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Abstract. In the context of a “beauty contest” coordination game (in which pay-
offs depend on the proximity of actions to an unobserved state variable and to the
average action) players choose how much costly attention to pay to various infor-
mative signals; they endogenously select information sources and how carefully to
listen to them. Each signal has an underlying accuracy (how precisely it identifies
the state variable) and a clarity (how easy it is for players to understand what the
signal says). The unique information-acquisition equilibrium has interesting prop-
erties: only a subset of signals are assigned positive weight and attention; these are
the clearest signals available, even if such signals have poor underlying accuracy;
the size of the subset shrinks as the complementarity of players” actions becomes
more acute; and, if actions are more complementary, the information endogenously

acquired in equilibrium is more public in nature. JEL Classifications. C72, D83.

1. COORDINATION AND INFORMATION ACQUISITION

In a “beauty contest” game the participants” payoffs depend on the proximity of their
actions to an unobserved underlying state variable and to an aggregate measure of all
actions.” When players wish to take actions close to the average action then such games
have a natural interpretation: players would like to do the right thing, and do it together.
Players may have different information about the identity of the state variable, and so
differences of opinion may frustrate coordination.

Beauty-contest games have received close attention following the contribution of Morris
and Shin (2002). Such games have been applied to complementary investments (Angele-
tos and Pavan, 2004), to monopolistic competition amongst heterogeneously informed
firms (Hellwig, 2005), to financial markets (Allen, Morris, and Shin, 2006), to a range of
other economic problems (Angeletos and Pavan, 2007), and to political leadership (De-
wan and Myatt, 2008); many other papers employ variants of the beauty-contest specifi-
cation. Such games are also closely related to the island-economy parable (Lucas, 1973;
IThe authors thank colleagues, especially Torun Dewan, and seminar participants at the Universities of
Warwick and Southampton for their helpful comments and suggestions.

?Keynes (1936, Chapter 12) described newspaper-based competitions whose entrants were invited to choose
the prettiest faces from a set of photographs, but where it was optimal to nominate the most popular faces.
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Phelps, 1970) so long as players are interpreted as the island sectors and their actions are
market-clearing prices (Amato, Morris, and Shin, 2002; Morris and Shin, 2005). In most
beauty-contest models players exogenously receive informative signals of the underlying
state variable. For instance, in the model of Morris and Shin (2002) players have two infor-
mation sources: one source is private (an independent signal realisation for each player)
whereas the second is public (a single commonly observed signal realisation).

This paper considers endogenous information acquisition: given the availability of mul-
tiple informative but costly signals, to which signals do players listen? How carefully do
they choose to listen to each? How do their equilibrium information-acquisition strategies
(and, indeed, their action choices) respond to the exogenous parameters of the model?
Asking these questions necessitates a step outside the established public-private taxon-
omy of informative signals: the amount of attention which players devote to an informa-
tion source determines how “public” the corresponding signal realisations are.

More specifically, the players of a beauty-contest game are granted costly access to a col-
lection of information sources. Each source provides an informative signal of the underly-
ing state variable with some source-specific “sender” noise; this sender noise determines
the signal’s underlying quality. If a player chooses to observe a signal then it is received
with some additional “receiver” noise. The receiver noise, which determines the signal’s
clarity, is endogenous: if a player listens with greater care (and so at greater cost) then the
receiver noise is reduced. This endogenously generates arbitrary correlation across play-
ers’ observations: such observations become highly correlated (the signal becomes very
“public”) if and only if all players pay very careful attention. More generally, the “pub-
licity” of a signal depends on the mix of sender noise and receiver noise, with the latter
endogenously determined. Having received their signal realisations players chooses their
actions to maximise payoffs which reflect their dual desires to be close to the state variable
and to coordinate with (or, for some parameter choices, to differ from) each other.

Allowing players to choose how carefully to observe the various information sources has
important implications for the information-acquisition equilibrium. In particular, it is
unique, and so comparative-static exercises are permitted; such exercises are precluded
by equilibrium multiplicity. Interest lies in how actions and information-acquisition poli-
cies vary with the costliness of observing the various signals, the underlying accuracies
of those signals, and the strength (and direction) of the coordination motive. Robust
take-home messages emerge: only a subset of signals are assigned positive weight and
attention; these are the clearest signals available, even if such signals have poor under-
lying accuracy; the size of the subset shrinks as the complementarity of players” actions
becomes more acute; and, if actions become more complementary then the information
endogenously acquired in equilibrium becomes more public in nature.

Turning back to the literature, most related research has not considered endogenous in-
formation acquisition. A notable exception is a recent article by Hellwig and Veldkamp
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(2009).° Their appealing intuition that complementarity of action choice imposes comple-
mentarity upon information choice (“if an agent wants to do what others do, they want
to know what others know”) carries across to the setting here: if others pay close atten-
tion to an information source then their actions react strongly to the corresponding signal
realisations; with this in mind, the coordination motive prompts a best-replying player
also to react strongly to that signal; and finally, given that the signal is used heavily then
it is optimal to pay close attention to it. This logic suggests that there is scope for multiple
equilibria, since a player may find it optimal to listen to a signal if and only if others are
expected to do so. Indeed, Hellwig and Veldkamp (2009, p. 224) argued that

“[...]Jinformation choice imposes an additional requirement for equilibrium
uniqueness: the information agents choose to acquire must also be private.”

The idea is that the acquisition of a public signal does two things: it informs a player about
the underlying state and also directly about the likely actions of others. This second effect
is present if and only if others acquire the signal too, and this naturally leads to multiple
equilibria. When a signal is private (so that, conditional on the underlying state, signals
are independent) then the signal does not directly inform a player about the likely actions
of others. This removes the key ingredient needed for multiple equilibria.

In contrast to the quoted text, this paper shows that the privacy of signals is not a require-
ment for uniqueness: when information sources are modelled in the way proposed here,
equilibrium uniqueness is retained and therefore useful comparative-static exercises may
be conducted.” The difference between the approach here and that taken by Hellwig and
Veldkamp (2009) amounts to a difference in the interpretation of continuity in informa-
tion acquisition. This seemingly small departure has striking results. The multiplicity of
equilibria found by Hellwig and Veldkamp (2009) is shown to depend upon the way in
which players obtain their first bit of a signal. Here players choose not only to acquire
an informative signal, but also how much costly attention to pay to it. The first bit of a
signal acquired (a situation in which a player pays relatively scant attention to the infor-
mation source) is dominated by the aforementioned receiver noise. This ensures that the
signal realisation is relatively uncorrelated with the signals received by others, and so is
relatively private. Roughly speaking, this smooths out the first step of the information ac-
quisition process and eliminates multiple equilibria, even though the informative signals
actually acquired in equilibrium may be relatively public in nature.

