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Abstract

We analyze a game of strategic experimentation with two-armed bandits when
there is no discounting. We show that for all specifications of prior beliefs and payoft-
generating processes that satisfy some separability condition, all Markov perfect
equilibria exhibit striking similarities in the sense that action profiles depend only
on the expected current payoff of the risky arm and the expected full-information
payoff, given current information. The separability condition holds in a variety of
models that have been explored in the literature, all of which assume that the risky
arm’s expected payoff per unit of time is time-invariant and actual payoffs are gen-
erated by a process with independent and stationary increments. The separability
condition does not hold in examples where the expected payoff per unit of time is

subject to state-switching.
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Introduction

We analyze the undiscounted version of a class of continuous-time two-armed bandit
models, in which a number of players act non-cooperatively, trying to learn an unknown
parameter that governs the risky arm’s expected payoff per unit of time. We introduce
background information to ensure that the problem is well-posed, and assume a sepa-
rability condition which restricts the expected infinitesimal change in a players’ payoff
function to be proportional to the overall intensity of experimentation performed at the

given point in time.

Generalizing the findings of Bolton and Harris (2000), we show that under the sepa-
rability condition, the Markovian equilibria of these undiscounted experimentation games
exhibit striking similarities in the sense that action profiles depend only on the expected
current payoff of the risky arm and the expected full-information payoff, given current in-
formation. For equilibrium strategies, therefore, the specification of the payoff-generating
process for the risky arm is irrelevant — what counts is the specification of the agents’

prior belief.

We present five examples that satisfy the separability condition. In the first, payoffs
are generated by a Brownian motion with unknown drift, and the agents’ prior belief
about this drift is an arbitrary discrete distribution; this extends the setup of Bolton and
Harris (1999, 2000). In the second, payoffs come from a Poisson process with unknown
intensity, and the agents’ prior belief about this intensity is again a discrete distribution;
this generalizes the setup of Keller, Rady and Cripps (2005) and Keller and Rady (2010).
These two examples are special cases of a third, explored by Cohen and Solan (2009), in
which payoffs are generated by a Lévy process, that is, a continuous-time process with
independent and stationary increments. In the fourth example, payoffs stem again from
a Brownian motion with unknown drift, but prior beliefs are normally distributed; this
is the same specification as in Jovanovic (1979). In the fifth, payoffs are generated by
a Poisson process with unknown intensity, but now the agents’ prior belief about this
intensity is characterized by a Gamma distribution; this specification has been assumed
by Moscarini and Squintani (2004).

We also provide an example that violates the separability condition. There, payoffs
are generated by a Brownian motion with an unknown drift that is subject to Markovian
state-switching as in Keller and Rady (1999, 2003).

These examples suggest that separability hinges on the stationarity of the environment
in which the players are learning (the average payoff per unit of time must not change
over time) and on the stationarity and independence of the actual payoff increments.
In such a situation, experiments performed contemporaneously by different players are

indeed perfect substitutes as far as information acquisition is concerned.



The rest of the article is organized as follows. We first set up the general model, intro-
duce the separability condition and present the examples. We then establish the efficient
benchmark where players cooperate to maximize joint expected payoffs. Turning to the
strategic problem, we provide an inefficiency result and then present a characterization
of all Markov perfect equilibria, echoing that from Bolton and Harris (2000). Finally, we

offer some concluding remarks.

1 Undiscounted Bandits

Time t € [0,00) is continuous, and there is no discounting. There are N > 1 players,
each of them endowed with one unit of a perfectly divisible resource per unit of time.
Each player faces a two-armed bandit problem where she continually has to decide what

fraction of the available resource to allocate to each arm.

If a player uses the safe arm S over an interval [t,t+dt), the expected payoff increment
is s dt, where s is fixed and known to all players; if a player uses the risky arm R over an
interval [t, t+dt), the expected payoff increment is p dt, where p is fixed but unknown. So
s and p, common across players, are the expected flow equivalents of the two arms, and
if a player allocates the fraction k; € [0, 1] of the resource to R over an interval of time
[t,t + dt), and consequently the fraction 1 — k; to S, then her expected payoff increment
conditional on p is [(1 — k¢)s + kip) dt.

Regardless of the players’ choices, (ki ..., kn:), all the players observe a background
signal which is informationally equivalent to ky > 0 units of the resource being allocated
to R. This ensures that the players eventually learn the value of u, even if they all play
S all the time.

