2 , where xP2 = min{u, max{m, x̂P2 }} and
x̂P2 =


 (n−1)b−l

if n ≥ 3

u

if n = 2.

n−2


n−1
Maximal loss equals xm−l
(xP2 − b). In the worst case, the loss of bidding too
P −l
2
high comes from bidding slightly too high. A lower bid would have won. If m < b,
then the worst-case bid distribution is π[l] + (1 − π)[b − ] so that maximal loss is

m−l n−1
(b−c). If b ≤ m, then the worst-case bid distribution is π[b−]+(1−π)[u].
b−l
n−1
). In a separating equilibrium, the (inverse)
Maximal loss equals (b−c)(1− m−b
u−b
minimax bidding function equalizes the maximal loss from bidding too high with
the maximal loss from bidding too low and equals


n−1
b − b−l
(xP2 − b)
xP
∗
2 −l


c (b) =
xP
b − (m−l)(u−b) n−1
2 −b
(u−b)n−1 −(m−b)n−1
xP −l

if m < b
(6)
if b ≤ m

2

for b ∈ [l, u].

6.3 Data
I use the data set originally prepared and analyzed by Bajari, Houghton, and Tadelis
(2014) (BHT).12 The data is on procurement auctions of California’s Department
of Transportation for highway paving contracts from 1999 to 2005. The timing of
these auctions is that government engineers first prepare information on the project
and a cost estimate. The projects typically involve different work and cost items.
The government engineers specify the expected quantities for each item, e.g., the
tons of asphalt. Interested contractors can submit bids for these individual items
until a certain set date. The bidder with the lowest total bid wins the contract. I
assume that bidders directly submit the total bid. The total cost of undertaking
the project is assumed to be privately known to the bidder at the time of bidding.
In the data, 349 firms submitted a total of 3661 bids in 819 auctions. There
is substantial heterogeneity in these firms. BHT report that the 20 largest firms
won 73.4% of the total contract dollars awarded. There is a sizable difference even
12

I thank Bajari, Houghton, and Tadelis for making their data publicly available.
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within the top 20 contractors as only two companies participated in more than 10%
of the auctions. More than half of the firms never won a paving contract in the
data.
BHT deal with the bidder heterogeneity by classifying bidders into two categories:
fringe and non-fringe bidders. A fringe firm is a contractor that won less than 1
percent of the value of contracts awarded. Using this definition, 20 firms are nonfringe, while 327 firms are classified as fringe. Similar to BHT, I assume that fringe
and non-fringe firms have different cost distributions.
The data contains the bids and many covariates of which I use the following. The
engineer’s estimate (ENG) is known to the bidders before bidding and reflects an
estimate for a “fair and reasonable price.” The variable DIST is the firm’s distance
to the project’s location. Distances are measured in 100 miles. As firms probably
have capacity constraints, BHT provide with UTIL a measure for the estimated
capacity utilization rate. The capacity utilization rate is the ratio of backlog and
capacity, where capacity is the maximum backlog in the sample. Assuming a linear
depreciation, backlog is the remaining dollar value of previously won projects in
the data. BHT also provide with RDIST and RUTIL the minimum of the rivals’
distance and capacity utilization rate, respectively.

6.4 Estimation
Broadly speaking, my following steps are that I first homogenize the bids and values
with a random effects regression with all data. Due to my focus on symmetric
auctions, I then divide the data into two data sets, one data set in which all bidders
are fringe bidders and one in which all firms are non-fringe. I then auctions with
n players to estimate the cost distribution and predict what happens if there are
n0 6= n players. I assess the estimates by comparing the predicted bid distribution
with the actual bid distribution with n bidders. I explain each step in detail below.
I present the details of the estimation in this section. I discuss how I control
for observed and unobserved heterogeneity, how I estimate the parameters in the
inverse bidding function (6), and describe the general procedure.
I use a homogenization procedure to control for observed and unobserved auction
heterogeneity (Hong, Haile, and Shum, 2003; Krasnokutskaya, 2011; Bajari et al.,
2014). Specifically, I assume that bidders’ values are an affine function of their
private value (signal), i.e., their willingness-to-pay is α(v; y) = p(y)v + q(y), where
y is the vector of observables and p and q are functions as in Proposition 4.
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I homogenize the data by first running the random effects regression
9
X
bij
= α1 + βi +
αk χ{ni =k} + α10 FRINGEij + α11 DISTij + α12 UTILij
ENGij
k=2

+ α13 RUTILij + α14 RDISTij + εij ,

(7)

where i identifies the auction and j = 1, 2, . . . , ni the identity of the bidder in
auction i. The variable χ{ni =k} is a dummy variable for the number of bidders. The
variable is 0 if ni ≥ 10. Note that there are no auctions with one bidder. Intuitively,
the coefficient estimates should be positive and decreasing as one would expect
that more competition in a procurement auction in the form of more participating
firms brings bids down. The variable FRINGE is a dummy variable that is 1 if
firm j is classified as a fringe firm and 0 otherwise. The homogenized bid b̂ij is
then ε̂ij + α̂1 + α̂ni , where α̂ni = 0 for ni ≥ 10. Table 3 presents the estimated
coefficients. One can see that the effect of the number of bidders on the mean bid
is not always as theory would predict. Bids increase when moving from four to five
bidders, which is counterintuitive. Moreover, the bids are lower with eight bidders
than with ten or more on average. In out-of-sample predictions, I only use data
with at most seven bidders per auction.
Table 3: Homogenization random effects regression (7): coefficient estimates
Intercept
0.967
n=2
0.117
# of bids

FRINGE DIST UTIL RDIST
0.040 0.000 0.007
0.000
n=3 n=4 n=5
n=6
0.074 0.056 0.080
0.009

RUTIL
-0.043
n=7 n=8 n=9
0.012 -0.066 0.019

3661

For a sample of observed bids, I use the inverse minimax bidding function (6) to
compute the corresponding pseudo-cost. To this end, I need to estimate the range
beliefs l and u and the moment belief m. I estimate the belief m with the sample
mean. For the bidders’ belief about the number of player n, I use the observed number of bidders. The sample minimum and maximum would be immediate estimators
for l and u, respectively. Note, however, that the sample extrema are not sensitive to
outliers. Outliers may be obtained by mistakes in the data collection or the homogenization. Therefore, I use the interquartile range to estimate l and u. Specifically,
outliers are bids outside the interval [Q1 − k(Q3 − Q1 ), Q3 + k(Q3 − Q1 )], where Q1
and Q3 are the lower and upper quartiles, respectively, and k = 1.5 (Tukey, 1977).
I only compute the pseudo-cost for bids that are not outliers.
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I assume that the costs of fringe and non-fringe bidders are drawn from different
distribution. For simplicity, I focus on symmetric auctions and divide the data into
two data sets. In one data set all bidders in all auctions are fringe firms, while in
the other in all auctions all bidders are non-fringe firms. Table 4 summarizes the
data. For the non-fringe data, there are auctions with 2, 3, 4, and 5 bidders. For
the fringe data, I only use the auctions with at most 7 bidders. With the exception
of five bidders, the mean homogenized bid decreases in the number of bidders. The
number of observed bids lies between 14 and 108 for the various categories.13
Table 4: Homogenized bids
Non-fringe bidders
Mean bid # of bids
n=2
n=3
n=4
n=5
n=6
n=7

