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Abstract

In the jungle, power and coercion govern the exchange of resources.
We study a simple, stylized model of the jungle that mirrors an ex-
change economy. We define the notion of jungle equilibrium and
demonstrate that a number of standard results of competitive mar-
kets hold in the jungle.
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1 Introduction

In the typical analysis of an exchange economy, agents are involved in con-
sumption and exchange goods voluntarily when mutually beneficial. The
endowments and the preferences are the primitives of the model. The distri-
bution of consumption in society is determined endogenously through trade.

This paper is motivated by a complementary perspective on human in-
teraction. Throughout the history of mankind, it has been quite common
(and we suspect that it will remain so in the future) that economic agents,
individually or collectively, use power to seize control of assets held by oth-
ers. Power relationships, either formal or informal, are pervasive in every
society and take several forms. Often, power is purely physical. Sometimes,
however, power is more gentle. In the male-female “market”, for example,
charm and attraction play a key role in obtaining a favorite mate. In an office
parking lot, social conventions such as seniority allow control of the preferred
parking places. The power of persuasion enables some to convince others to
take actions against their own interest.

We introduce and analyze an elementary model of a society, called the
jungle, in which economic transactions are governed by coercion. The jungle
consists of a set of individuals, each having exogenous preferences over bun-
dles of goods and exogenous “strength”. The ranking of agents according to
strength is unambiguous and known to all. Power, in our model, has a simple
and strict meaning: a stronger agent is able to take resources from a weaker
agent.

The framework mirrors a basic exchange economy. The total endowment
of goods is exogenous. The distribution of power in the jungle is the counter-
part of the distribution of endowments in the market and is also exogenous.
As the incentives to produce or collect the goods are ignored in an exchange
economy, so are the incentives to build strength in the jungle.

We define a jungle equilibrium as a feasible allocation of goods such that
no agent would like and is able to take goods held by a weaker agent. We
demonstrate several properties that the allocation rule of the jungle shares
with the allocation rule of an exchange economy. In particular, we will show
that under standard assumptions a jungle equilibrium exits, is Pareto efficient
and there exist prices that “almost” support the jungle equilibrium as a
competitive equilibrium.

The observation that mainstream economic models ignore a variety of hu-
man activities that involve power and that are relevant to the production and



distribution of wealth is not new. Economists such as Sam Bowles, Herbert
Gintis, Jack Hirshleifer, and Herschel Grossman have emphasized this point
for long time. Here are some examples. Hirshleifer (1994), for example, says
that “...the mainline Marshallian tradition has nevertheless almost entirely
overlooked what I will call the dark side of the force - to wit, crime, war, and
politics” and “Appropriating, grabbing, confiscating what you want-and, on
the flip side, defending, protecting, sequestering what you already have-that’s
economic activity too”. Grossman (1995) develops a model where agents
decide how much effort to put in production and how much to embed in
“extralegal appropriative activities” and studies its equilibrium. Bowles and
Gintis (1992) emphasize that “power is based on the capacity of some agents
to influence the behavior of others to their advantage through the threat of
imposing sanction” and analyzed markets, especially labor markets, where
the terms of transactions are determined through a non Walrasian process
where an agent’s wealth affects his power.

These authors have argued for the importance of involuntary exchange
in the economy and its inclusion in standard economic theory. In contrast,
our main goal is to construct a formal model of involuntary exchange that is
similar to the Walrasian model and yields comparable properties.

2 The Jungle

In this section, we introduce a simple model in which resources become avail-
able for distribution among a group of agents. Power and coercion governs
the allocation of these resources. Each of the agents has exogenous prefer-
ences over bundles of goods. Agents are ranked according to their strength.
This ranking is unambiguous and known to all. A stronger agent is able to
take resources from a weaker agent. We present and study an equilibrium
concept that we call the jungle equilibrium and investigate its properties.
We consider a model with commodities labeled 1,..., K, and a set of
agents, I = {1,..., N}. An aggregate bundle w = (wy, ..., wg) >> 0 is avail-
able for distribution among the agents. Each agent i is characterized by a
preference relation =" on the set of bundles Rf and by a consumption set
X' C RE. The interpretation of X* is that agent ¢ has bounds on his abil-
ity to consume. We assume that X° is compact and convex, and satisfies
free disposal, that is, 2' € X', y € RE and y < 2’ implies that y € X°.