The players start with a common prior belief about p, and thereafter they all observe
each other’s actions and outcomes, so they hold common posterior beliefs throughout time.
Assume that at time ¢ the players believe that pu has a cumulative distribution function
H(-;m), where m; is a sufficient statistic for the observations on R and the background
signal up to time ¢, and H represents a conjugate family of distributions. We assume that
s lies between the infimum and supremum of the support of H(-;m), so that, at least

initially, each player prefers R, if it is ‘good’, to S, and prefers S to R, if it is ‘bad’.

Given the current belief H(-;7), let m(w) denote the expected current (or myopic)

payoff from R, and let f(7) denote the expected full-information payoft:

m(r) = [ wdH(wm), f(x)= [(sV u) dH (i )

As m(m;) and f(m;) are conditional expectations given all the information available at time



t, the Law of Iterated Expectations implies that E;[m(mr)] = m(m) and E[f(7r)] = f(m)
for all T > t, i.e. both m(m) and f(m;) are martingales with respect to the players’

information sets.

Each player chooses actions {k;};>0 such that k; is measurable with respect to the

information available at time ¢. The objective is to maximize

B[ [ ks + kom(m) - fm)] d]

where the expectation is over the stochastic processes {k;} and {m;} — that is, players

L' This objective highlights the potential for the sufficient

use the catching-up criterion.
statistic to serve as a state variable. It also shows that a player’s payoff depends on others’

actions only through their impact on the evolution of the sufficient statistic.

Suppose players choose the actions {(ki 4, ..., knt) }>0. Let K = >N Ky ¢ This sum
measures how much of the N units of the resource is allocated to risky arms at time t —
we call it the intensity of experimentation. For n = 1,... N, let u,(m) denote the value
of player n’s objective function when my = 7 and the above strategies are used. The

assumption that the following separability condition holds is crucial to our analysis:
E [Un(Wtert) | T, Kt] = Un(Wt) + (Kt + k’O) D(Wb Un) dt (1)

for some functional operator D(-, -) whose domain contains all possible pairs of realizations

of the sufficient statistic and payoff functions.

2 Examples

This section presents five specifications of priors and payoff-generating processes that
satisfy the above separability condition, and one that does not. For more details of
Example 2.1, see Bolton and Harris (1999, 2000), and for the discounted version of Exam-
ple 2.2, see Keller, Rady and Cripps (2005) and Keller and Rady (2010). The discounted
single-agent version of Example 2.3 with a two-point prior is solved in Cohen and Solan
(2009). Models in which agents observe stochastic processes and have beliefs like those
in Example 2.4 and 2.5 can be found in Jovanovic (1979) and Moscarini and Squintani
(2004), respectively. The state-switching specification in Example 2.6 is the same as in
Keller and Rady (1999, 2003).

In this section we write Kti for Ky + kg, dm; for m g — 7, and ignore terms of order
higher than dt.

IFor a discussion of this objective, see Bolton and Harris (2000). Essentially, the integrand is the
difference between what a player expects to receive and what she would expect to receive were she to be

fully informed.



2.1 Brownian payoffs, discrete prior

We start with the case of a two-point prior. If player n allocates a fraction k,, of her unit
resource to the risky arm over a time interval [t,¢ + dt), her payoff increment from the
risky arm is k,p dt +/k, 0 dZ, ; where (Zy, ..., Zy) is an N-dimensional Wiener process,
i€ {po, 1} and py < s < py. The background signal that all players receive is of the
form kop dt + v/ko o dZy; where Zy is a Wiener process orthogonal to Z, ..., Zy.

Let m; denote the probability that the players assign to the event p = py given their
observations up to time ¢. This is an obvious sufficient statistic for the problem at hand.
We have

m(m) = (1 = Mo+, () = (1= m)s + 7.

Moreover, it follows from Liptser and Shiryayev (1977, Theorem 9.1) that
E [dﬂ't | T, Kt] = 0, Var [d’ﬂ't | T, Kt] = Kti [71}(1 — 7Tt) Aﬂgil}Q dt,
where Ap = p; — po. Applying It6’s lemma and taking expectations, we find
iJ1 112 »
E [un(mesa) | 71 K2 ] = tn () + K {2 [m(1 = m0) Ao un(m)} dt,

so (1) holds with
2
D(r,u) =4 [7(1—7) Apo™| u/(m).