Sections 2-3 describe the model and the unique equilibrium in which actions respond
linearly to signals. Sections 4-6 show how information acquisition, actions, and the pub-
licity of informative signals respond to the coordination motive and to other parameters.
Finally, Section 7 compares the results to those of the existing literature.

® Another exception is the closely related model of political leadership studied by Dewan and Myatt (2008),
in which followers choose how to divide their attention between different leaders. The speeches of leaders
help their followers to learn about the world and to coordinate with each other.

*Furthermore, the asymmetric equilibria when actions are strategic substitutes disappear.



2. A BEAUTY CONTEST WITH MULTIPLE INFORMATION SOURCES

The model considered here is a quadratic-payoff “beauty contest” game in which players’
payoffs depend upon the proximity of their actions to an unobserved underlying state
variable and to the average action taken by all players. The twist is that the information
sources upon which players condition their actions are both costly and endogenous.

More formally, a simultaneous-move game is played by a unit mass of players indexed
by ¢ € [0, 1]. An individual player’s move consists of the following three steps.

(1) A player chooses an information-acquisition policy z, € R’}. The interpretation
is that there are n information sources, and the element z;, of the vector z, is the
amount of costly attention which player ¢ pays to the ith informative source.

(2) After this information-acquisition choice, the player observes a vector of n signals
x; € R" which inform the player about some unobserved state variable 0, where
the precisions of these signals depend upon the earlier choice of z,.

(3) Finally, a player takes a real-valued signal-contingent action a, € R.

A pure strategy is a pair {z;, A¢(-)} where 2, is the information-acquisition component
and A(zy) : R" — R specifies an action contingent on the n signal realisations.

A player’s payoff depends on the proximity of the player’s action a, to the underlying
state variable 6, the action’s proximity to the average action @, and the player’s informa-
tion acquisition z,. Assembling these three elements, a player’s payoff is

we =i — m(ag — 0)* — (1 —7)(ag — a)* — C(z). (1)

The parameter m € (0,2) determines a player’s relative concern for targeting the state
variable versus coordination with others: if 7 = 1 then the coordination motive is irrel-
evant, and note that the model allows for 7 > 1, in which case a player wishes to differ
from others. Finally, the cost function C(z,) is increasing, convex, and differentiable.

It remains to specify more fully the nature of players’ information sources. Players begin
with no knowledge of the underlying state; without loss of generality there is an improper
prior over 6. The ith signal observed by player ¢ satisfies

2
xiy =0+ mn; +ey, where n; ~ N(0, Ii?) and ey~ N (O, §—Z> , ()
Zil

and where the various noise terms are all independently distributed.

The interpretation of (2) is that each information source has associated with it some
“sender” noise 7; which reflects the quality or accuracy of an underlying signal z; = 0+;;
the accuracy is indexed by the precision 1/kZ. A player ¢ who chooses to pay attention
to the information source ¢ does so imperfectly, owing to “receiver” noise, by observing
x; = Z; + €. The receiver noise reflects the clarity with which the information is im-
parted, indexed by 1/£7, and the attention z;, that player ¢ pays to source i, so that the
overall clarity of the observation is determined by the precision z;/¢?. The observation
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precision (or clarity) linearly increases with the choice variable z;;, and so a player’s in-
formation acquisition can be interpreted conveniently as a sample size. Furthermore, the
choice z;, = 01is straightforwardly interpreted as the decision to ignore the ith information
source completely (equivalently, the realisation z;, is pure noise in this case).

Conditional on the state 6, information sources are independent, but players” observa-
tions of each source are correlated: for two different players ¢ and ¢/, cov|z, x| 0] = K2,
and so observations move together unless the underlying signal z; has perfect precision.
Furthermore, the correlation of players” observations depends straightforwardly on the
mix of sender noise and receiver noise. More formally, the model specification is equiva-
lent to one in which

Tie | 0~ N(97 UZZE) and COV[!L"M, Tip | 9] = Pieer X O304, (3)

for all ¢ # ¢ and for all i. This emerges from the specification (2) via the transformations

2 2 2\~
05 = K + & and  pyp = K? {(KJ? + j—l) <"%2 + g_l)} : 4)

Zie il Zig

D=

Paying more attention to an information source i (by increasing z;/) not only reduces the
overall variance o of that signal (or, equivalently, increases the precision), but also makes
it more correlated with others” observations of i (the correlation coefficient p;s increases).

The specification (2) and transformations (4) can be related to established models in the
literature. Setting z;; = z; for all ¢ for expositional simplicity, the correlation of players’
observations of an information source is p; = x?/[k? + (£2/2;)]. The case p; = 0, so that
observations are conditionally uncorrelated, is obtained when x? = 0, and corresponds
to the “private” signal from the two-source world of Morris and Shin (2002). In contrast,
the case p; = 1, obtained in the limit as z; — oo or by setting {7 = 0, so that players’
observations coincide, corresponds to the “public” signal of Morris and Shin (2002).

For general values of 7, {2, and z; a signal’s correlation satisfies 0 < p; < 1 so the signal is
neither purely private nor purely public. As noted above, the correlation coefficient (and
hence publicity of a signal) is both endogenous and also directly linked to the precision
of a signal. In particular, the correlation coefficient vanishes as the attention paid to an
information source shrinks to zero. What this means is that as a player begins to acquire
information from a source, so that z; moves up from zero, then the signal is initially pri-
vate in nature, and only becomes more public as increasing attention is devoted to it. This
feature contrasts with the specifications used by Hellwig and Veldkamp (2009). They con-
sidered a world in which players either acquire a signal or do not. This is equivalent to
restricting a player’s choice of z;, to take only two values. They also considered a specifi-
cation in which a player’s information-acquisition decision is continuous. However, that
specification insists that the correlation coefficient does not change with the amount of
information acquired. In the model proposed here, this is equivalent to assuming that a
signal’s correlation coefficient remains bounded away from zero even when hardly any
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attention is paid to that signal. As the discussion of Section 7 explains, it is this feature
which is responsible for the presence of multiple equilibria in their model.