The preferences of each agent satisfy the standard assumptions of strong
monotonicity, continuity, and strict convexity. The distribution of resources
in the jungle is determined by the relative power of the agents. We choose
a particularly simple notion of power. The agents are ordered by a strength
relation S. We assume that the binary relation S is a linear ordering (ir-
reflexive, asymmetric, complete, and transitive), and without loss of gener-
ality, that 152,253,...,(N — 1)SN. The assumptions on S are not merely
technical. One can easily envisage power relationships for which they are not
satisfied. The statement ¢S is interpreted as “i is stronger than j”. If iS5,
i can take from j anything that j has. Finally, a jungle is defined as a tuple
< N, K, {?\:i}ie], {Xi}z‘ej, S >.

A feasible allocation is a vector of non-negative bundles z = (2%, 21, 22, ...
2N) such that 2° € RX, 2/ € X? fori = 1,.,N, and 3V 2 = w. The
vector 2° represents the goods that are not allocated to any agent. A feasible
allocation is efficient if there is no other feasible allocation for which at least
one agent is strictly better off and none of the other agents is worse off.

A jungle equilibrium is an allocation such that no agent can assemble a
more preferred bundle from the bundles that are freely available or held
by himself and by an agent who is weaker than him. Formally, a jun-
gle equilibrium is a feasible allocation z such that there is no agents ¢ and j,
iS7, and a bundle 3' < 2° + 2% or ¢ < 2* +27 such that ' € X and y* = 2'.

0

Proposition 1 A jungle equilibrium exists.

Proof: Construct the allocation 2 = (29, 21, 22, ..., 2IV) as follows. Let 2!
be agent 1’s best bundle in the set {z' € X' | 2! < w}. Define inductively
2" to be agent ¢’s best bundle in {z' € X' | 2! < w — Z;;ll 27} and 2° =

w — Zjvzl 27, The allocation 2 is obviously a jungle equilibrium. QED

Note that the procedure in the proof of Proposition 1 generates a unique
allocation as preferences are strictly convex and X’ is convex. The defin-
ition of jungle equilibrium appears rather weak in so far as an agent can
appropriate goods belonging to only one weaker agent despite other weaker
agents possibly owning desirable commodities. However, as the next lemma
shows, under smoothness assumptions on the preferences and consumption
sets of the agents, a jungle equilibrium is unique and is such that no agent
can assemble a more desirable bundle from goods that are freely available or



belong to all weaker agents. We say that a jungle is smooth if, for each agent
1, the preferences are represented by a strictly increasing, strictly quasicon-
cave, and differentiable utility function v’ : RX — R, (Vu' > 0) and there
exists a convex, strictly increasing, and differentiable function g* (Vg' > 0)
such that X* = {z' € RE | ¢'(z") < 0}. First, we show a simple, technical
result.

Lemma 2 Let a = (ay,...,a,) and b = (b1, ..., b,) be strictly positive vectors,
and suppose that ax > 0 and bx < 0, for some vector x = (x1,...,x,) such
that x; # 0 for any i. Then, there exist numbers ¢ > 0 and d > 0 such that
ca; — da; > 0 and cb; — db; < 0 for some i for which x; > 0 and some j.

Proof: See Appendix

Proposition 3 If a jungle is smooth, Z is the unique jungle equilibrium.

Proof: Let z be a jungle equilibrium. We will show that 2" is i’s best
bundle in {2 € X | 2 < w—zz;ll 27}, Since preferences are strictly convex,
it will then follow that z = 2. If 2! = w — Z;;ll 27, the claim is obvious.
If 20 4w — Z;;ll 27, note that, by strict monotonicity, ¢*(z*) = 0. Suppose
there exists a bundle ¥ such that ¢'(z') < 0 and u'(z") > wu'(z"). Note
that, by convexity of ¢¢, Vg'(z%) (z° — 2%) < 0 and, by strict quasiconcavity
and monotonicity Vu'(z?) (' — 2%) > 0 (Mas Colel et al. p. 934). Clearly,
we can choose Z' so that Vg'(2') (' — 2') < 0. Now, applying the Lemma

above, there exist numbers ¢ > 0 and d > 0 such that ¢ 6%—@
Ly, ri=zt
dM >0andcag(¢) —da‘q—@) < 0 for some k for
ax; Ti=z1 ax}ﬂ xi=2z" al’; i

which (z} — 2%) > 0 and for some j. Hence, for small € > 0, adding ec units
of commodity k and subtracting ed units of commodity j keeps agent ¢ within
his consumption set, strictly improves agent i’s utility, and can be obtained

if ec units of commodity k are freely available or are held by a weaker agent.
QED

One important normative justification for the competitive equilibrium is
provided by the “First Fundamental Welfare Theorem” which states that any



competitive allocation is efficient. As the next result shows, efficiency also
holds in the jungle.