There is a straightforward generalization to the case where p can take any one of
L+1 possible values, with L finite or countably infinite. Let u € {uo, g1, ..., pr} and
po < ... <s<...<ug. Players’ beliefs become the L-vector m = (my,...,7r), H(u;m)

is the obvious step function and, with my =1 — 3,5, 7,
m(m) = Yo et f(T) = Xpmome (S V pe).
Again from Liptser and Shiryayev (1977, Theorem 9.1), for 7,¢ > 1 we have?

2
E[dmy, | m, K] =0, Var|dre, | m, K] = K [m0,(n0 — m(m)) o] dt,
and  Cov [dm;y, dmyy | w0, Ky ] = K [m)t(ui — m(m)) 0_1} [W“(W —m(m)) 0_1} dt.

Using Itd’s lemma and taking expectations now leads to (1) holding with

Dl = § 3 5 mome (s = mm)) e — mim) o~ 90

i>1 0>1

2They show that for a single agent playing R, and no background information, the belief evolves
according to dmp; = o~ 7 [e — m(m;)] dz;, where dz; = o~ ! ([u —m(m)| dt + O’dZt) is the innovation

process.



2.2 Poisson payoffs, discrete prior

As in Example 2.1, we start with the case of a two-point prior. If player n allocates a
fraction &, of her unit resource to the risky arm over a time interval [t, ¢+ dt), she receives
lump-sums from the risky arm corresponding to the increments of a Poisson process with
parameter k,u where u € {ug, 1} and po < s < py. These processes are independent
across players. The background signal that all players observe is the increment of a
Poisson process with parameter kop which is independent of the processes that generate

players’ payoffs.

We can again take m;, the posterior probability that p = py, as the sufficient statistic.
In particular, m(7) = (1 — m)up + mpy and f(w) = (1 — 7)s + mpy are the same as in

Example 2.1.

Now, with probability Kf m(m;) dt, there is a positive increment on one of the risky
arms or the background signal between t and ¢+ dt, and Bayes’ rule implies that 7; jumps
to j(m) given by

Tttdt = 7rzt,Ul/m(7Tt)-

With probability 1 — Kti m(m;) dt, there is no such increment and Bayes’ rule yields
dmy = —Kti (1 —m) Apdt
with Ay = puy — pp. So, we have

E [un(miyar) | me, Ky
= Kim(m) un(j(m)) dt + (1= Kim(m) dt) (un(m) — Ki m(1 = m) Ap, () dt)

= up(m) + K {m(ﬂt) [un (G (7)) = un(me)] — (1 — m) Ap U%(Wt)} di,
and (1) holds with

D(r,u) = m(m) [u(j(m)) — u(m)] = 7(1 =) Apud ().

As in Example 2.1, there is a simple generalization to the case where p can take any
one of L+1 possible values, with L finite or countably infinite. Just as there, players’
beliefs become an L-vector, and m(7) and f(m) are the same as given earlier. After a

positive increment, the belief jumps to j(m;) given by the L-vector
Titdt = (77171: ,Ul/m(ﬂt), ey Tt W/m(m), ey Lt ,UL/m(Wt));

if no increment arrives, for £ > 1 beliefs adjust infinitesimally by

dmey = —Kti ot (e — m(m)) dt.



This leads to (1) holding with

2.3 Lévy payoffs, discrete prior

Examples 2.1 and 2.2 are special cases of a specification where payoffs are generated
by a Lévy process, that is, a continuous-time process with independent and stationary
increments. If player n allocates a fraction k,, of her unit resource to the risky arm over

a time interval [t,t + dt), her payoff from the risky arm is the increment of the process
kn)\t + \/ kn g Zn7t + knYn,t

where (Z1,...,Zy) is again an N-dimensional Wiener process, and Y,, is a compound
Poisson process with finite Lévy measure v, that is, v(A) is the expected number of jumps
per unit of time whose size is in the Borel set A C IR\{0}; the compound Poisson processes
are independent across players. The background signal is informationally equivalent to

an amount kg of the resource being devoted to the risky arm.

Let A € {Xo,A1,..., AL} and v € {wy,v1,...,vL}; define vy, = v,(IR\{0}) as the
expected number of jumps per unit of time if v = vy, and g, = [jpgoy 9 ve(dg) / Ve as the

expected jump size. Finally, let u, = A\p + go 7.