1.07
1.05
1.02
1.04

108
90
16
14

Fringe bidders
Mean bid # of bids
1.10
1.06
1.03
1.05
0.97
0.97

48
51
95
70
48
77

The benchmark for the estimation of the cost distribution is the estimator proposed by Guerre et al. (2000) (GPV). They assume that bidders play the BNE.
Each bid is understood to be the best response to the empirical bid distribution.
The estimator depends on the number of bidders, as well as the density and cumulative distribution function of the bid distribution. The estimator for the c.d.f. is
the empirical c.d.f. GPV propose a density estimation for the density of the bid
distribution. I use the triweight kernel and parameters GPV use in their Section
2.4. Bidders best respond to the empirical bid distribution G, with density g, which
clearly depends on whether the auction is one of fringe or non-fringe bidders. The
first order condition of the maximization of expected utility leads to
cij = bij −

1 1 − G(bij )
.
n − 1 g(bij )

(8)

One can use the first-order condition to transform a sample of bids into a sample
of pseudo-costs.
For a set of pseudo-cost, I estimate the density of the cost distribution with a
13

Note that two bids appear to be missing in the data. These are a bid of a non-fringe firm
bidding in an auction with a total of five non-fringe bidders and a bid of a fringe bidder in
an auction with four contractors. An alternative explanation is that there were some coding
mistakes in finding constructing the variable indicating the number of bidders.
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kernel density estimation.
I use the following procedure in out-of-sample predictions. The aim is to predict
the bid distribution in auctions with n bidders. For each n0 6= n, I use the bids
of auctions with n0 bidders to estimate the pseudo-cost. I pool the pseudo-cost of
all n0 6= n and estimate the density of the cost distribution with a kernel density
estimation. Let fˆ(n) denote the estimate of the density with all estimated pseudocost from all bids from auctions with n0 6= n bidders. I then compute the counterfactual equilibrium bid distribution with n bidders. For the moment equilibrium, I
need to compute the equilibrium range beliefs l? and u? and the consistent moment
belief m? . For u? I take the highest estimated value of private cost. The lower bound
l? and the mean bid m? are determined by finding a fixed-point of the system
Ru
ϕ(l, m) = (β(c|l, m, u), l β(c|l, m, u)dF (c)), where the expectation is computed
with the estimated density fˆ(n) . For the BNE, I plug in the empirical c.d.f. F̂(n)
of all estimated pseudo-cost from all bids from auctions with n0 6= n bidders. The
closed-form solution for a BNE of symmetric procurement auctions is
R c̄
β

BN E

(cij ) = cij +

c

(1 − F (x))n−1 dx
.
(1 − F (cij ))n−1

(9)

I do the following out-of-sample predictions. Let n̄N F = 5 and n̄F be the respective maxima of the number of bidders for auctions with non-fringe and fringe
bidders, respectively. Let T ∈ {N F, F }. For each n ∈ {2, 3, . . . , nT }, I pool the
pseudo cost for all n0 6= n. I then compute the bid distributions predicted by the
Bayes-Nash and moment equilibrium, respectively. I compare the predicted sample
with the actual sample.
I use the following four criteria for comparing the predicted equilibrium bid distribution with the sample bid distribution. Let EQ ∈ {M 1, BN E} denote the type
of equilibrium. The first three criteria are three distances between the respective
estimated equilibrium bid distribution ĜEQ
and the empirical bid distribution Ĝn .
n
I compute the distances with the 1-, 2- and supremum-norm, that is, for each n,
1

Z

L =
2

|ĜEQ
n (x) − Ĝn (x)|dx

Z

L =

(ĜEQ
n (x)

2

1/2

− Ĝn (x)) dx

L∞ = sup |ĜEQ
n (x) − Ĝn (x)|.
x

Note that the sup-norm distance L∞ is the Kolmogorov–Smirnov test statistic. The
“moment distance” (MD) is the fourth criterion. It is the distance between two
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EQ
vectors of the empirical mean and the standard deviation. Let (m̂EQ
n , ŝn ) be the
estimated mean and standard deviation of the predicted equilibrium bid distribution
and (m̂n , ŝn ) the sample mean and standard deviation of the bid distribution with
n bidders. The statistic M D is defined as
q
EQ
2
2
M D = (m̂EQ
n − m̂n ) + (ŝn − ŝn )

for each n.

6.5 Results
Table 5 presents the mean and standard deviation of (i) the sample bid distribution
with n bidders (“Emp”), (ii) the bid distribution implied by the estimation based
on the moment equilibrium (“M1”), and (iii) the bid distribution implied by the
estimation based on the BNE. The first panel of the table contains the results for
auctions in which all bidders are non-fringe firms, while the second panel is on
auctions in which all firms are fringe firms.
Table 5: Actual and predicted bid distributions: Mean and standard deviation
Auctions with non-fringe
n=2
Emp
M1 BNE
Mean 1.071 1.079 1.088
Sd
0.079 0.070 0.058

Mean
Sd

bidders
n=3
n=4
Emp
M1 BNE Emp
M1 BNE
1.048 1.024 1.033 1.017 1.018 1.026
0.090 0.098 0.057 0.102 0.090 0.072

n=5
Emp
M1 BNE
1.037 1.008 1.018
0.076 0.091 0.077

Auctions with fringe bidders
n=2
n=3
n=4
Emp
M1 BNE Emp
M1 BNE Emp
M1 BNE
Mean 1.098 1.080 1.105 1.055 1.025 1.048 1.028 1.011 1.027
Sd
0.100 0.091 0.104 0.224 0.122 0.094 0.142 0.127 0.109

Mean
Sd

n=5
n=6
n=7
Emp
M1 BNE Emp
M1 BNE Emp
M1 BNE
1.049 0.987 1.006 0.969 0.992 1.018 0.973 0.991 1.012
0.165 0.121 0.114 0.120 0.124 0.117 0.133 0.122 0.121

Table 6 summarizes the distance measures between the c.d.f. of the empirical bid
distribution and the (i) estimated empirical bid distribution based on the moment
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equilibrium, and (ii) the estimated empirical bid distribution based on the BNE. For
non-fringe auctions, the three p-norm measures reveal that the M1 bid distribution
is closer to the empirical for n = 2 and n = 4, while BNE predicts the empirical
distribution better for n = 3 and n = 5. For n ≤ 4, the MD measure is lower for M1
than BNE, suggesting that the moment equilibrium approach leads to better estimates for the mean and standard deviation. The column “Weighted average” is the
average of the previous columns, weighted by the number of observed bids (Table
4). For non-fringe auction, both methods seem similarly successful in the performance measures. However, in terms of the weighted average, the M1 equilibrium
leads to bid distributions that are overall closer to the empirical sample.
Table 6: Distance between actual and predicted bid distribution
Auctions with non-fringe bidders
n=2
M1 BNE
L1
0.016 0.023
L2
0.033 0.053
L∞ 0.131 0.218
MD 0.012 0.027

n=3

Weighted
average
BNE
M1 BNE
M1 BNE
0.026 0.033 0.021 0.021 0.023
0.053 0.065 0.043 0.045 0.047
0.202 0.234 0.199 0.177 0.181
0.031 0.032 0.019 0.018 0.030

n=4

M1 BNE
M1
0.027 0.023 0.016
0.058 0.040 0.030
0.232 0.129 0.129
0.025 0.036 0.012

Auctions with fringe bidders
n=2
n=3
n=4
M1 BNE
M1 BNE
M1 BNE
L1
0.018 0.015 0.052 0.064 0.028 0.028
L2
0.032 0.027 0.051 0.068 0.037 0.037
∞
L
0.144 0.104 0.098 0.195 0.101 0.090
MD 0.020 0.008 0.106 0.130 0.023 0.033
n=6
M1 BNE
L1
0.025 0.049
L2
0.038 0.069
L∞ 0.150 0.215
MD 0.024 0.049