Proposition 4 The allocation z s efficient.

Proof: Suppose not and let (y°,4%,...,4") be a feasible allocation such
that y* =" 2 for every agent ¢ and y/ >, 27 for some j. Since the number of
agents is finite, we will obtain a contradiction by showing that for every j for
whom 1/ # %7 there must be an agent j’ stronger than j for whom /" # 27’
To see this note that, if 7 # 27 and y/ 27 2/, then by the uniqueness of the
optimal bundle of j in the convex set {27 € X7 | 27 < w — 323"} 2"} we have
that v/ ¢ {27 € X7 | 2/ <w—S7_} 5"}, that is, there is at least one good k
for which yi > wE— i< éi Hence, there must be an agent j’ stronger than

j for whom /" # 27'. QED

The main argument of this Proposition also appears in Ghosal and Pole-
marchakis (1999, Lemma 1).

Corollary 5 If a jungle equilibrium is unique, it is efficient.

Proof: It follows from Proposition 4 and the observation that allocation
Z is always a jungle equilibrium.

3 The Jungle and the Exchange Economy

In this section, we compare the jungle to the exchange economy. The stan-
dard model of an exchange economy is defined as a tuple < N, K,{~!
Yier, {X Vier, {w'}icr >, where w' is the initial endowment of agent i and
Zi\il w® = w. The jungle differs from the exchange economy in one compo-
nent. Instead of initial endowments, the jungle includes a specification of the
power relation. A competitive equilibrium for the exchange economy is a pair
(z,p), where z is a feasible allocation and p = (p1_. px) a non-negative price
vector such that, for every agent i, 2% is i’s most preferred bundle in the set
{xt € X' | px' < pw'}.



3.1 Examples

Example 1: Allocation of Houses

Consider a jungle with a set of agents I = {1,...N} and a set {1,..., N}
of indivisible commodities, referred to as houses. Each agent ¢ can consume
only one house, that is, X* contains the null and the unit vectors, has a strict
ordering over X*, and strictly prefers having any house to having no house.

For any initial endowment that assigns one house to one agent, a compet-
itive equilibrium exists (Kaneko (1983)). Assume without loss of generality
that agent ¢ owns initially house i. First construct a partition {1, .., [}, .., I}
of I as follows. Start with agent ig = 1 (this choice is arbitrary). Define
ik+1 as ix's most preferred house. Continue until i, = ¢, for some ¢ < k.
Choose I; = {iy, ...i.}. Continue with all remaining agents and houses until a
partition is completed. Choose a sequence of numbers p; > py > ... > pr, >0
and assign to the houses in [; the price p;. Clearly this is a competitive equi-
librium price vector. An agent in I; buys a house in [; and, if he prefers an
house not in [;, it must be a house in I;, ¢t < [, which he cannot afford.

In this construction, some agents in each round exchange their houses and
receive their best house from the set of houses not allocated in earlier rounds.
The group of agents who obtain a house in each round has the property that
each of its members can obtain his preferred house (among those that have
not been allocated in earlier rounds) by reallocating the houses held within
the group.

Since preferences are strict ordering, the allocation Z is the unique and
efficient jungle equilibrium. In the construction of the jungle equilibrium,
houses are also allocated in rounds. Only one agent makes a choice in each
round: he is the strongest agent among those agents who have not made
their choices earlier.

Example 2: Allocation of Houses and Gold

This example is a modification of Example 1. Consider a world with a set
H of N houses held by an agent (the chief) who is interested only in gold and
N merchants who own gold but are interested only in houses. Denote the
chief as agent N 41 and gold as good N + 1. Gold is divisible but the houses
are not. The initial bundle of the chief is (1,1, ...,1,0) containing 0 units of
gold and 1 unit of each house. His consumption set contains all bundles of
the form (0,0, ...,0,m). Agent i # N + 1 owns an initial amount m® > 0 of
gold, can consume only one house, and has a strict ordering over the houses.