Before characterising equilibrium behaviour, it remains to comment on a few technical
issues. Firstly, the player set is a unit mass and so each individual is negligible. This sim-
plifies exposition, but is not crucial: appropriately modified, the results hold in a world
with a finite number of players. Secondly, a player’s payoff depends on the average action
a = fol a; dl taken across all players. Of course, this average is not always well-defined.’
However, for the class of equilibria considered in the next section the average remains
well defined both in equilibrium and following a single-player deviation. Furthermore,
the specification of the game may be completed by placing payoffs on the extended real
line and setting u, = —oo whenever a does not exist. Thirdly, a signal’s distribution is
not properly specified when a player chooses z;; = 0. However, this does not cause any
particular problems since, as noted above, choosing z;; = 0 is equivalent to ignoring an
information source. Fourthly, for 7 > 0 obtaining a perfectly public signal is impossible.
However, this can be resolved by extending the choice of information acquisition to in-
clude z;; = o0, so long as the cost C(z,) is well-defined in the limit as z;; — oo. Fifthly,
players begin with no substantive prior belief over . However, a common prior can be
accommodated easily by using one of the n signals to reflect prior beliefs, and making it
costless to listen to that signal with complete attention.

3. EQUILIBRIUM

A player’s strategy {z;, As(-)} specifies the action A,(z,) taken in response to each pos-
sible signal realisation z,. In principle, A,(-) could take any form. However, there are
good reasons to follow the established literature by focusing on strategies in which a
player’s action is a linear function of the signal realisations. To see why, suppose that all
other players use a strategy {z, A(-)}. Differentiating the quadratic objective function, it
is straightforward to confirm that player ¢’s unique best-reply action is

Ay(zg) = mE[0 | 20 + (1 — m) E[A(xp) | 2], (5)

which is a weighted average of the player’s expectations of the state variable and of the
average action taken by others. Given the normality assumptions, the first conditional
expectation is linear in z,. If A(-) is linear, then the second conditional expectation is also
linear in z,. Hence, if other players use a linear strategy then the unique best reply is

linear. More generally, mild restrictions on the class of strategies used by players ensure

that equilibrium strategies are linear.®

>For example, consider a strategy profile in which players choose actions which form a Cauchy distribution
across the player set. The mean of the Cauchy does not exist, and so a is not well-defined.

Morris and Shin (2002) claimed that the linear equilibrium of a beauty-contest game is unique. It has been
observed (Angeletos and Pavan, 2007, fn. 5) that their logic is not completely watertight, but nevertheless
it is easy to specify conditions under which only linear equilibria exist. For instance, insisting that A(z/)
does not diverge too far from a linear strategy (so that, for some vector of weights wy, |[A(z) — Y i | wizi]
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A strategy is linear if there are weights w, € R" such that Ay(zy) = Y, wix,. Given
linearity, a player’s strategy takes the form {z,, w,}, and it is straightforward to confirm
that > | w; = 1, so that a player’s action is a weighted average of the signals received,
and wj is the influence of the ith information source. Given that all other players employ
a strategy {z, w} then the expected payoff of a player ¢ choosing {z, w;} is

Bluj=a-Y w} {mf + 5—2} — (=m0 (wi—wi)KE = C(z0). ©)

Zil
g NV

e 1)

J/

Given that others play linearly (and, following the discussion in footnote 6, there is little
if any loss of generality by supposing that they do) a player’s best reply is to choose a pair
of vectors {z, w,} to maximise (6) subject to the constraint >, , w; = 1. An inspection
confirms that (6) is strictly concave, and a player’s best reply is unique.

Before characterising a player’s best reply and the unique symmetric linear equilibrium
to the beauty-contest game, the components of (6) are discussed.

Consider each element of (x). This summation is the quadratic loss experienced by a
player when all player use the same weights on their signals. By placing weight on the ith
information source a player is exposed to both the sender noise 7, (with variance ~7) and
receiver noise ¢; (with variance £7/z;,). The receiver noise, which is idiosyncratic to player
¢, pushes the player’s action away from both state variable § and also the average action
a. Given that all players use the same weights, the sender noise pushes the player’s action
away from the state variable § but does not push it away from the actions of others; the
reason is that n; is a common shock to all players, and so (as long as they use a common
linear strategy) it has no bearing on the coordination-motive component of a player’s
payoff. For this reason, the variance term «? attracts the coefficient 7.

Next, consider each element of (). This second summation is the quadratic loss experi-
ence by a player owing to the use of a different strategy from other players. Each loss
here arises because of the various sender noise terms 7;. If w;, = w; then player ¢’s action
reacts to the shock 7; in the same way as other players, and so a, and @ do not move apart.
However, if w;y # w; then owing to the different reactions the receiver noise can move a
player away from others. Since this reflects the desire to coordinate (or, indeed, the desire
to differ if 7 > 1) then (}) attracts the coefficient 1 — 7.

remains bounded for all z;) is enough (Dewan and Myatt, 2008). A second approach is to consider a re-
lated game in which state, signal, and action spaces are bounded, and show that the unique equilibrium
converges to the unique linear equilibrium of an unbounded game as the various bounds are removed
(Calvé-Armengol, de Marti Beltran, and Prat, 2009). Finally, arguments from the classic study of team de-
cision problems (Radner, 1962) can be used to establish a uniqueness result in finite-player beauty-contest
games: for an appropriately specified finite-player version of the game considered here, and given the intro-
duction of an appropriate proper and normal prior, the unique symmetric strategy profile which maximises
the ex ante expected payoff of a randomly chosen player is the unique linear equilibrium.
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Notice that (}) disappears when players use the same strategy. Furthermore, beginning
from any symmetric strategy profile local changes in a player’s strategy have no first-
order effect on (f). This means that a strategy {z, w} forms a symmetric equilibrium (that
is, a symmetric strategy profile forming a Nash equilibrium of the game in which each
player ¢ chooses {z;, w,} to maximise E[u,]) if and only if {z,w} successfully solves

min Z;lwf {m@? + i—g} + C(z;) subject to ijlwi =1 (7)

(1

The solution to this minimisation problem straightforwardly generates Proposition 1.
(The proofs of this and other propositions are contained in Appendix A.)

Proposition 1. In the unique linear symmetric equilibrium of a beauty contest game with en-
dogenous information acquisition, each information source has influence if and only if players pay
some attention to it: w; > 0 if and only if z; > 0. Equilibrium influence and attention satisfy

w; = LA and Z; = fzwz

> i1 ¥ Ci(2)’

and where it is understood that 1; = 0 for any information source which is ignored.

1
TK? + &2/ 2]

The weight attached to a particular signal is large when that signal is listened to care-
fully: w; moves together with z;. Moreover, signals have more weight attached to them
whenever they are clearer or more accurate; that is, when £7/z; and «? fall.