With Lévy payoffs and a discrete prior, (1) holds with D(m, u) being given by a com-

bination of expressions that generalize those in Examples 2.1 and 2.2, namely

D(m,u) = 53 > mime (A= Am) (A = A()) o2 g:t((;)e
i /IR\{O} [u(5(m, 9)) = u(m)] v(m)(dg) — DZI 0 (0 — (7)) agg)

where

A7) =Ysome Ao, V(M) =X pso Ve, D(T) = Yps0 T U,

and j¢(m, g) = meve(dg) / v(m)(dg) is the revised belief after a jump of size g arrives.
2.4 Brownian payoffs, normal prior
The risky arms and background signal are specified as in Example 2.1 except for the

assumption that p can now take any real value. At time ¢, players believe that u is

distributed according to a normal distribution with mean m; and precision 7, > 0, and so



we take m = (m, 7).

For future reference, note that (i) since sV p is increasing in u, a first-order stochastic
dominance argument can be used to establish that 0f(7)/0m > 0, and (ii) since s V p is
convex in u, a second-order stochastic dominance argument can be used to establish that

Of(m)/0r < 0. Consequently, f has the same monotonicity properties as m.

Now, following Chernoff (1968, Lemma 4.1), or Liptser and Shiryayev (1977, Theorem
10.1), we have?

Eldm, | m, K] =0, Varl[dmy | m, K] = Kf 7,7%072dt, Eldn | m, K| = K} o2 dt.
Applying [t6’s lemma and taking expectations, we see that
B fun(Tesa) | s K] = tn(m) + K5 {02 [ 772 02 () [Om? + Dun(m) /07 dt,

so (1) holds with

D(m,u) = 0~ l 2 ) a“(”)] .

1
2 om? or

2.5 Poisson payoffs, Gamma prior
The risky arms and background signal are specified as in Example 2.2 except for the
assumption that p can now take any non-negative value. Let s > 0 for the safe arm.

At time ¢, players believe that p is distributed according to the Gamma distribution
Ga(ay, B;) with parameters oy > 0 and 8, > 0. With 7 = («, ), the probability density
function for p is h(u; ) = [3%/T'(a)]p® " te "9, and we have

m(m) =a/B, f(x)= [ (sVu) him)dp.

(The corresponding variance of y is «/32.)

For future reference, note that for o/ > «” the likelihood ratio h(u; o, 3)/h(w; ", 3)
is increasing, and for §’ > (" the likelihood ratio h(u;c«, 3")/h(p; o, 5”) is decreasing.
Since the likelihood ratio ordering implies first-order stochastic dominance, f has the

same monotonicity properties as m.

Now, with probability Kti m(m;) dt, there is a positive increment on one of the risky

3Tt can be shown that for a single agent playing R, and no background information, the mean and
precision evolve according to dm; = o~} 7'[1 dz, and dr = 02 dt, where, now, the innovation process is
dz, =0t ([,u —mydt + O'dZt).

Note that the expression equivalent to that for dm; to be found in equation (9) of Jovanovic (1979)

omits the term [ — my].



arms or the background signal between t and ¢t + dt, and m g = (o + 1,0 + Kf dt);
with probability 1 — Kf m(m;) dt, there is no such increment, and 4 = (o, B + KéE dt).
(Essentially, « counts arrivals of the lump-sums and 3 measures the effective time that R

has been used — see, for example, DeGroot, 1970, Chapter 9.) So, we find

E [Un(Wtert) | e, Ky ]

= K}m(m)un(op + 1, 3) dt + (1 — Kfm(m,) dt) <Un(7ft) N Kfauggrt) dt)

= u,(m) + K} {m(ﬁt) [un(c + 1, B;) — un ()] + 8un(7rt)/8ﬁt} dt.
Thus, (1) holds with

ou(r) '

D(m,u) = m(r) [u(a +1, 8) = u(m)] + =52

2.6 Brownian payoffs, state-switching

We modify Example 2.1 by introducing state-switching: the unknown drift at time ¢, i,
switches between 1y and j; according to a continuous-time Markov process with transition

probabilities

Pr(perar = p | e = po) = podt + o(dt), Pr(pear = pio | e = p11) = p1 dt + o(dt),

where p, >0 (£ =0, 1).