In this example, gold is the mirror image of strength. Define house k;
inductively as i’s most preferred house in the set H — {ky,....,k;_1}. It m! >
m? > ... > m" > 0, then in any competitive equilibrium agent i obtains
house k;. To see this, suppose that in some competitive equilibrium agent ¢
does not obtain k; but any j < i gets k;. Then, some agent ¢t > ¢ gets ;.
By definition m; < m,;. The price of k; cannot exceed m; and thus k; is in
agent 7’s budget set, a contradiction. Analogously, consider a jungle in which
152....5NSN + 1. Suppose that in a jungle equilibrium agent ¢ does not get
k; but any j < ¢ gets k;. Then, some agent ¢ > i gets k;. Agent ¢ is weaker
than ¢ and thus agent ¢ can seize k;, a contradiction. Hence, in any jungle
equilibrium agent ¢ obtains house k;.

3.2 The Second Welfare Theorem

The second fundamental welfare theorem asserts that, under suitable as-
sumptions, any efficient allocation is a competitive equilibrium allocation for
some initial endowment. Recall that the difference between the exchange
economy and the jungle is that in the former we specify the distribution of
initial endowments and in the latter the distribution of strength. Thus, an
adaptation of the second welfare theorem to the jungle would state that any
efficient allocation is a jungle equilibrium for some distribution of strength.
Clearly, such an assertion cannot hold in general since the number of power
relations is finite and the number of efficient allocations is infinite.

In Example 1, however, every efficient allocation is a jungle equilibrium
for some strength relation S: if agent j prefers the house owned by i, select
1.57; it can be easily shown that this binary relation does not have cycles and
can be completed on the set of agents. An analogous result was obtained
by Abdulkadiroglu and Sonmez (1998) who show that the set of allocations
obtained by serial dictatorship of some order, the set of a competitive allo-
cations, and the set the efficient allocations coincide.

In general, a weaker claim does hold. Following Varian (1974), given a
feasible allocation z, we say that i envies j if exists 2’ < 2/ such that z° €
X% and 2 = z'. In the next proposition we show that, for any efficient
allocation, there exists a power relation such that no agent “envies” the
bundle of a weaker agent. In other words, for any efficient allocation, there
exists a power relation such that the efficient allocation is a jungle equilibrium
if we reinterpret 757 to mean that ¢ is able to force j to exchange bundles.



Proposition 6 Given any efficient allocation z, there exists a strength re-
lation S such that 1Sj implies © does not envy j.

Proof: Let z be an efficient allocation. Define the incomplete relation T’
such that ¢7'j if j envies i. Note that the relation 7" does not have a cycle. If
i1TiyT...ipTi1, then define y* = 2* for any i ¢ {4y, ..., } and y® = %t < 24-1,
2% € X% and 2 =% 2%, for all | = 1,..., L. The vector (¢°,y',...,4"), where
Y = w — Zf\il y', is a feasible allocation, contradicting the efficiency of z.
To complete the proof take the binary relation S to be a completion of T" on
I.

The argument in the above proof is similar to the argument in Varian
(1974) which shows that, for any efficient allocation, there exists an agent
who does not envy any agents.

3.3 Jungle Prices

One interpretation of the second fundamental welfare theorem is that equi-
librium prices provide a measure for assessing the distribution of wealth cor-
responding to an efficient allocation. This interpretation leads to the inves-
tigation of the distribution of wealth corresponding to a jungle equilibrium
and, in particular, to the question as to whether a stronger agent is also a
wealthier agent.

In Example 1, the jungle equilibrium allocation is a competitive equilib-
rium allocation for the exchange economy in which the jungle equilibrium
is the initial endowment. Any price vector for which the price of the house
assigned to agent ¢ is greater than the price of the house assigned to agent j
whenever ¢S is an equilibrium price vector. At these prices, being stronger
implies being wealthier. Of course, other equilibrium prices might exist. In
particular, if the strongest agent ranks the highest a house that all other
agent rank the lowest, there exists a competittive equilibrium price vector in
which the strongest agent is the poorest agent.

When agents have the same preferences and consumption set and prices
supporting a jungle equilibrium as a competitive equilibrium exist, the rela-
tionship between power and wealth is unambiguous: the value of an agent’s
jungle equilibrium bundle increases with his strength. To see this, consider
a jungle equilibrium z and suppose that (z,p) is a competitive equilibrium.