n=5

n=5
M1 BNE
0.062 0.046
0.080 0.064
0.233 0.173
0.077 0.067
Weighted
average
M1 BNE
0.036 0.040
0.049 0.056
0.149 0.163
0.043 0.052

n=7
M1 BNE
0.031 0.044
0.052 0.076
0.167 0.226
0.021 0.040

7 Conclusion
The first-price auction is frequently used in procurement and other applications.
Bidders in the auction face a complex strategic decision problem: To assess the
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Figure 4: CDFs of bid distributions in auctions with non-fringe bidders
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optimality of a bid, they need to know the distribution of competing bids. However, this distribution is often unknown as there are limits to how detailed one can
anticipate the behavior of others played in complex games in new or changing environments. Note that the Bayes-Nash equilibrium, the predominant game-theoretic
method for analyzing the first-price auction, assumes that bidders know the entire
bid distribution.
I propose an equilibrium model that reflects the bidders’ strategic uncertainty as
they have only partial information about the bids of the other players. Specifically,
they know the range and the average of the bids. Such a modeling choice leaves
the domain of subjective expected utility maximization. In this paper, players deal
with the uncertainty by minimizing the maximal loss. Assuming that players do not
make systematic mistakes in forming the beliefs leads to an equilibrium notion. The
moment beliefs are in equilibrium if they match the respective moments of the bid
distribution generated by optimal behavior and the underlying value distribution.
I prove that a moment equilibrium exists and characterize the optimal bidding
function. The equilibrium is separating so that players with a different willingnessto-pay bid differently. The final allocation is then efficient.
The model is designed with an eye on empirical applications. It does not have
any free parameters and the beliefs are finite dimensional statistics about observables. I assess the theoretical predictions in two empirical exercises. In the first
empirical application, I predict behavior in lab experiments and find that the moment equilibrium overall predicts behavior better than the Bayes-Nash equilibrium.
In the second empirical application, I non-parametrically estimate the distribution
of cost in highway procurement auctions. In out-of-sample predictions, I find that
estimates based on moment equilibrium overall lead to a smaller distance to the
actual sample than estimates based on Bayes-Nash equilibrium.
Moment equilibrium can also be defined for other games. Consider, for example,
a consumer search problem, i.e., there are price-setting firms and consumers need
to engage in costly search to learn the realized prices. A Nash equilibrium analysis
requires consumers to know the vertical structures, firms’ (distribution of) costs,
and the (possibly mixed) pricing strategies. In contrast, in a moment equilibrium,
consumers would know the average price. In another application, investors or consumers might believe that the central bank sets the inflation rate equal to 2% on
average, but they might not know the entire distribution of inflation rates.
There are still many open questions worth exploring. Does a moment equilibrium exist for any set of moments? Learning may take the form of getting more
precise information about the moments or learning additional moments. Learning
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additional moments can be costly, which leads to models of pricing information.
In questions related to information design, one may ask which moments a designer
wants to reveal.

A Omitted Proofs
A.1 Proof of Proposition 1
The optimization program for finding bidder i’s minimax bid can be written as
inf

sup

bi ∈Xi B ∈
j
−i ×j6=i P

Z

EB−i sup ui (b̃i , b−i ) − ui (bi , b−i )

(P)

b̃i ∈Xi

gijk (bj )dBj (bj ) = mkij , ∀k = 0, 1, . . . , Mij , ∀j ∈ N \ {i}.

s.t.
Xj

There are Mij + 1 restriction on the measure. Clearly, there are the moment
constraints. The other restriction is that the measure must be a probability measure,
R
i.e., Xj dBj = 1.
The first step is inverting the order of the inner maximization problem in (P) to
obtain problem
inf sup

bi ∈Xi

Z

sup

b̃∈Xi B−i ∈×j6=i P j

EB−i ui (b̃i , b−i ) − ui (bi , b−i ).

(P’)

gijk (bj )dBj (bj ) = mkij , ∀k = 0, 1, . . . , Mij , ∀j ∈ N \ {i}.

s.t.
Xj

By independence, I can consider one bidder at a time, treating the bid distributions of the other bidders as parameters. This leads to the function φij (bj ) =
EB−i,j ui (b̃i , bj , b−i,j ) − ui (bi , bj , b−i,j ). The expectation of φij is to be maximized
with respect to the moment conditions, i.e.,
Z
EB−i,j ui (b̃i , bj , b−i,j ) − ui (bi , bj , b−i,j )dBj (bj )

sup
Bj ∈P j

Xj

Z
s.t.

gijk (bj )dBj (bj ) = mkij , ∀k = 0, 1, . . . , Mij .

Xj

Note that one can view this maximization problem as a linear program in standard
form. The decision variable is Bj , which is non-negative and specifies how much
mass is to be put on bj ∈ Xj . There are Mij + 1 equality constraints. The objective function and the constraints are linear in Bj . It is a linear problem if Xj
is finite. If Xj is infinite, then it is a semi-infinite linear program. In any case,
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Smith (1995) proves that it is sufficient to pay attention to basic solutions. A basic solution is a distribution with mass points x1 , x2 , . . . , xk such that the vectors
gij (x1 ), gij (x2 ), . . . , gij (xk ) are linearly independent. A basic distribution then has
at most Mij + 1 such mass points as there are Mij + 1 moment functions. Smith
(1995) proves a fundamental theorem of linear programming for the setting, showing that it is enough to focus on basic distributions. First, if a feasible distribution
exists, then there is a feasible basic distribution. Second, if a there is an optimal
distribution, then there is an optimal basic distribution. Last, he proves that
sup

EBj φij (xj ) =

Bj ∈Bij (mi )

sup

EBj φij (xj ),

Bj ∈Bij (mi )∩D(Xj )

where D(Xj ) is the set of basic distributions on Xj .

A.2 Proof of Proposition 2
I use the implicit function theorem (IFT) to show the comparative statics results.
Let λ̄L (b) and λ̄H (b) denote the maximal loss of bidding too low and too high,
respectively. The proof of Proposition 3 and the discussion following Proposition 2
show that

v − b
for b < m
λ̄L (b) =
(v − b)(1 − ( b−m )n−1 ) for m ≤ b
b−l

and λ̄H (b) = b − l. The minimax bid b is such that
G(b, v, m, n, l) = λ̄L (b) − λ̄H (b) = 0.
I use subindices to denote the partial derivative with respect to a certain parameter.
The IFT implies that the partial derivate of the minimax bidding function β with
respect to parameter x ∈ {v, m, n, l} is
∂β(v|m, n, l)
Gx
=− .
∂x
Gb
Note that Gb = ∂ λ̄L /∂b − ∂ λ̄H /∂b < 0 as
L