Given the belief m; that p; = pp, the players assign probability (1 — m)po dt to a
transition from p; = po to perqr = pq; similarly, they assign probability mp; dt to a
transition from p; = g to perar = po- The former increases m; whereas the latter decreases

it, and the combined effect leads to
E[dr | 1, K] = [(1 — m¢)po — mepa] dt.
As a consequence, we have

E [un(miyar) | me, Ky
— up(m) + {[(1 — m)po — mpi]d(m) + 3 K [r(1 = ) Apo]’ u"<7r)} dt,

so condition (1) does not hold for this specification when at least one of the transition

intensities pg, p1 is non-zero.



3 Efficient Benchmark and Markov Equilibria

In this section, we characterize efficient strategies as well as Markov perfect equilibria,
borrowing some insights from Bolton and Harris (2000). We assume throughout that the

separability condition (1) holds.

3.1 The cooperative problem

Suppose that the N players work cooperatively, i.e. maximize the average expected payoff
by jointly choosing the action profiles {(ki, ..., knt)}e>0. This is a dynamic programming

problem with the current value of 7 as the state variable.

If current actions are (ki,...,ky), the average expected payoff increment is given by
[(1 — B)s+ %m(ﬁ)} dt with K = SN | k,. As the expected continuation value is of the
form u(m)+ (K +ko) D(m,u) dt, the cooperative’s problem reduces to choosing the optimal

intensity of experimentation K given the current state .

The Bellman equation for the value function of the cooperative, expressed as average

payoff per agent, is

— _ K _
0= e {s f(m) + & (m(m) —s) + (K + ko) D(ﬂ,u)} :
Since the maximand in the Bellman equation is an affine function of K, it is immediate
that it is always optimal to choose either K = 0 (all agents use S exclusively), or K =
N (all agents use R exclusively). As the left-hand side is zero (a consequence of no
discounting), and since K + ky > 0 (because of the background signal), the Bellman

equation can be rearranged as

{8 — f(m) + §(m(7) — 5)
K—{—k’o

} + D(7,u)

thereby demonstrating that the current choice does not depend on the continuation value.
Simple algebra allows us to further simplify the problem by rewriting the Bellman equation

so that the choice variable, K, appears only in the denominator:

ko (s —m(m)) — mT)—5
{N< <K>>+ko<f<> )}—}V(s—m(ﬁ))JrD(W’U)-

0 = max
K€[0,N]

Following Bolton and Harris (2000), we define the incentive to experiment by

flr) —s

s —m(m)

I(m) =



when m(m) < s, and oo otherwise. Note that when m(-) and f(-) are co-monotonic, I(-)

inherits their monotonicity properties.

When I(7) < ko/N, the numerator in the reworked Bellman equation is positive and
it is optimal to minimize the denominator by choosing K = 0; when I(7) > ko/N, the
numerator is negative and it is optimal to maximize the denominator by choosing K = N.
Values of 7 such that I(7) = ko/N make the numerator zero and render all choices of K
optimal. Thus, the state space can be divided into two regions such that in one region
it is efficient for all to play S exclusively and in the other it is efficient for all to play
R exclusively. The boundary between these two regions is given by the set IIy of all 7™

satisfying I(m) = ko/N. Further, when /(-) is monotonic, each region is simply-connected.

Note that the efficient intensity of experimentation exhibits a bang-bang feature, being
N in one region of the state space, and 0 in the other. Thus, the efficient intensity is

maximal when the incentive to experiment is high, and minimal when it is low.

For a given set of parameters p,, Examples 2.1-2.3 have the same functions m(-)
and f(+), so they admit the same solution to the cooperative problem. With discrete
distributions for the unknown average payoff per unit of time, the efficient strategies do
not depend on whether the payoff-generating processes are Brownian motions, Poisson
processes or more general Lévy processes. As we shall see later, this insight carries over

to Markov perfect equilibria of the non-cooperative experimentation game.

3.2 The strategic problem

Now assume that there are N > 2 players acting non-cooperatively and consider Markov-
ian strategies with 7 as the state variable.

To characterize the best response correspondence, fix a state m. With k, € [0,1]
indicating player n’s action at that state and K = >N k,, let K., = K — k,,, which
summarizes the actions of the other players. Proceeding in the same way as in the previous
subsection, we find that the rearranged Bellman equation for player n is

0~ {(Kﬁn + ko)(s = m(n)) — (f(m) — s)
kn€[0,1] n + K-, + ko

} — (s — m(m)) + D(r, up).