If iSj then z' = 27 and thus also z° =7 27. Since j chooses 2/ it must that
pz' > pz? since, if p2' < pz?, then (2" + 27)/2 € X7 p(z' + 27)/2 < pz? and,
by strict convexity, (2 + 27)/2 =7 27.

A major problem for the application of the second fundamantal wel-
fare theorem to our setting is that the existence of competitive prices sup-
porting the jungle equilibrium is not guaranteed when consumption sets
are bounded and exhibit a satiation point. Under our assumptions about
preferences and consumption sets, an exchange economy might not have
a competitive equilibrium. Suppose that N = 2 and that the utility of
agent i is 37} +24/3 + x4 + 24/3 + 4 and his consumption set is defined by
i+ ah + a5 —3<0.

The aggregate initial endowment is (1, 2,2). First note that (1,1,1) is
the (unique) optimal bundle of agent 1 among all feasible bundles. The
Kuhn-Tucker condition are

3—pt—v'=0

1
17—;11:0
T3+ 3

1 1
T3+ 3

1 5!
Hence, plugging (x1, 23, 23) = (1,1,1), we get u' = 3 and ! = 3 Then,

3
if we assign (0, 3 1) to agent 2, we have the jungle equilibrium z. Then, if a
competitive equilibrium exists when 2 is the initial endowment, Z must also

be a competitive equilibrium allocation as it is efficient. Agent 1’s first order
conditions are

3—0'—Ap, =0

— ' = Npy =0
VA N

1
0" = Np3 =0
V23 +3

Note that A' > 0. Now, since 23 = 1, 2} = 1, we must have p, = p

w

2

However, agent 2’s consumption set is not binding at 22. Hence, since 23 = —,

DN | =

10



2?% = 17 P2 7£ Ds-

Despite non existence of equilibrium prices, one can find a sequence of
price vectors p" such that the sequence of demands given p” converges to
2t for i = 1,2. This is easily seen taking p" such that p} = 1, p§ and p§
converge to zero, and p}/p§ = 2v/2/3, the marginal rate of substitution of
agent 2.

More generally, we establish the following an approximation result:

Proposition 7 Suppose that the jungle is smoooth. In the exchange economy
in which w' = 2%, i = 1,...N, there exists a sequence of price vectors p" such
that, for every agent i, the sequence of demands of agent v given p" converges
to 3°.

Proof: See Appendix.

In the proof of Proposition 7, we construct a sequence of price vectors
which “almost support” the jungle equilibrium as a competitive equilibrium.
Far enough in the sequence, the demand of each agent is arbitrarily close to
his consumption in the jungle equilibrium. The price vector has the limit
property that if 1.5 then the prices of the goods exhausted by agent ¢ are in
relative terms “infinitely larger” than the prices of the goods exhausted by
agent 7. The wealth distribution that supports jungle equilibria as competi-
tive equilibria appears, in a sense, to be extreme: a more powerful agent in
the jungle corresponds to infinitely wealthier agent in the exchange economy.

4 Concluding comments

We do not have a common view regarding the wider interpretation of the
findings of this paper. Our conclusions are separate.

4.1 Concluding comments by MP

The aim of this paper is to investigate theoretically an environment in which
transactions are governed by coercion. Its main goal is to demonstrate at an
abstract level the richness of analysis when the allocation rule is driven by
agents using power to appropriate resources.

11



We have emphasized the analogy between the initial endowments in the
exchange economy and the initial distribution of power in the jungle for the
determination of the final distribution of commodities among the agents. I
wish to add a few simple remarks.

In an exchange economy, the interior efficient allocations can be supported
as a competitive equilibrium allocation for some redistribution of the endow-
ments. In so far as the jungle precludes “redistribution” of power, it also
precludes redistribution of resources. One possible avenue for a more flexible
definition of power is to interpret the consumption sets as restrictions not
only on the ability to consume but also on the ability to seize resources held
by others. Such an interpretation, however, will in general undermine the
efficiency of the jungle equilibrium.

One notable omission is production. The inclusion of production processes
in this model can also invalidate the efficiency of equilibria. Suppose, for ex-
ample, that NV = 2 and that there are several ways of producing the satiation
bundle of agent 1. The inputs mix commandeered by agent 1 for the produc-
tion of his satiation bundle does not necessarily maximize agent 2’s utility
subject to agent 1 consuming his satiation bundle. An efficient jungle equi-
librium exists but it may not be achieved if agent 1 does not include in his
considerations the utility level of agent 2. A similar problem arises in the case
of no production when the utility of agent 1 is linear. Production, however,
seems to make inefficiency more generic.