−1

∂λ (b)
=
−(1 − ( b−m )n−1 ) − (n − 1)(v − b) m−l ( b−m )n−2
∂b
b−l
(b−l)2 b−l

for b < m
for m ≤ b

is negative and ∂λH (b)/∂b = 1.
The minimax bidding function β is strictly increasing in v as Gv > 0. It is
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constant in m for values v < 2m − l and strictly increasing in m for v ≥ 2m − l
as Gm = ∂λL /∂m|b≥m > 0. Similarly, the minimax bidding function β is constant
in n for v < 2m − l and increasing in n for v ≥ 2m − l as Gn = ∂ λ̄L /∂n|b≥m =
)n−1 log( b−m
) > 0 as 0 < b−m
< 1.
−(v − b)( b−m
b−l
b−l
b−l
∗
I show that v (b|l, m) is increasing in b. This is clearly the case for b < m.
∗
, which equals
Consider m ≤ b and ∂v (b|l,m)
∂b
1+

n(b − l)n−1
(b − l)n ((n − 1)(b − l)n−2 − (n − 1)(b − m)n−2 )
.
−
(b − l)n−1 − (b − m)n−1
((b − l)n−1 − (b − m)n−1 )2

The first derivative is strictly more than
1+

(n − 1)(b − l)n−1
(b − l)n ((n − 1)(b − l)n−2 − (n − 1)(b − m)n−2 )
,
−
(b − l)n−1 − (b − m)n−1
((b − l)n−1 − (b − m)n−1 )2

which simplifies to
∂v ∗
(n − 1) ((b − l)n (b − m)n−2 − (b − l)n−1 (b − m)n−1 )
>1+
∂b
((b − l)n−1 − (b − m)n−1 )2
(n − 1)(b − l)n−1 (b − m)n−2 ((b − l) − (b − m))
=1+
((b − l)n−1 − (b − m)n−1 )2
(n − 1)(b − l)n−1 (b − m)n−2 (m − l)
=1+
> 0.
((b − l)n−1 − (b − m)n−1 )2
I show that v ∗ (b|l, m) is decreasing in m. For v ∈ [2m − l, v̄],
∂v ∗ (b|l, m)
∂
(b − l)n−1
=
b+
(b − l)
∂m
∂m
(b − l)n−1 − (b − m)n−1
(n − 1)(b − m)n−2
< 0.
= −(b − l)n
((b − l)n−1 − (b − m)n−1 )2

A.3 Proof of Theorem 1
Without including the lower bound l in the equilibrium construction, one only
R v̄
has to find a fixed point of the function ϕ(m) = v β ∗ (v|l, m)dF (v) dv. Let l? ∈
[0, v]. The function is continuous in m as a consequence of Lebesgue’s dominated
convergence theorem (Elstrodt, 2018). A necessary requirement for a separating
consistent mean-belief m? is that some types bid below the mean and some types
bid above the mean, i.e., β ∗ (v|l, m) = (v + l? )/2 < m and m < (v̄ + l? )/2 must
hold. The latter condition implies that m < v̄. The fixed point m? must lie in the
interior of the interval [(v + l? )/2, (v̄ + l? )/2] for the equilibrium to be separating.
A fixed point m is the intersection of ϕ(m) with the identity function id : [(v +
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l? )/2, (v̄ + l? )/2] → [(v + l? )/2, (v̄ + l? )/2]. From the following three observations it
follows that there is exactly one point of intersection in the interior of this interval.
The first observation is that ϕ((v + l? )/2) ≥ (v + l? )/2. This follows from all types
bidding at least the mean-belief m at m = (v + l? )/2 as v ≥ 2m − l? for all v. The
second observation is that ϕ((v̄ + l? )/2) < (v̄ + l? )/2 as now almost all values bid
(v + l)/2, which is less than the mean-belief (v̄ + l? )/2. The last observation is that
ϕ is strictly increasing in m on ((v + l? )/2, (v̄ + l? )/2). To see this, note that
Z

2m−l

ϕ(m) =
v

v+l
dF (v) +
2

Z

v̄

β ∗ (v|l, m)dF (v).

2m−l

Taking the derivative yields
Z

0

v̄

ϕ (m) = 2mf (2m − l) − 2mf (2m − l) +
2m−l

∂β ∗ (v|l, m)
dF (v).
∂m

Proposition 2 shows that ∂β ∗ (v|l, m)/∂m > 0 for v ≥ 2m − l, showing that ϕ0 > 0.
These three properties show that the graphs in Figure 1 are representative. There
is a unique fixed point of ϕ in ((v + l? )/2, (v̄ + l? )/2).
A fixed point in ((v + l? )/2, (v̄ + l? )/2) exists because ϕ is continuous in m. Below
I show that ϕ((v + l? )/2) ≥ (v + l? )/2 for m slightly higher than (v + l? )/2, and
ϕ(m) < (v̄ + l? )/2 for m = (v̄ + l? )/2. Hence, ϕ must intersect the identity function
in the interior.

A.4 Proof of Theorem 2
The only consistent lower bound is l? = v. For any lower belief l the type v bids
more than l.
The unique upper bound consistent with belief m is u? such that β ∗ (v̄|v, m, u) =
u? . Note that the inverse bid is independent of u. As v ∗ is strictly increasing in b
there is a unique b that solves the equation. As the minimax bids are increasing in
m, u? increases in m.
To find the fixed point m? , I consider the function
Z
ϕ(m) =

v̄

β ∗ (v|v, m, u? (m))dF (v).

v

The domain of ϕ is [v, v̄]. As no type bids below or above value, the codomain
is the same set. A fixed point exists by Brouwer’s fixed point theorem (as I can
restrict the domain and codomain to [v + , v̄]. I argue that there is a fixed point
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in the interior. First, I show that ϕ0 (v) > v. This is true as at m = v all types
bid m. As one slightly increases the mean, all types bid strictly more. Second, at
m = v̄ almost all types bid below the mean. For these values, the minimax bid is
independent of the mean. Slightly increasing the mean increases u? , which lowers
the bids of almost all values. This shows that ϕ(v̄) < 0. Moreover, ϕ(v̄) < v̄ as
almost all types bid less than the highest possible value. Hence, the function ϕ
must intersect the identity function in the interior of [v, v̄].
To see that v̄ is the highest possible consistent mean, note that for m = v̄ the
type v̄ bids v̄. For a higher mean the type v̄ will certainly bid below the mean,
making it impossible that m is a consistent mean.

A.5 Proof of Proposition 3
Proposition 1 implies that the worst-case distribution Bj has at most two elements
in its support. Thus, it suffices to consider bid distributions of the form π · [x1 ] +
(1 − π) · [x2 ], where π ∈ [0, 1] and l ≤ x1 ≤ x2 ≤ u. The first moment constraint
implies π · x1 + (1 − π) · x2 = m, which clearly requires x1 < m < x2 whenever
x1 < x2 . The last equality yields
π(x1 , x2 ) =

x2 − m
.
x2 − x 1

(10)

I sometimes suppress the arguments.
Let π1 and π2 denote the partial derivatives of π with respect to x1 and x2 ,
respectively. These derivatives are equal to
π1 =

x2 − m
m − x1
∂π
∂π
=
=
and π2 =
.
2
∂x1
(x2 − x1 )
∂x2
(x2 − x1 )2

Observe that π1 > 0 and π2 > 0 for x1 < m < x2 .
The worst-case bid distributions of the other bidders are identical. The worstcase bid distribution for each other bidder j has at most two elements, xj1 and xj2 ,
in the support. The best response to a discrete bid distribution is to bid (slightly
above) one of the mass points. Tie-breaking does not play a role as suprema are
taken. With the current moment constraints and for a given pair (b̃, b) as in (P’),
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the maximization of loss equals
sup