Putting aside the information-acquisition decisions for a moment, it is interesting to note
that the equilibrium influence of an information source (this is determined by b5) depends
less strongly on a signal’s underlying accuracy than on its clarity whenever player’s value
coordination (so that 7 < 1). Indeed, if coordination is all that matters (so that 7 is close
to zero) then, fixing the information-acquisition decisions, a signal’s influence is propor-
tional to its clarity. This is natural: changing a signal’s underlying accuracy affects only
the ability of players to hit the truth (which matters to the extent that hitting the truth
matters, that is, m) whereas enhancing a signal’s clarity helps players both to coordinate
and also to hit the true value of 0.

The remainder of the paper examines the properties of the equilibrium described in Propo-
sition 1 and conducts comparative-static exercises. Firstly, Section 4 analyses how the
information-acquisition policy varies with the exogenous parameters, in particular the
coordination preferences of the players (7). Secondly, Section 5 relates the (endogenous)
publicity of information sources to the nature of comparative-static predictions. Thirdly,
Section 6 examines how equilibrium actions and beliefs vary with the coordination mo-
tive. In particular, as 7 increases (so that coordination becomes less important to the
players, and hitting the truth more important) actions become less variable around the
truth and their covariance across the player set falls (as does their correlation coefficient).



4. INFORMATION ACQUISITION

The main focus of this paper is on the introduction of endogenous information acquisition
to an otherwise-standard beauty contest, and so the determinants of z (the information-
acquisition policy) are now considered. Taking (8) and substituting yields, for z; > 0,

zi = ————>> where K,=

1
k2 VOC(2)]0z 30 by

Treating K; as a constant for the moment, (9) indicates that the attention paid to an in-

©)

formation source is increasing in the quality (that is, the precision 1/x7?) of the underlying
signal z; = 6+,. Put more crudely, players listen more carefully to an information source
whenever its provider has more to say. However, notice (again treating K; as constant for
the moment) that z; is non-monotonic in the clarity (determined by 1/¢7) with which the
information is communicated. This is rather natural: £ is effectively the price of obtain-
ing a noisy observation of z; with precision z;/¢2, and so 2; is a player’s expenditure on
that information source. This expenditure is increasing and then decreasing in the price
charged. A final observation is to note that the solution given by (9) applies only so long
as & < K;. When ¢; exceeds K; then the stated solution for z; no longer applies, and in
fact z; = 0. More generally, this indicates that an information source is likely to receive
attention only if it is communicated with sufficient clarity.

To proceed further it proves useful to specialise on a particular form for the costs of in-
formation acquisition. Consider a world in which z; is the time spent listening to signal
i; this fits well with the interpretation of z; as a sample size, so that the precision of the
observation increases linearly with z;. In such a world a natural specification for the cost
of information is C(z) = ¢(Z) where Z = > | z;, and where ¢(-) is an increasing, convex,
and differentiable cost function which reflects the opportunity cost of spending a total
period of time Z gathering information. Of course, the various information sources con-
tinue to vary in their clarity, so that listening to a given signal ¢ for some period of time
longer need not reveal the same quantity of information that listening to j for the same
extra time would yield. It proves convenient to label the information sources of decreas-
ing clarity, so that ¢, < & < ... < &,.” Equivalently, higher-indexed information sources
are more expensive to acquire. Note, however, that this labelling has no implications
for the underlying accuracy of the information; the clearest signal may well be subject to
high-variance sender noise.

Given this specific form for the cost function, the marginal cost of information acquisition
is independent of ; a little more formally, 0C(z)/0z; = ¢/(Z) for all i. Inspecting (9), this
implies that K; is equal to some constant K for all <. A direct implication is that z; > 0
if and only if {; < K: the clearest signals receive attention and consequently influence
players’ actions, whilst the remaining signals are ignored.

"Ties are excluded for convenience only. The propositions and proofs could be extended to accommodate
ties (in a straightforward but cumbersome manner) but no fresh insight would be gained.
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Proposition 2. Suppose C(z) = c(Z) where Z = 377, z;. There is a unique K such that
L Simax{(K —§&),0}

g 2
TR

(10)

Hence only the m € {1,...,n} clearest information sources satisfying &, < K receive attention
and exert influence. The equilibrium satisfies these properties: (i) information sources with better
accuracy ceteris paribus receive more attention; (ii) raising the marginal cost schedule reduces the
attention paid to any source; and (iii) the attention paid to a source is non-monotonic in its clarity.

It is striking that not all signals receive attention: sufficient clarity is necessary (and, in-
deed, sufficient). Whilst clarity determines which information sources receive attention,
accuracy determines—for those signals in use—how much attention each receives. Other
things equal, more accurate (higher quality) signals receive more attention. Note, how-
ever, that a signal with appalling underlying accuracy (where the variance 7 of the sender
noise 7); is particularly high) is nevertheless both acquired and has influence so long as the
clarity with which it is communicated to players is sufficient.

This feature is usefully understood by considering the marginal benefit to increased at-
tention. Differentiating the quadratic-loss term from (7) it is readily verified that

J I )
j=1 J

e | nr2 + €2/
In general this marginal benefit of increased attention depends on both x? and . How-

0

5 &

ever, an inspection of (11) confirms that as z; shrinks to zero this marginal benefit depends
only on the clarity of the information source. Intuitively, when z; is small the total amount
of noise in an information source is dominated by the receiver noise. So, when thinking
about which information source to acquire a player begins with the clearest. However, as
z; increases away from zero the marginal benefit of further attention is no longer domi-
nated by receiver noise, and so the accuracy of the underlying signal z; = 6 + 7; becomes
important. This means that information sources which are clear but inaccurate are ac-
quired, but receive only a limited attention span.

This discussion suggests that it is the properties of the first bit of a signal, as z; rises away
from zero, that determine whether an information source is used. This is also true for
a second natural specification in which the cost function is additively separable, so that
C(z) = >, ¢i(%). It is immediate that if ¢;(0) = 0 then z; > 0; if listening to a signal for
a very short period of time adds nearly nothing to costs, it will always be worth doing
so. A more interesting situation is one in which information acquisition is always costly
at the margin. For this case, without loss of generality set £ = ¢ for all 4, and label
the information sources so that ¢;(0) < ¢(0) < --- < ¢,(0).> Thus the lower-indexed
information sources are less costly at the margin when a player begins to bring a source
into limited use. In this setting, attention is again focused on lower-indexed signals.

80nce again, no new insight is gained by considering the case of ties.
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n

Proposition 3. Suppose C(z) = > 7, ¢;(z;) and that ¢;(0) < --- < ¢,(0). There is a unique

m € {1,...,n} such that only the first m signals receive attention and exert influence.