4.2 Concluding comments by AR

My work in economic theory is seldom motivated by real life issues. How-
ever, this time, I am motivated by current economic controversy. As in many
other countries, people in Israel are questioning the basic economic appara-
tuses and the prevailing myths about the function of the free market. he
rhetoric which is widely heard has its roots in economic textbooks which
explicitly or implicitly hail the market as the ultimate economic mechanism.
I have therefore come to realize that as a teacher of Microeconomics I am
participating in a political and ideological debate whether I wish to or not.

Economic theory is the study of mechanisms by which society organizes
its economic activities and, in particular, distributes its resources. In some
cases, we allocate goods through a lottery although a lottery outcome is
likely to be inefficient and in any case we aren’t too enthusiastic about luck

12



determining our fate. In other cases, we use central committees to determine
the allocation of goods. These committees are supposed to take into account
the needs and preferences of individuals though they are often criticized as
being corrupt. Most of economic theory deals with variants of the market
system in which goods enter the world with attached ownership rights and
are allocated by means of prices. One way in which to view our paper is as a
study of an additional mechanism which is not uncommon in real life, even
in the jungle.

However, in my view, this paper is not purely a study of the jungle econ-
omy. I view it as a rhetorical exercise which sharpens the issues in standard
microeconomics. Being faithful to the classical economic tradition, we con-
structed a model which is close to the standard exchange economy. We used
terminology that is familiar to any economics student. After having defined
the notion of jungle equilibrium, we conducted the same type of analysis
which can be found in any microeconomic textbook on competitive equilib-
rium. We showed existence and then discussed the first and second funda-
mental welfare theorems. We emphasized the analogy between the initial
endowments of an exchange economy and the initial distribution of power in
the jungle as determining the distribution of commodities among the agents.
Were I teaching this model, I would also add the standard comments regard-
ing externalities and the place for government intervention.

There are arguments which attempt to dismiss the comparison between
markets and jungles. One can argue that the market has the virtue of pro-
viding incentives to "produce" and to enlarge the size of the "pie" to be
distributed among the agents. One can also argue, however, that the jun-
gle provides incentives to develop power (physical, intellectual or mental)
which is an important social asset. Agents make efforts to produce more
goods. Agents who wish to be stronger are an asset for a society which can
then defend itself against invaders or evade others in order to accumulate
resources.

One might argue that market mechanisms save the resources that would
have been wasted in conflicts. Note, however, that under complete informa-
tion a stronger agent can persuade a weaker agent to part with his goods with
no resistance. Societies often create rituals which aid people in recognizing
relative power and thereby avoid the costs of conflict. Under incomplete infor-
mation, the market also wastes resources. And finally, I have not mentioned
the obvious trade costs which are also associated with market institutions.

One might argue that labour is a good which should be treated differently.

13



The long history of slavery shows this to be inaccurate.

One also might argue that in the market system no individual wishes
to leave the market while in the jungle a weak individual can simply leave
the society. Note, however, that the market model specifies only what the
individual does within the market itself. The existence of the option of
immigration is not included in the standard market model either.

Alternatively, one might argue that the virtue of the market system is
that it utilizes people’s natural desire to acquire wealth. On the other hand,
the jungle uses the people’s natural willingness to exercise power and to
dominate without employing central government.

Obviously, I am not arguing in favor of adopting the jungle system. Over-
all, the relative comparison of the jungle and market mechanisms depends on
our assessment of the characteristics with which agents enter the model. If the
distribution of the initial holdings in the market reflects social values which
we wish to promote, we might regard the market outcome as acceptable.
However, if the initial wealth is allocated unfairly, dishonestly or arbitrarily,
then we may not favor the market system. Similarly, if power is desirable
we might accept the jungle system but if the distribution of power reflects
brutal force which threatens our lives we would clearly not be in favor. Thus,
although the paper is a rhetorical exercise, it is one which sheds some light
on the implicit message students are receiving from us.

14



5 Appendix

Proof of Lemma 2: First note that x; < 0 for some j and z; > 0 for some i.