(v − b̃)

xj1 ,xj2 :l≤xj1 ≤m≤xj2 ≤u

Y
(π(xj1 , xj2 )χxj1 ≤b̃ + (1 − π(xj1 , xj2 ))χxj2 ≤b̃ )
j6=i

Y
−(v − b) (π(xj1 , xj2 )χxj1 <b + (1 − π(xj1 , xj2 ))χxj2 <b ),
j6=i

where I break ties in favor of higher loss and χA denotes the indicator function, i.e.,
the function that takes the value 1 if A is true and 0 otherwise. Consider b̃ < m.
Loss is maximized by b̃ = xj1 as this maximizes the mass on b̃. The second mass
point xj2 is then chosen equal to u as this maximizes the mass on b̃ and is higher
than b. Let m ≤ b̃ and consider b̃ < b. Loss is maximized by xj2 = b̃ and xj1 = l as
this maximizes the mass on b̃. Consider b < b̃. Loss is again maximized by xj2 = b̃,
but now xj1 = b. The bid b always loses, while the bid b̃ wins with certainty. Thus,
loss is always highest with symmetric worst-case distributions.
Due to symmetric worst-case beliefs, the maximization of loss takes the form
sup max{π(x1 , x2 )n−1 (v − x1 ), v − x2 , 0} − (v − b)(χx1 <b<x2 π(x1 , x2 )n−1 + χx2 <b )

x1 ,x2

s.t. l ≤ x1 ≤ m ≤ x2 ≤ u,
for a given b ∈ [l, u]. Bidding above value is dominated, so I assume b ≤ v. The
case in which the highest possible utility is 0 is then irrelevant as it never maximizes
loss.
The maximization of loss requires the discussion of six exhaustive cases. There
are three cases in which the bid b is too high as the best response is lower. There
are also six cases in which the bid b is too low as the best response is higher. In
what follows, I first ignore the incentive constraints and maximize loss for each of
these six cases with respect to x1 and x2 . I then find the (inverse) minimax bids.
In the end of the proof, I verify that the incentive constraints hold for the minimax
bidding function.
Loss of bidding too high. There are three cases in which one bids too high,
that is, when the best response to the bid distribution is lower than b. The first
case has x1 < b < x2 and x1 is the best response. The second case has x2 < b with
x1 as the best response. The third case has x2 < b with x2 being the best response.
Consider the first case of bidding too high, i.e., x1 < b < x2 and x1 the best
response. Loss equals λH1 (x1 , x2 ) = π n−1 (b − x1 ), which is to be maximized with
respect to x1 and x2 under the constraints l ≤ x1 ≤ m < x2 ≤ u and x1 < b < x2 .
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I show that x̃1 = max{l, min{x̂1 (b, u), m}} and x2 = u maximize loss, where

x̂1 (b, x2 ) =


 (n−1)b−x2

for n ≥ 3

l

for n = 2.

n−2

Note that x̂1 (b, x2 ) < b for b < x2 . The partial derivatives of λH1 with respect to x1
and x2 equal
λH1
1 (x1 , x2 )

=π

n−1




b − x1
(n − 1)
− 1 and
x 2 − x1

n−2
λH1
π2 (b − x1 ),
2 (x1 , x2 ) = (n − 1)π

> 0. Thus, loss is maximized by
respectively. Loss is increasing in x2 as λH1
2
x2 = u. For n = 2, loss is decreasing in x1 as λH1
1 < 0. It is, therefore, maximized
is x̂1 (b, x2 ). The
by x̃1 = l = max{l, min{x̂1 (b, u), m}}. For n ≥ 3, the root of λH1
1
second derivative of λH1 with respect to x1 equals
∂ 2 λH1
bn − (n − 2)x1 − 2x2
= (n − 1)π n−1
,
2
∂x1
(x2 − x1 )2
which is negative at x1 = x̂1 (b, x2 ). To see this, note that bn − (n − 2)x̂1 − 2x2 < 0
simplifies to b < x2 , which is true. Hence, for x̂1 (b, u) < l, loss is decreasing in x1
and maximized by x1 = l. For l ≤ x̂1 < m, loss is maximized by x1 = x̂1 (b, u). For
m ≤ x̂1 (b, u), loss is increasing in x1 and maximized by x1 = m. To summarize,
loss is maximized by x̃1 = max{l, min{x̂1 (b, u), m}} and x2 = u.
The second and the third case of bidding too high both lead to a lower loss than
in the first case. To see this, note that loss in the second case equals π n−1 (v − x1 ) −
(v − b) ≤ π n−1 (b − x1 ) = λH1 (x1 , x2 ). The worst-case distribution never puts a mass
point below b when x1 is the best response. In the third case, loss equals b − x2 ,
which is maximized by x2 = m. With choosing x1 = m, this loss is also feasible
in the first case, but not optimal unless x̂1 (b, u) > m, in which case the two cases
yield the same maximal loss.
To summarize, the worst-case loss when bidding too high ¯lH (b) is given by
H

λ̄ (b) =



u−m
u − max{l, min{x̂(b, u), m}}

Observe that λ̄H is continuous in b.
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n−1
(b − max{l, min{x̂(b, u), m}}).

Loss of bidding too low. There are also three cases when one bids too low, i.e.,
when the best response to the bid distribution is higher than b. The first case has
b < x1 with x1 as the best response. The second case has b < x1 and x2 is the best
response. The third case has x1 < b < x2 with x2 being the best response.
In the first case of bidding too low, loss equals λL1 (x1 , x2 ) = π n−1 (v − x1 ) as
b < x1 and x1 is the best response. Clearly, the case applies only if b < m. Observe
that I can draw from the analysis of λH1 as λL1 is λH1 when substituting v for b. It
follows that the second partial derivative λL1
2 is positive, so that loss is maximized
by x2 = u. For n = 2 and v ≤ u, loss λL1 is decreasing in x1 as l1L1 ≤ 0 so that
loss is maximized by x1 = b and x2 = u. For u < v, loss is increasing in x1 so that
it is maximized by x1 = m. Maximal loss then equals v − m. For n ≥ 3, the root
L1
of λL1
1 is x̂1 (v, x2 ). The calculations above show that the second derivative λ11 is
negative at x̂1 (v, x2 ). Note that x̂1 (v, u) ≤ v if and only if v ≤ u. Hence, for v ≤ u,
loss λL1 is maximized by x1 = max{b, min{x̂1 (v, u), m}} and x2 = u. Observe that
maximal loss is weakly larger than v − m = λL1 (m, u). For u < v, loss increases in
x1 and is maximized by x1 = m and x2 = u. Note that then m < u < v ≤ x̂1 (v, u)
so that max{b, min{x̂1 (v, u), m}} = m as b < m.
In the second case of bidding too low, loss equals v − x2 as b < x1 and x2 is the
best response. Maximal loss equals v − m, which is weakly less than the worst-case
of the previous case.
In the third case associated with bidding too low, loss equals λL3 (x1 , x2 ) = v−x2 −
π n−1 (v −b) as x1 < b < x2 with x2 is the best response. I show that loss decreases in
n−2
π1
x1 and x2 . The first partial derivatives of λL3 are λL3
1 (x1 , x2 ) = −(n−1)(v−b)π
n−2
L3
and λ2 (x1 , x2 ) = −1 − (n − 1)(v − b)π π2 . Both derivatives are negative. As a
result, if m ≤ b, then loss is maximized by x1 = l and x2 = b. If b < m, then the
worst-case has x2 = m, so that loss then equals v − m. This loss is less than the
worst-case loss λL1 (max{b, min{m, x̂1 (v, u)}}, u).
To summarize, let λ̄L denote the worst-case loss when bidding too low. The
maximal loss λ̄L equals

λ̄L (b) =

n−1
u−m
u−max{b,min{x̂1 (v,u),m}}


(v − b) 1 − b−m n−1
b−l



(v − max{b, min{x̂1 (v, u), m}}) for b < m
for m ≤ b.