Related results also hold. For instance, it is natural to say that information source 7 is
cheaper at the margin than j if the marginal-cost schedule for i lies everywhere below
that for j. If this is the case, and if signal i has better underlying accuracy than j, then of
course signal ¢ attracts more attention (and gains more influence) than signal j.

Propositions 2 and 3 establish the basic properties of equilibrium information-acquisition
policies. A feature is that players may restrict attention to a subset of information sources;
those which attract attention are the clearest (as in Proposition 2) or, relatedly, the cheap-
est to acquire (Proposition 3). An immediate question is this: how does the size of the
attention-grabbing set of signals vary with the various exogenous properties of the play-
ers’ environment? To answer this question it is convenient to return to the cost specifica-
tion C(z) = c¢(Z) where Z = 37, zj, so that z; can be interpreted as the time devoted to
observing the ith information source, as well as considering (for two of the claims within
the next proposition) the additive-cost case where C(z) = >77_, ¢;(2)).

Proposition 4. Suppose that C(z) = c(Z) where Z = 377, z;. The number of information
sources which attract attention (i) rises as the preference for coordination diminishes; (ii) falls as
the accuracy of information sources improves; and (iii) rises as the marginal cost of information
acquisition falls. If instead C(2) = 37, c;(2;), then claims (i) and (ii) continue to hold.

Note that claim (iii) concerns a simultaneous change in the cost function affecting all
of the information sources, and so is particular to the specification C(2) = (37, ;).
Reducing the marginal cost of information acquisition (shifting down the schedule ¢'(-))
is equivalent to increasing simultaneously the clarity of all information sources by scaling
down the & terms. Whereas this has a predictable monotonic effect on the number of
information sources which are acquired, this is not the case when the clarities are changed
individually: fixing &7 for j # i, the size m of the attention-receiving set is generally non-
monotonic in ¢2.° This is perhaps unsurprising, given that the relationship between z; and

¢2 is also non-monotonic, as an inspection of (10) confirms.

The first comparative-static prediction of Proposition 4 is, perhaps, the most interesting:
as actions become less complementary (7 increases) players obtain a more diverse set of
information sources. On the other hand, the desire to coordinate drives players towards
a smaller set of signals. As the coordination motive becomes particularly strong, so that =

9Consider a world in which n = 2 and where m = 1; given that 7 < &2 it is always possible to construct
such a scenario by choosing 7 sufficiently small (as Proposition 5 below confirms). Clearly, increasing &7
up to &2 will raise m, as certainly both information sources are acquired whenever their clarities are equal.
Also, when £? is lowered toward zero then m also rises. (Technically, some other conditions need to be
imposed for this to be true. A sufficient condition is to impose an Inada condition on ¢'(-) by supposing
that ¢/(0) = 0.) The reason is that the first signal becomes almost free to listen to without almost perfect
clarity, which reduces z; and so lowers the marginal cost of paying attention to the second information
sources. Drawing these observations together, there is no monotonic relationship between m and 2.
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shrinks toward zero, then m falls toward its minimum value. Indeed, it turns out that in
this case players coordinate by paying attention only to the clearest information source.

n

Proposition 5. Suppose C(z) = c(3_}_, z;). When coordination becomes sufficiently important,
one signal only receives positive attention: there exists a © > 0 such that if # < 7 then m = 1.

Note that this result does not apply when the additive-cost specification C(z) = > 7_, ¢;(2;)
is used. The reason is that when 7 is small the marginal benefit of increased information
acquisition is determined solely by a signal’s clarity 1/£7; to see this, inspect (11). Under
the additive-attention specification the marginal cost of information acquisition is equal
across signals. Thus, if additional attention is devoted to an information source then, for =
close to zero, this attention will be given to the clearest information source. However, un-
der the additive-cost specification the marginal cost of acquisition generally differs across
signals, and so this argument no longer works.

Propositions 4 and 5 reveal the properties of the cardinality m of the set of information
sources which receive attention. They do not, however, reveal the amount of attention
paid to each source as parameters change. Although more signals are acquired as the
coordination motive lessens and as the underlying accuracy of signals falls, it is not the
case that each signal receives more individual attention. Indeed, for many cost specifica-
tions (including those considered in this section) any change in accuracy or the coordina-
tion motive which raises the attention given to one information source must necessarily
reduce the attention paid to another.'’ Before describing how the pattern of attention
changes, however, it is useful to pause and consider the notion of a signal’s publicity.

5. PUBLICITY AND INFORMATION ACQUISITION

Many contributions to the “beauty contest” literature have specified signals that are la-
belled as either public (perfectly correlated signal realisations) or private (uncorrelated
realisations). Here, and as already suggested in Section 2, the correlation coefficient can
index the general “publicity” of a signal. In equilibrium, and using an obvious notation,
the correlation between two players’ observations of an information source is

K2

S ) "

where z; is the equilibrium attention paid to a signal. (For a signal which is ignored, it
is convenient to set p; = 0, which is the limit as z;, — 0.) Two features distinguish our
modelling framework from existing work: firstly, the publicity of an information source
can and does take intermediate values; and secondly, that publicity is endogenous.

Once the (endogenous) publicities of signals (via their correlation coefficients) have been
established, it is straightforward to explain how the pattern of attention paid to infor-
mation sources changes with the players’ desire for coordination. Intuitively, relatively

19This statement holds, for instance, whenever the cost function satisfies 92C/(z)/ 0z;0z; > 0.
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public signals act as effective focal points for players coordination. As the desire for coor-
dination weakens (7 rises) such signals become less influential and so the attention paid
to them falls. In tandem, the attention paid to relatively private signals grows. This in-
tuition is confirmed (at least for the leading cost specifications of interest) by the next
proposition, which also describes the effect of changing signal accuracy.

Proposition 6. Suppose that either C(2) = c(}_;_, z;) or C(z) = >0, ¢j(2;). As the desire
for coordination diminishes (so that m rises) attention moves away from more public signals and
toward more private signals: there is a p such that the attention paid to a signal is decreasing in
if and only if p; > p. An increase in the underlying accuracy of a signal (a fall in k?) reduces the

attention paid to it, while increasing the attention paid to all other signals.

The final comparative-static prediction is rather obvious: attention falls away from poorer
quality information sources. The effect of the coordination motive is more interesting,
however: the change in the attention paid to an information source depends upon the
associated signal’s publicity, but this publicity is itself endogenous. In particular, as 7
increases attention moves away from relatively public (highly correlated) signals and so,
as an inspection of (12) confirms, those signals become less correlated and so less public.
In general, the attenuation in the coordination motive means that, heuristically at least,
the entire set of signals becomes more “averagely public” in nature.