.o Q5 a; . . . .
Second note that, if -2 < — for some 7 for which z; > 0 and some j, the claim
j i

bi _d _a o :
follows by choosing b <24 Finally, we show that it is impossible that

i ¢ a4
a; a a; ,
; > — whenever x; < 0 and z; > 0. If so, let b—k be the lowest b_] associated
j ; k ;
a; Qg

j
with z; < 0. Then ax = >, 5 b < >0 (b_) ;b = %bx, a

i k k
contradiction as ax > 0 and bz < 0. QED

9

Proof of Proposition 7: Without loss of generality, we label the com-
modities so that all commodities except for 1, ...,¢* are exhausted by agents

stronger than ¢, that is, w; — 2_:11 éjh = 0 if and only if j > ¢!. The Kuhn-
Tucker conditions for agent ¢ are
o i( 31 0 i( 31 )
QulZ) _ 3O g g j =1, 101
0x; 0z;
Oui (3 9di (3 . , .
u(’z)_)\z g<z)—’}/EZOfOI‘j:tHl"‘l,---,tl

0x; Oz;

with non negative multipliers \* for the consumption set and ’y;- for the
binding resource constraints.

The first set of equations refers to the commodities that are not exhausted
by agent i. The second set of equations refers to the commodities that are
exhausted by agent 7.

The constraints are necessary for agent s maximization. If agent i ex-

; . 8u7“(:2”‘) o
hausts all the goods, one can set A" = 0 and 7} = o If not, ¢*(2") =0
because of strict monotonicity of preferences and the {‘constraint qualifica-
tion” condition is satisfied: the gradients (the derivatives with respect to the
commodities 1,..,t") of the constraints (Z —w+ 3 20 <0,j=1,...,t" and
g'(2") < 0) that are satisfied with equality are linearly independent. In fact,
the gradient of ¢* (recall that ¢’(2") = 0) is a vector of ' positive numbers
and the gradients of the remaining constraint holding with equality are at
most ¢! — 1 unit vectors.

For later use, we add a set of residual conditions which is trivially satisfied
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Ou(E) |, 09'(E)
(91}]' al'j

—9 <O0forj=t'4+1,. K

Consider now an exchange economy with w' = 2, 7 = 1,..., N. For 2
to be i’ optimal choice given a price vector (pi,...,pr), the Kuhn-Tucker
sufficient conditions are

ou'(#) _ ;0g'(2)

N g2l ) gin =0 for §=1... !
8a:j K 81’j bi o T

ou' (2% 0g'(2Y) , S <

2\ pZd ) gl — ) f =t 41
8a:j " 81’j pj orJ * ’ ,
u'(2") y g'(2') —0'p;<0forj=t"+1,..,K
8a:j 81’j

Hence, 2’ is an optimal choice given any price vector p’ such that p} = 0,
j=1.,t" and pl = ayl, j =t 1.t ph > ay, j =1+ 1, K,
where a > 0.

In general, one cannot construct a price vector for which the demands of
every agent ¢ are equal to 2", However, we construct a sequence (p®) of price
vectors such that the demands of every agent i converge to 2 ase — 0.

Let d(j) be the first player ¢ for whom >, _, 2;‘ = w; (agent d(j) exhausts
commodity j) and define p§ = ¢ )’y?(j ) if ’y?(j )~ 0 and p; = el 3 if
’y;-l(j )= 0. If commodity j is never exhausted then set p = e+, This price
vector is such that the price of a good which is exhausted by player i is by
an order of magnitude larger than the price of a good which is exhausted by
agent i+ 1, and the price ratio of any two goods j and k£ which are exhausted
by the same agent 7 is 7%/}, if both 4% > 0 and v}, > 0.

We will show that, as ¢ — 0, the demand of agent i given the price vector
p° converges to 2' for each i. Note that a direct application of the continuity
of ’s demand is not sufficient as p* converges to the null vector. Consider
the price vector p° obtained from p° by replacing p, j = t'+1,.., K, with
g'y;. Clearly i’s demands given éﬁ“ converges to Z' by continuity. Suppose
that the vector of demands given the price vector épg converges along some
subsequence to Z' # 2. Note that Lp“2" = Lpf2' (since p= differ from p*
only in goods which were exhausted by stronger players) and éﬁ“‘ < ﬁpa
for small . Since Z° is in the budget constraint of agent ¢ when the price
vector is equal to lim._ &p™, strict convexity implies that u'(Z%) < u'(2).
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A contradiction is thus obtained noting that 2% is in the budget constraint
given épg for any €. QED
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