Note that λ̄L is continuous in b.
Minimization of maximal loss. The bid that minimizes the maximal loss equalizes the maximal loss associated with bidding too high and the maximal loss as-
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sociated with bidding too low. This follows from λ̄L being decreasing in b and λ̄H
being increasing in b.
The range and slope of λ̄L are as follows. First, the maximal loss of bidding
too low is positive when bidding the lowest bid, i.e., λ̄L (l) > 0. Second, loss λ̄L
is constant in b for b < min{x̂(v, u), m} when b < min{x̂(v, u), m}. Third, I show
that maximal loss λ̄L is strictly decreasing in b when min{x̂(v, u), m} ≤ b. When
b < m, then the maximization of loss λL1 is a constrained maximization problem
maxx1 λL1 (x1 , u) subject to b ≤ x1 ≤ m. The envelop theorem implies
dλ̄L (b)
db

=
b<m

∂ L1
λ (x1 , u) − µ1 (−x1 + b) − µ2 (x1 − m) = −µ1 ,
∂b

where µ1 and µ2 are the respective Lagrange multipliers in the optimal solution.
The derivative is negative as the constraint x1 ≥ b is binding so that the multiplier
µ1 must be strictly positive by complementary slackness (Simon and Blume, 1994).
For m ≤ b, the derivative of λ̄L (b) = (v − b)(1 − π(l, b)n−1 ) with respect to b is
dλ̄L (b)
db

= −(1 − π(l, b)n−1 ) − (n − 1)(v − b)π(l, b)n−2 π2 (l, b) < 0.
m≤b

Finally, the loss of bidding too low is 0 when bidding value, that is, λ̄L (v) = 0.
The range and slope of λ̄H are as follows. First, the loss of bidding too high when
bidding the lowest bid is 0, that is, λ̄H (l) = 0 as x̂(l, u) ≤ l. Second, loss λ̄H strictly
increases in b. The statement is obvious unless x̂(b, u) = max{l, min{x̂(b, u), m}}.
In the latter case, the derivative is
d
d λ̄H (b)
=
max λH1 (x1 , u) = π(x̂(b, u), u)n−1
db
db x1
by the envelop theorem.
Maximal loss is the upper envelop of λ̄L (b) and λ̄H (b). It is minimized by the bid
that equalizes the two expressions. The previous two paragraphs imply that such a
bid exists in [l, v].
I show that the minimax bid b∗ is never such that b∗ < x̂(v, u). Let v ≤ u so that
x̂(v, u) ≤ v. Suppose l < x̂(v, u) ≤ m so that λ̄L (b) is constant for l ≤ b ≤ x̂(v, u).
I show that λ̄H and λ̄L intersect at b ≥ x̂(v, u). Recall that for relatively low bids
λ̄L (b) > λ̄H (b). Moreover, recall that x1 = x̂(v, u) maximizes π(x1 , u)n−1 (v − x1 ).
In particular, for x01 = x̂(x̂(v, u), u) the inequality λ̄L (x̂(v, u)) ≥ π(x01 , u)n−1 (v − x01 )
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holds. Moreover, x01 < x̂(v, u) ≤ v implies the overall inequality
λ̄L (x̂(v, u)) ≥ π(x01 , u)n−1 (v − x01 ) ≥ π(x01 , u)n−1 (x̂(v, u) − x01 ) ≥ λ̄H (x̂(v, u)).
The last inequality holds as x1 = x01 maximizes π(x1 , u)n−1 (x̂(v, u) − x1 ), but the
loss of bidding too high is weakly less due to the constraint l ≤ x1 .
I show that the minimax bid b∗ is never such that b∗ < m and λ̄(b∗ ) = v −
m. The case may arise if u < v or if v ≤ u and x̂(v, u) > m > b. Note that
max{l, min{x̂(m, u), m}} < m. For all b ≤ m, the maximal loss of bidding too high
is less than v − m as λ̄H (b) ≤ λ̄H (m) and
(u − m)n−1
(m − max{l, min{x̂(m, u), m}})
(u − max{l, min{x̂(m, u), m}})n−1
(u − m)n−1
≤
(v − max{l, min{x̂(m, u), m}}).
(u − max{l, min{x̂(m, u), m}})n−1

λ̄H (m) =

The first line states the formula for the maximal loss when the bid m is too high.
The second line uses that m is bid only if m ≤ v. It is straightforward to see that
the last expression is weakly less than v − m. Hence, λ̄H (b) ≤ v − m is true for all
b ∈ [l, m]. As a result, λ̄H (b) = λ̄L (b) can be true only for b ≥ m.
The previous two paragraphs show that λ̄H and λ̄L never intersect in the interior
of the region on which λ̄L (b) is constant in b. The worst-case loss of bidding too
low λ̄L simplifies to the relevant expression

λ̄L (b) =





u−m n−1
u−b

(v − b)
for b < m



n−1
(v − b) 1 − b−m
for m ≤ b ≤ v.
b−l

Equating the worst-case losses λ̄H and λ̄L immediately gives the inverse minimax
bid in Equation (4). The inverse minimax bid can also be written as

n−1


b + u−b
(b − l)

u−l




n−2 n−1 u−b


b + n−1

n−2




(b−l)n
u−m n−1
b +
(b−l)n−1 −(b−m)n−1
u−l
∗
v (b|l, m, u) =
n−2 ((u−m)(b−l))n−1 (n−1)1−n


b + n−2

u−b
(b−l)n−1 −(b−m)n−1


n−1

(b−m)(b−l)


b + (b−l)n−1 −(b−m)n−1




[u + (u−m)(u−l)n−1 , v̄]
(u−l)n−1 −(u−m)n−1

if l ≤ b ≤ min{m, bH
l }
if bH
l < b < m
if m < b < bH
l
H
if b ∈ [max{m, bH
l }, bm ]

(11)

if bH
m < b < u
if b = u,

H
H
where bH
l = (l(n − 2) + u)/(n − 1) and bm = (m(n − 2) + u)/(n − 1). Note that bl
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is defined as the cutoff bid such that l = max{l, min{x̂(b, u), m}} for b ≤ bH
l . For
H
H
bl < b < bm the equality x̂(b, u) = max{l, min{x̂(b, u), m}} holds. Finally, bH
m is
H
the cutoff bid such that for bm ≤ b the equality m = max{l, min{x̂(b, u), m}} holds.
H
Note that bH
l = bm = u if n = 2.
Let n = 2. The first cutoff value v̂1 is such that β ∗ (v̂1 ) = m, and the second
cutoff value is such that β ∗ (v̂2 ) = u.
Incentive constraints. One may wonder whether the best responds really are
as assumed in the maximization of loss. I show that the incentive constraints hold
for the worst-case bid distributions.
The incentive constraints are satisfied in the worst-case bid distribution associated
with bidding too high. This means that when the bid distribution has the mass
points x1 = x̃1 and x2 = u, then the best response is to demand x1 and not x2 .
Suppose this was not the case, i.e., v − x2 > π(x1 , x2 )n−1 (v − x1 ). Subtracting
π n−1 (v − b) from both sides leads to
v − x2 − π n−1 (v − b) > π(x1 , x2 )n−1 (v − x1 ) − π n−1 (v − b) = λ̄H = λ̄L .
Assuming that x2 is the best responds leads to a contradiction as asking for x2 leads
to a loss associated with bidding too low, which cannot be higher than the maximal
loss in this case.
The incentive constraints are also hold in the worst-case bid distributions associated with bidding too low. There are two cases to distinguish. First, let b < m,
x1 = b and x2 = u. Assuming v − u > π n−1 (v − b) immediately leads to a contradiction as the right-hand side equals λ̄L , which must be at least the left-hand side.
Second, let m ≤ b, x1 = l, and x2 = b. The reasoning is as in the case associated
with bidding too high. If demanding l was better, then it would lead to a loss
associated with bidding too high that was higher than the maximal loss associated
with bidding too high.
Comparative statics. I use the implicit function theorem (IFT) to prove the
comparative statics results. The minimization of maximal loss takes the form of
finding b such that F (v, m, b) = λ̄L (b) − λ̄H (b) = 0. I have argued above that there
is a unique b that solves the equation for each v and m.
The IFT implies that the minimax bid β ∗ increases in v as
∂F
∂β ∗
∂v
= − ∂F
.
∂v
∂b
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L