The results recorded in Proposition 6 take as given the equilibrium correlation coefficient
(and hence publicity) of each signal. Since such coefficients are endogenous, it is inter-
esting to consider how the exogenous properties of an information source, namely its
underlying accuracy and its clarity, determine its equilibrium publicity. Given the use of
the additive-attention specification for costs, this is readily determined.

Proposition 7. Suppose C(z) = c(Z) where Z = _, z;. In equilibrium the clearest signals are
also the most public: if £ < 5]2 then p; > p,. Hence, as the coordination motive weakens, attention
moves from the clearest signals to less clear signals. Total attention Z = ) 7_, z; is increasing in
7, and so players spend more on information acquisition as their desire to coordinate falls.

All of the comparative-static results relating to 7 may be recast in terms of the accuracy of
the underlying signals. From (8), it is clear that scaling up all of the s proportionately is
equivalent to increasing 7 (k7 and 7 enter as a product and only in the expression for 1[11-).
Thus, it is straightforward to deal with a general reduction in the accuracy of information.
For example, from Proposition 7, increasing all n of the x?s proportionately (equivalently
reducing their accuracy) will (i) move attention away from the clearest signals and toward
the less clear, (ii) increase the total attention paid, and so (iii) increase players’ expenditure
on information acquisition. This latter observation is interesting: a general decrease in
signal accuracy results in higher expenditure. A reduction in the (exogenous) general
level of accuracy increases the marginal benefits generated by any (endogenous) increase
in clarity and hence induces players to pay more heed overall.
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6. EQUILIBRIUM ACTIONS AND BELIEFS

Having established some properties of players’ information acquisition, consideration is
now given to the beliefs which are induced and the subsequent actions which are taken.

On average each action matches the underlying state: E[a,|0] = 6. However, actions
vary, and the extent to which players succeed in hitting 0 is measured by the variance
var|ay | 0]. Further measures of players” overall performance include the pairwise covari-
ance cov|as, ap | 8] and pairwise correlation coefficient cov|as, ar | 0]/ var[ae | 6] of their ac-
tions. If more structure is imposed on the cost function then these three measures (vari-
ance, covariance, and correlation) all move together as the players’ desire for coordination
is changed. The specification imposed here is linear: C'(2) o 7, z;, which is equivalent
to imposing a constant marginal cost of a player’s time in a world where z; is interpreted
as the time spent listening to an information source. This functional form greatly simpli-
fies the solution for K used in (10) and generates the following proposition.

Proposition 8. Suppose C(z) = constant x Y, z;. The variance, covariance, and correlation
coefficient of players” actions all rise with the players’ concern for coordination.

As the truth becomes more important, and coordination less so (so that 7 rises) the cor-
relation between players’ actions falls, but they take actions that vary little around .
Moreover, this result continues to apply as m exceeds one. That is, if players are interested
in doing what others do not, they will take increasingly uncorrelated actions (but based
on the same information sources). This is despite the fact that, for large 7, the very strong
preference to hit ¢ drives the variability of actions around ¢ down.

The properties of players” posterior beliefs also change with the coordination motive.
Previous results have shown that as 7 increases, players listen to more signals, listen for
longer, and shift their attention away from the clearer information sources. However,
it remains to establish what this means for posterior beliefs. It is natural to examine
the conditional expectation of § given the information acquired: that is, E[¢ | z;]. The
following proposition begins with the variance of this expectation.

Proposition 9. Suppose C(z) = constant x ) "_, z;. The variance of conditional expectations
formed about 6 (that is, var[E[0 | z,] | 0]) decreases with : as players become more concerned with
the truth and less concerned with coordination, they obtain better (higher precision) information.

In this sense, players” equilibrium information-acquisition policies result in more infor-
mation as the coordination motive is reduced. When players care more about the truth,
they obtain more accurate composite signals of the value of §. However, and simulta-
neously, the information acquired in equilibrium becomes increasingly “private” in the
sense that the composite information about 6 obtained by each player exhibits a decreas-
ing covariance with the information received by others.
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Proposition 10. Suppose C(z) = constant x )7, z;. If coordination is sufficiently unimportant

(m > 1) or there are not too many information sources (n < 3), the covariance of conditional
expectations formed about  decreases with m: as players become more concerned with the truth

and less concerned with coordination, they obtain less “public” and more “private” information.

This reinforces how the public-private distinction present in much of the previous lit-
erature might miss an important arc of the story: this distinction is an output rather
than input. If players endogenously choose which sort of information to acquire, the
properties of the aggregate information obtained in equilibrium will depend upon the
strength of their coordination motive. As the motive is reduced the information acquired
endogenously becomes more private—the covariance between any two players’ compos-
ite signals about the underlying parameter 6 is reduced. Once again, publicity is usefully
thought of as an endogenous property.

7. RELATED LITERATURE

Researchers including Morris and Shin (2002, 2005), Hellwig (2005), and Angeletos and
Pavan (2004, 2007) have studied models in which the players of beauty-contest games
have exogenous access to information sources; for most papers (although not all) such
informative signals are either “public” or “private” in nature. This paper contributes
in two ways: firstly, it allows for endogenous information acquisition; and secondly, it
allows that acquisition to change the nature (in particular, the publicity as well as the pre-
cision) of the signals. Other recent papers have also considered endogenous information
acquisition, and so this section discusses work by Dewan and Myatt (2008), Hellwig and
Veldkamp (2009), and Calvé-Armengol, de Marti Beltran, and Prat (2009).

The model of Dewan and Myatt (2008) is closely related to this one; many of their results
are special cases of those presented here. They used a beauty-contest game as a metaphor
for a political party. Party members must advocate a policy, and in so doing want to do
the right thing for the party (a policy close to #) while preserving party unity (a policy
close to the “party line”). Before making their decisions they listen to leaders. These
leaders personify information sources. Party members can divide a fixed unit of time
between listening to different leaders. Their model is equivalent to a special case of the
one presented here: their cost function takes the form C(z) = ¢(Z) for Z = 77, z; where
costs are zero if Z < 1 and infinite (or, at least, sufficiently large) otherwise."!

Perhaps most interestingly, this paper offers a complementary perspective to the mes-
sages of Hellwig and Veldkamp (2009). Their first main result shows that the incentive for
players to acquire information is enhanced when others acquire information and when ac-
tions are complementary; as their title suggests, players want to know what others know
whenever they want to do what others do. They then considered information-acquisition

Dewan and Myatt (2008) also allowed the properties of information sources to be endogenous by consid-
ering the rhetorical strategies of leaders: such leaders vary their clarities (£?) in order to attract attention.