Player n’s best response, k7, is determined by looking at the sign of the numerator of the

maximand:
=0 if I(m) < ko+ K-,

kS e0,1] if I(x) = ko + K-y, (2)

If the players use symmetric strategies in equilibrium, then, whenever a positive frac-

10



tion of the resource is allocated to each arm, that fraction, k]TV, is calculated from the
indifference condition in (2) together with K_,, = (N — 1)kk, i.e.

[(7’(’)—]{0

fh(m) = 2=

Note that k:]TV(W) = 0 for m € IIj, i.e. all the players stop using R when a single agent

would do so. Further, it is clear that whenever I(7) is monotonic, so is kL ().

If the players use asymmetric strategies in equilibrium, then, whenever all the other
players are using S exclusively, so K_,, = 0, player n’s decision is the same as in the single-
agent case, so she too would switch from R to S when the state is in IIj. Further, as we
will see in the next subsection, when fewer than N — 1 players are using S exclusively, in
equilibrium the remaining players use symmetric actions near to I} and again stop using
R on II7.

Since the region of the state space where an N-agent cooperative plays R increases with
N, and any Markov perfect equilibrium of the N-player experimentation game has players
using R only where a single agent would, all these equilibria are inefficient. Further, close
to the single-agent boundary the equilibrium intensity of experimentation is at most 1,

whereas the intensity of experimentation for the cooperative is N.

3.3 Markov perfect equilibria

Sets of mutual best responses are given below and the resulting total experimentation
schedule for N = 3 is illustrated in Figure 1, which shows the intensity of experimentation

as a function of the incentive to experiment.*

The equilibrium actions fall into three broad categories. For any particular level of
I(m): (1) all N players use either S exclusively or R exclusively; (2) exactly N — 1 players
use either S exclusively or R exclusively; (3) fewer than N — 1 players use either S

exclusively or R exclusively.
Case 1 (leading to the horizontal sections in the figure)

Consider I(m) < ko. Regardless of the choices of the others, I(7) < ko + K_,, so
k! (m) = 0 and it is dominant for all players to choose S exclusively. (If I(7) = ko and
N —1 players are choosing S exclusively, then it is still weakly dominant for the remaining

player to choose S exclusively.)

Now, consider I(m) > ko + N — 1. Regardless of the choices of the others, I(m) >

ko + K-, so k:(m) = 1 and it is dominant for all players to choose R exclusively. (If

4This is essentially Figure 4.1 from Bolton and Harris (2000).

11
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Figure 1: Intensity of experimentation in three-player equilibria

I(r) = kg + N —1 and N — 1 players are choosing R exclusively, then it is still weakly

dominant for the remaining player to choose R exclusively.)

Last, consider ko + ¢ — 1 < I(7) < ko + £ for some ¢ € {1,..., N — 1}. If £ others are
playing R and N — ¢ — 1 others are playing S, then K_,, = ¢, so I(7) < ko + K-, and
k(m) = 0. (Again, if I(7) = ko + ¢ so that I(7) = ko + K_,, then k() = 0 is still a best
response, but not unique.) If £ — 1 others are playing R and N — ¢ others are playing S,
then K_, = ¢ —1,s0 I(m) > ko + K_,, and k}(7) = 1. (Once again, if I(7) = ko + ¢ — 1
so that I(m) = ko + K-, then k*(m) = 1 is still a best response, but not unique.) So, for

I(m) in the stated interval, we have ¢ players choosing R and the rest choosing S.
Case 2 (leading to the vertical sections in the figure)

From the parenthetical remarks made when considering Case 1, it is clear that we can
only have exactly one player indifferent between S and R when I(7) = ko + ¢ for some
te{0,...,N—1}.

So, consider I(m) = ko + ¢, ¢ players choosing R, N — ¢ — 1 choosing S, and the
remaining player choosing any k € (0,1). (If £ = 0 or 1 then we would be in Case 1.)

If player n is choosing R, then K, = ¢ —1+k, so I(7) > ko + K-, and k' (7) =1
is indeed her best response. Similarly, if player n is choosing S, then K_, = ¢ + k, so
I(m) < ko + K-, and now k’(7) = 0 is her best response. Last, if player n is choosing
neither R nor S exclusively, then K_,, = ¢, so I(m) = ko + K-,, and her choice of any

12



k € (0,1) is indeed a best response. Thus the choices described in the previous paragraph

are mutual best responses at the stated level of I(m).
Case 3 (leading to the sloping sections in the figure)

Note that in an equilibrium where more than one player is choosing neither R nor S
exclusively, each of those players must be facing the same indifference condition, implying
that each of those players must be choosing the same k € (0,1). Also, we saw in Case 1
that when () < ko the dominant choice is S, and when (7)) > ko+ N —1 it is dominant
to choose R, so we can restrict attention to ky < I(7) < ko + N — 1.