= ∂ λ̄∂v(b) > 0 and ∂F
= λ̄L (b)0 − λ̄H (b)0 < 0. Hence, the minimax bid
Note that ∂F
∂v
∂b
is strictly increasing in v.
I now show that
∂F
∂β ∗ (v|l, m, u)
= − ∂m
≥ 0.
∂F
∂m
∂b
The sign is true for v such that β ∗ (v|l, m, u) ≤ m as for these values the minimax
bid is independent of the mean m. For bids above the mean, the maximal loss
associated with bidding too low increases in m as
∂ λ̄L
∂m

m≤b

v−b
= (n − 1)
b−l



b−m
b−l

n−2
> 0.

The maximal loss from bidding too high λ̄H decreases in m. To show this, I go
H
H
through the three cases. In the first two cases l ≤ b ≤ bH
l and bl < b < bm
max{l, min{x̂1 (b, u), m}} is independent of m so that
∂ λ̄H
∂m


= (n − 1)(b − max{l, x̂1 (b, u)})
l≤b≤bH
m

u−m
u − x̂1 (b, u)

n−2

−1
< 0.
u − x̂1 (b, u)

In the third case, i.e., for bH
m ≤ b ≤ u the derivative of maximal loss with respect to
m is −1. As a result, ∂F/∂m > 0 and ∂β ∗ /∂m ≥ 0.
The inverse minimax bidding function is increasing in u as one can readily verify
that ∂v ∗ /∂u ≥ 0. This can be inferred from Equation (11). The only case worth
H
∗
highlighting is when max{m, bH
l } < b < bm . In this case, ∂v /∂u > 0 is equivalent
to u − b − (n − 2)(u − m) > 0. If the inequality is true for b = bH
m , then it is true
H
for all b. The first derivative is 0 when evaluated at bm . Hence, for all smaller b the
first derivative is strictly positive.
The minimax bidding function β ∗ is decreasing in u. I take the total derivative
of v ∗ (β ∗ (v|l, m, u)|l, m, u) = v with respect to u on both sides and reformulate to
∂v ∗ (β ∗ (v|l, m, u)|l, m, u)
∂β ∗ (v|l, m, u)
=−
∂u
∂u



∂v ∗ (β ∗ (v|l, m, u)|l, m, u)
∂b

−1
,

which is negative as ∂v ∗ /∂u ≥ 0 and ∂v ∗ /∂b > 0.
I show that v ∗ is decreasing in n. When b < m, I take the partial derivative of
v ∗ with respect to n, i.e.,
∗

v
∂n

b<m


(b − l)( u−b )n−1 log( u−b ) if l ≤ b ≤ min{m, bH }
l
u−l
u−l
=
 u−b ( n−2 )n−1 log( n−2 )
if bH
l < b < m.
n−2 n−1
n−1
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The derivative is negative for both cases as 0 < u−b
≤ 1 and 0 < n−2
< 1. Note
u−l
n−1
that the second case arises only if n ≥ 3. For bid b above the mean I use the implicit
function theorem. The first derivative of λ̄H with respect to n is

H




(b − l)( u−m
)n−1 log( u−m
)

u−l
u−l



n
2

∂ λ̄
(n−1)(u−b)
= (n−2)
2 (u−m)

∂n


0

(n−2)(u−m)
(n−1)(u−b)

if x̃1 = l
log



(n−2)(u−m)
(n−1)(u−b)



if x̃1 = x̂(b, u)
if x̃1 = m.

The partial derivative is negative. This is clear in the first line. In the second line,
H
note for b ≤ bH
m and that for b < bm

log

(n − 2)(u − m)
(n − 1)(u − b)




< log

(n − 2)(u − m)
(n − 1)(u − bH
m)


= 0.

For bids above the mean, the partial derivative of λ̄L with respect to n is
∂ λ̄L
∂n


= −(v − b)
m≤b

b−m
b−l

n−1


log

b−m
b−l


,

) < 0. Hence, for bids above the mean ∂(λ̄L − λ̄H )/∂n >
which is positive as log( b−m
b−l
0. Note that ∂(λ̄L − λ̄H )/∂v > 0 The partial derivative is then
∂v ∗
∂n

=−
m≤b

∂ λ̄L − λ̄H
∂v
< 0.
L
∂n
∂ λ̄ − λ̄H

I study the comparative statics with respect to the mean-belief m. For values
who bid below m, the minimax bid is independent of m. For values who bid above
the mean, the derivative of maximal loss of bidding too low is
∂ λ̄L
∂m

m≤b

v−b
= (n − 1)
b−l



b−m
b−l

n−2
> 0.

The partial derivative of λ̄H with respect to m equals


u−m n−2


−(n − 1) (b−l)

u−l
u−l


∂ λ̄H
u−m n−2
= − n−2
n−1 u−b

∂m


−1
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if x̃1 = l
if x̃1 = x̂(b, u)
if x̃1 = m.

The derivative is negative in any case. The implicit function theorem implies that
∂β ∗
∂m

=−
v s.t. m≤β ∗ (v)

∂ λ̄L − λ̄H
∂b
> 0.
L
∂m
∂ λ̄ − λ̄H

A.6 Proof of Proposition 4
It is straightforward to see that plugging pb + q, pl + q, pm + q, and pu + q into the
right-hand side of (4) yields the willingness-to-pay pv + q. Moreover, observe that
β(α(v; y)|α(l0 ; y), α(m0 ; y), α(u0 ; y)) = α(l0 ; y)
Z

v̄

β(α(v̄; y)|α(l0 ; y), α(m0 ; y), α(u0 ; y)) = α(u0 ; y), and
Z v̄
β(α(v; y)|α(l0 ; y), α(m0 ; y), α(u0 ; y))f (v)dv =
(p(y)β(v|l0 , m0 , u0 ) + q(y))f (v)dv,

v

v

which equals α(m0 ; y).