16

equilibria, and the main message from that work is that there can be many equilibria. For
instance, when players are faced with a choice between acquiring a signal or not, there
may be an equilibrium in which everyone acquires the signal and another equilibrium
in which everyone ignores it; this seems natural given the complementarity inherent in
information acquisition. This result survives even when information acquisition is “near
continuous” so that the precision of the signal in question and its cost are both small. This
contrasts noticeably with the findings of this paper, in which the equilibrium is unique.
So what explains the difference in the messages of their paper and this one?

Technically, Hellwig and Veldkamp (2009) used a specification in which the cost of infor-
mation acquisition is non-convex.”” More importantly, however, the publicity of a signal
(its correlation coefficient) is exogenous in their world. Even if only a small amount is
spent on information acquisition, so that the extra precision obtained and the extra cost
incurred are both small, the correlation coefficient is bounded away from zero. For in-
stance, a player can acquire a very small bit of a public signal. Heuristically, at least, such
a public signal is more valuable if others are acquiring it too; this is the source of the mul-
tiplicity. As Hellwig and Veldkamp (2009) correctly observed, this does not happen with
private signals: when signal realisations are uncorrelated, there is a unique equilibrium.

This paper offers a more nuanced view. Here, as a player pays more attention to an infor-
mation source (so that z; grows) then the correlation coefficient of the signal realisation
rises too; an inspection of (4) confirms this. Hence the publicity of a signal, as well as
its precision, is under the control of the acquiring player. Thus, implicitly at least, this
model endogenises the nature of acquisition as well as the decision to acquire; players
choose how carefully to listen to their sources. Crucially, the first bit of a signal acquired
is private in nature: the correlation coefficient falls to zero as z; vanishes. This smoothes
things out sufficiently to ensure that there is a unique equilibrium. Thus, when Hellwig
and Veldkamp (2009, p. 224) stated that a requirement for uniqueness is that “the infor-
mation agents choose to acquire must also be private” they were correct only when the
decision is to acquire or not; if players choose how carefully to listen then the crucial fea-
ture is that the signal is almost perfectly private when a player pays almost no attention
to it. The move from a model with multiple equilibria to one with a unique equilibrium
is of interest because it allows for rich comparative-static exercises. Whereas Hellwig and
Veldkamp (2009) offered the knowing what others know and the multiple-equilibria mes-
sages, here the uniqueness of the equilibrium allows specific predictions about what kind
of information is acquired and how acquisition decisions change with both the nature of
the information and the nature of the coordination problem faced by the players.

2 their world a player either acquires a signal or not. For an acquired signal the variance of the receiver
noise is fixed. This is equivalent to specifying, for some Zz;, a cost function of the form:

0 2z =0
ci(zi) =96 0<z <%
o0z < z.

It is the non-convexity of this cost function which is (technically) the source of multiple equilibria.
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A final related and interesting strand of literature is the work of Calv6-Armengol and
de Marti Beltran (2007, 2009) and particularly Calvé-Armengol, de Marti Beltran, and
Prat (2009). In these papers a set of players arranged on a network share information they
hold concerning the state of the world with others they are linked to on the network, be-
fore playing a beauty contest of the sort studied above. The papers study the impact that
the network structure has upon the spread of actions in the game where (in the first two
papers) that network structure is exogenous and (in the third paper) the players them-
selves decide whether to form pairwise links with other players at some cost, thereby
endogenising the network structure and hence the information acquired. Given that ex-
tant information is passed between players, the focus of this work is elsewhere, however
it is related to the current paper to the extent that information acquisition is endogenous
and co-determined with the actions of the underlying beauty contest.

APPENDIX A. OMITTED PROOFS

In the main text it is claimed that any linear equilibrium strategy satisfies Y ;- ; w; = 1. To see
why, consider a linear equilibrium strategy profile A(zy) = w’zy, where w' is the transpose of
w € R". Given the linearity, E[A(z) | xz¢] = w’ E[zy | 2¢]. Given normality, the latter conditional
expectation satisfies E[xy | 2] = Bz, where B is a n x n inference matrix with the property that
the rows of B sum to one. Similarly, E[f|zy] = o'z, where the elements of a € R"™ also sum
to one. Using (5), w'zy = 7wE[f|z¢] + (1 — 7) E[A(z¢) | z¢] = [ra + (1 — 7)B'w]'zy, and hence
w = mwa+ (1 —7) B'w. Given that the elements of a sum to one and each column of B’ sums to one,
this equality can only hold if the elements of w sum to one.

Calculation of (6). ag— 60 = > | wie(n; + €i¢), and so
2
21 _ L) 2 571
El(ar—0)°] =) . wh (ni + Z) : (13)

The average actionisa = 6+ Y ;" , ;, since the individual-specific errors disappear via the law of
large numbers and so ag —a =Y ;" | wisgir + ¥ (wie — w;)n;. Hence:

2 02
_v21 N\ wid n A N2,.2

E[(ay —a)*] = Zi:l oy + Zizl(wzﬁ — wi) K. (14)

Substituting these two expressions yields the expression for E[u,]| given in (6). O

Proof of Proposition 1. The expression for z; can be obtained from the first-order condition with
respect to z;. To obtain the solutions for the influence weights w, fix z and note that the optimi-
sation problem is to minimise L = S (w?/1);) subject to Y7 w; = 1. A solution must satisfy
OL/0w; = OL/O0w; for all i # j, which holds if and only if w; o Vi d

Calculation of (9). Once the weights w (from Proposition 1) have been obtained and substituted

into the objective function, the solution for z emerges by minimising L(z) + C(z) where
1 - 1
Lz)= —— d wh i = ————- 15
(2) S and where 1 Y (15)
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For z; > 0 the first-order condition with respect to z; takes the form

_0L(z) _ 0C(2) £2 B n 2\200(2) 1
0z; N 0z; < (wmfzi—kﬁf)z N (Zj=1 ]) 0z; ?12’

(16)

which can be re-arranged to yield (9). (Note that the first-order condition can hold only if §; < K.
Furthermore, a solution to the minimisation problem also requires {; > K; whenever z; =0.) O

Proof of Proposition 2. 0C(z)/0z; = ¢/(Z) for all i and so K; = K for all i. The calculation of (9)
noted that §; < K; when z; > 0 and & > K; when z; = 0. Given that that K; = K for all 4, this
implies that the information sources attracting attention are those with the lowest &;. This yields
the first claim. Substituting the expression for z; from (9) into zﬁz yields

-1 & noa o Lgm (K=§&) 1 o max{(K - §),0}
wi_”“?<l_K> - Zjle_ﬂ(zj1ﬁ§]_7rl(zjl z 1)

J

The second part of (9) yields 1/K = /c/(Z) >7_, 1);. Combining this with (17):

2
y (Z:fj maX{(ﬂi?— &), 0}) (ZflmaX{ UL% §): 0}> —1. (18)

The left-hand side of (18) is increasing in K, and so (18) yields a unique solution for K. This can

be used to obtain the solution for the individual attention levels paid to each information source.