Consider I () = ko+{+ [N — L—1]k for some L € {0,..., N—2}, some ¢ € {0,..., L},
and some 0 < k < 1, with ¢ players choosing R, L. — ¢ choosing S, and the remaining
N — L players choosing the same k € (0,1). (Again, if £ = 0 or 1 then we would be in
Case 1.)

If player n is choosing R, then K_,, = {—1+[N —L]k, so I(7) > ko+ K-, and k}(7) = 1
is indeed her best response. Similarly, if player n is choosing S, then K_, = ¢+ [N — L]k,
so I(m) < ko + K_,, and now k}(m) = 0 is her best response. Last, if player n is choosing
neither R nor S exclusively, and the others like her are choosing the same k € (0,1) as
each other, then K_, = ¢+ [N — L — 1]k, so I(m) = ko + K-, and her choice of that same
k € (0,1) as them is indeed a best response. Once again, the choices described in the

previous paragraph are mutual best responses at the stated level of I(r).

All the MPE are just combinations of these three cases. In Figure 1 above, the
dotted line is the efficient outcome, and we can see the equilibrium experimentation that
approaches this the closest is the upper envelope consisting of alternating horizontal and
sloping solid lines, together with a jump at ky — this is the equilibrium that maximizes
total experimentation at any given belief, and, as such, maximizes aggregate payoffs as

we now show (cf. Bolton and Harris, 2000).

3.4 Constrained efficiency

We consider a planner who wants to maximize the average payoff of the agents such that
the actions assigned to the agents constitute a MPE of the non-cooperative experiment-
ation game. So define £() as the set of all (ky, ..., ky) such that k, is optimal for player

n given m and K_,, according to the best responses in (2).

Paralleling the analysis in section 3.1, we can write the Bellman equation for the value

function of this problem as

{l]cvo(s_m(w))—(f(ﬂ)—s)} _

0= max

(k1 k?N)ES(Tr) %<S - m(ﬂ—)) + D(Tr7 u)

K+ ky
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and again the optimal choice depends on whether or not I(7) < ko/N. If it is, the planner
minimizes the denominator of the maximand by choosing K = 0, which is incentive
compatible since (0,...,0) € E(m) when I(m) < ko/N < ko. Otherwise, the planner
wants to maximize the denominator, and achieves this by choosing (ki, ..., ky) € E(7)
such that K maximizes the intensity of experimentation at w. That is, the allocation of
actions to agents results in the total experimentation schedule illustrated by the upper

envelope in Figure 1.

4 Concluding Remarks

We have seen that under the separability condition, the players’ best responses depend
only on the expected current payoff from the risky arm and the expected full-information
payoff. Once a discrete prior distribution for the unknown average payoff per unit of time
has been specified, these two expected payoffs are fully determined — the set of Markov

perfect equilibria is then invariant to the specification of the payoff-generating process.

As to the examples with a continuous prior distribution, we note that in Example 2.4
(Brownian noise, normal prior) the precision of the posterior distribution increases un-
boundedly with time, as does the denominator of the variance in Example 2.5 (Poisson
noise, Gamma prior) — consequently the posterior probability density function becomes
concentrated on a narrow domain of the support. If we approximate the normal or Gamma
distribution with a discrete distribution (Example 2.1 or 2.2) then, over time, the beliefs
become more and more concentrated on the discrete values closest to the true parameter
1 — this suggests that we could take the ‘engineering’ approach and focus on discrete

distributions, with the specification of the payoff-generating processes being irrelevant.’

Of course, the evolution of the agents’ posterior belief does depend on how the payoffs
are generated, as do the players’ equilibrium payoffs. To calculate the latter, one has
to solve a differential equation that depends on the functional operator D(-,-): if the
agents’ prior belief is a two-point distribution this will be an ordinary differential equation;
otherwise it will be a partial differential equation. In the examples with Brownian payoffs
the differential equation is second-order, whereas in the examples with Poisson payoffs it

is first-order but with a coupled difference (or ‘jump’) term.
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