A.7 Proof of Theorem 3
Let l < m < u. I use the strictly increasing inverse bidding function v ∗ (·|l, m, u) to
construct the value distribution F by defining v = v ∗ (b|l, m, u) for all b ∈ [l, u]. The
inverse bidding function is strictly increasing as l < m < u. Clearly, F is a c.d.f.
with support [v, v̄], where v = v ∗ (l|l, m, u) and v̄ = v ∗ (u|l, m, u). Note that as v ∗ is
strictly increasing in b, so is its inverse β ∗ in v, and β ∗ (v ∗ (b)) = b. Hence, F (v) =
G(β ∗ (v|l, m, u)) for all v ∈ [v, v̄] (Casella and Berger, 2002). The equilibrium is
separating by construction and has consistent range beliefs by construction. To see
that G is the bid distribution of a moment equilibrium, observe that
Z

v̄
∗

Z

β (v|l, m, u)dF (v) =
v

u
∗

Z

∗

β (v (b|l, m, u)|l, m, u)dG(b) =
l

u

bdG(b) = m.
l

Hence, the moment condition holds, and (β ∗ , l, m, u) is a separating moment equilibrium with consistent range beliefs and bid distribution G when the value distribution
is F as constructed.
Let there be a value distribution F and G a corresponding bid distribution of a
separating moment equilibrium with consistent range beliefs. Separation and v < v̄
implies l < m < u.
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B Appendix to the Analysis of Experimental
Data
In this appendix, I discuss the data in more detail and describe the bidding functions
of BNE, level-k, and the parameters of the moment equilibrium.
The experiment by Chen et al. (2007) has integer values distributed between 1
and 100. So there are 100 unique values in the data. Normalized to the unit interval,
the distribution of the values is F (v) = δF 1 (v) + (1 − δ)F 2 (v), where

F 1 (v) =

2

F (v) =


3v

if 0 ≤ v ≤

 3 + (v − 1 ) 1
4
2 2

if


1v

if 0 ≤ v ≤

 1 + (v − 1 ) 3
4
2 2

if

2

2

1
2

1
2

1
2

< v ≤ 1,
1
2

< v ≤ 1,

and δ = 0.7. Note that in treatment T1 the value of δ is known to the bidders,
whereas it is unknown in the other treatment. There were five sessions per treatment, each session containing 30 periods of consecutive auctions. Each of the two
treatments contains 1200 bids in total, submitted by eight subjects per session.
The moment equilibrium with consistent range beliefs is characterized by l? = 0,
m? = 0.26, and u? = 0.51. The BNE bidding function β BN E is given by
Rv
β

BN E

=v−

0

F (x)n−1 dx
F (v)n−1

in symmetric auctions. Level-1 uniform best responds to a uniform bid distribution
and therefore uses the bidding function (n − 1)/nv. Level-2 uniform takes the true
value distribution into account and plays bi to maximize expected utility
P(bj ≤ bi )(vi − bi ) = P(vj /2 ≤ bi )(vi − bi ) = P(vj ≤ 2bi )(vi − bi ) = F (2bi )(vi − bi ).
Level-1 truthful best responds to bids being drawn from the value distribution F ,
i.e., bidder i chooses bi to maximize F (bi )(v − bi ). Level-2 truthful best responds to
level-1 truthful. The piecewise linear F makes the optimal bidding function equal
to v/2.
The experiment by Filiz-Ozbay and Ozbay (2007) uses the strategy method to
elicit 10 bids per subject. In treatment T1 bidders know that they will not receive
any information about the bids of the other bidders after the auction. In T2 the
bidders know that they will learn the winning bid if they lose. In T3 bidders know
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that they will learn the second highest bid if they win. The values are uniformly
distributed between 0 and 100. There are 40 unique values in the data. There
are 28 subjects in treatment T1, 36 subjects in treatment T2, and 32 subjects in
treatment T3.
With four bidders and values uniformly distributed between 0 and 1, the moment
equilibrium with consistent range beliefs is characterized by l? = 0, m? = 0.38, and
u? = 0.68. The BNE and level-k bidding functions are 3v/4.
The experiment by Dyer et al. (1989) also uses the strategy method to elicit a
bid for the case in which there are three bidders in the auction and a bid for the
case in which there are six bidders in the auction. Values are uniformly distributed
between 0 and 30, and there are 386 unique values in the data. There are 408 bids
per number of bidders in total.
With three bidders, the moment equilibrium with consistent range beliefs is characterized by l? = 0, m? = 0.36, and u? = 0.65. With six bidders, the moment
equilibrium with consistent range beliefs is characterized by l? = 0, m? = 0.39, and
u? = 0.69. The uniform value distribution implies that the BNE and the level-k
bidding functions are v(n − 1)/n.
The experiment by Güth and Ivanova-Stenzel (2003) has two asymmetric bidders.
The values of the weak bidder are distributed uniformly between 50 and 100. The
values of the strong bidder are distributed uniformly between 50 and 200. As the
values are integers, there are 101 and 151 unique values in the data. In treatment
T1 subjects know that the value distributions. In treatment T2 they know only
that the values are distributed independently. There are 840 bids recorded per
treatment.
I compute the asymmetric moment equilibrium as follows. Consistent range beliefs require that l? = 50 and that the upper bound belief u is the same for both types
of bidders. Suppose the latter condition was not true, i.e., there were u1 and u2 with
u1 < u2 . Then types who were asked to bid u2 would bid too high as their minimax
bid was u1 or less. There are two mean-beliefs mw and ms , that is, the mean bid of
the weak bidder mw and the mean bid of the strong bidder ms . The upper bound
belief u is chosen such that the strongest type of the weak bidder bids u? , i.e, u?
is such that 150 = v̂2 (ms ). The moment equilibrium with consistent range beliefs
is then a fixed point of the function ϕ : [50, 150] × [50, 200] → [50, 150] × [50, 200],
where
!
R 150 ∗
1
β
(v|50,
m
,
u(m
))dv
s
s
R 50
.
ϕ(mw , ms ) = 100
200 ∗
1
β
(v|50,
m
,
u(m
))dv
w
s
150 50
The equilibrium beliefs are m?s = 90.55, m?w = 82.95, and u? = 113.68. Figure 6
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Figure 6: Bidding functions in the Experiment by Güth and Ivanova-Stenzel (2003)
illustrates the bidding functions. Note that this upper bound induces pooling at u?
for some high values of the strong bidder. If one chose u such that 200 = v̂2 (mw ),
then the fix point would be such that β ∗ (150|50, m?s , u? ) < u? . The range beliefs
would then not be consistent.
Figure 6 also displays the BNE bidding functions. The equations for these bidding
functions can be found in Plum (1992) or Güth and Ivanova-Stenzel (2003).
The level-k analysis requires the distinction of the bidder types. Due to the
uniform value distribution, there is no distinction between L-1 truthful and L-1
uniform as any L-1 bidder believes that the other bidder bids uniformly. The best
response to such a bid distribution is (v + 50)/2. The highest bid of the weak bidder
is 100 and the highest bid of the strong bidder is 125. The weak L-2 bidder believes
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that the strong L-1 bidder bids uniformly between 50 and 125. The best response
is, therefore, to bid (v + 50)/2. The strong L-2 bidder believes that the weak L-1
uniform bidder bids uniformly between 50 and 100. So types between 50 and 150
bid (v + 50)/2, whereas types between 150 and 200 bid 100. There is no need to
bid higher. Note that I use the same predictions for both treatments, that is, I do
not take into account that players do not know the value distribution in the second
treatment.
I normalize the bids in the asymmetric equilibrium as follows. I first compute the
bids for the actual range of values. Then I normalize the bids of the weak bidders
by subtracting 50 and dividing by 100. The bids of the strong bidders are divided
by 150. So for the weak and the strong types the values are normalized to the unit
interval.
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