Claims (i) and (iii) in the proposition follow by inspection. Claim (ii) is obtained by observing that
anything which increases the left-hand side of (18) must reduce the solution K and hence reduce
m. By inspection, raising the marginal cost schedule ¢/(-) does this. O

Proof of Proposition 3. Contrary to the proposition, suppose that players ignore the ith information
source (so that z; = 0) while listening to source ¢ + 1 (so that z;;1 > 0). Now

1 1
E < Ki+1 = < =K. (19)

C§+1(Zi+1)2?:1 @j - ¢i+1(0) ZJ 11/1] Ve Z] 1%

The first inequality holds because z; 11 > 0; the second is from the convexity of ¢;11(:); and the

third inequality holds by assumption. This implies { < K;, which contradicts z; = 0. O

Proof of Proposition 4. 1f C(2) = ¢(Z) where Z = 3_7_, z; then Proposition 2 applies, where K is
the unique solution to (18). The left-hand side of (18) is decreasing in m and «? for each i, and also
falls as the schedule ¢(+) falls. Hence the solution K (and so the number m of information sources
which attract attention) increases with m and «; for each i but falls as ¢/(-) rises.

Turning to the specification C'(2) = >_"_, ¢j(z;) combine the equalities from (9) to obtain

: 1 n A~
zZi = ﬂiz max { (‘I’C;(Zz) - fz‘) ,0} where W = ijle’ (20)

7

where this formulation also holds for z; = 0. Treating ¥ as a constant, the right-hand side of the
first equation in (20) is decreasing in z; and so (20) yields a unique solution z; = fi(m, s, &, ¥) for
some function f;(-). That solution is decreasing in T, m%, and V. Given this solution for each ¢, the
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second equation in (20) can be written

" 1
U = .
2 e @ 6

(1)

Given the observations made so far, the right-hand side of this equation is decreasing in ¥, and so
(21) yields a unique solution for ¥. The right-hand side is also decreasing in 7 and in m? for each j,
and so the solution V¥ is decreasing in these parameters. This property of ¥ is enough to establish
claims (i) and (ii). To see why, inspect (20) and notice that an information source i is ignored if and
only if &W./c/(0) > 1. If w or Iﬁ}? is reduced, then the consequent increase in ¥ strengthens this
inequality and so information source ¢ continues to be ignored. Claims (i) and (ii) follow. O

Proof of Proposition 5. The proof of Proposition 2 established that K is increasing in 7. Hence, as the
coordination motive is allowed to dominate, so that m approaches zero from above, K converges
to a lower bound K. If K > & then the left-hand side of (18) diverges, and so the equality
cannot hold. Hence it must be the case that K = ¢;, which means that K must fall below &, for 7
sufficiently small. This in turns means that m = 1 for 7 close enough to zero. O

n

Proof of Proposition 6. Consider the cost specification C(z) = ¢(}_""_; z;) and an information source

j=1
satisfying z; > 0. Differentiate the solution for z; stated in Proposition 2 to obtain
Ralgpt. s, — >0 & §>K-n—, 22
dm m2K2 * Tk dr S "dr @2)

and so attention grows with 7 if and only if the clarity of an information source is sufficiently poor.

However, in equilibrium the correlation coefficient p; of a signal is monotonic in its clarity:
2
K5 K-¢&
Pi = : ) = - . (23)
Ky + &z K—(1-m)&

Turning to the specification C(z) =)

n
=1

& 1.
ZZ_T(‘I{% (‘If\/m 51) (24)

Now, z; is increasing in 7 if and only the right-hand side is increasing in = when z; is fixed.

c;(2;), use (20) for z; > 0 to obtain

Differentiating the right-hand side yields

9| & 1 —&ll == i 1 _ys S & (1 )oY
o | \wvae )|~ e \wvrm ¢ e e o

. 2 2/,
:_"’2_<z,~+ §Z2>alogw>0 & 1+<n+§z/zl>8log‘l’<0. (25)

T K o /i? or

The term specific to i is monotonic in the correlation coefficient p; = k2 /(7 + £2/2;). Specifically:

dz; — pi — pi
9z o o T 1—p;\ OlogW¥ 1—p;\ |Olog¥
Pi or Pi on

dm
where the last step uses the fact that ¥ is decreasing in 7. This final equality holds if and only if p;

<-1 < (7r+ ' > 1, (26)

is sufficiently small; that is, if and only if the information source is relatively private. O

Proof of Proposition 7. The first claims follow from arguments given in the proof of Proposition 6.
To establish that Z = "7, is increasing in 7, suppose (for the purpose of contradiction) that it
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is not. Summing the expression in (22) for dz;/dr across the m active information sources and
re-arranging, total attention Z is decreasing in = if and only if

Zm §j(K*£j) > dKZm 5] (27)

j=1 IQ]Q- dm Jj=1 /@2

Inspecting (18), note that Z is the argument of the ¢/(-) term. Hence if Z is decreasing in 7 then the
squared term must be increasing in 7. This is so if and only if

m K —§&; dK x—m 1
2 R deZj:lh;?' 28)
Combining the two inequalities of (27) and (28) gives the single inequality

mgKg msK@
P B D DD DR

&K — &)+ &(K — fz &K — &)+ &Gi(K —§)
o ZZ#J J ZZ#J J

K2K2 1 2R2
" Rl
& + &7 — 26¢; - &)?
& 0> = S (29
Zi#] R?R? leﬁj 22 3 29)
The final expression is positive, which generates the desired contradiction. O

Proof of Proposition 8. Setting C(z) =31, 2, K; = K where 1/K = /7.1, 1;. Algebra yields

Sy 2 —(1 = )
wp= WU Z8),00 oy 2o i [K ( W)ﬂ , (30)
K Zq K — éz
where the solution for o7 applies and is needed only for i < m. Hence
m (K- &)(K —(A-m&)
varla | 0] = Zz 1 wioj = 2 Zz 1 K7 G
Given the cost assumptions, the equation (18) determining K becomes
2
m K —¢ . ™ o (&R
~ DTN 21 = K=&+ _ where ¢= 22— (32)
(ijl 2 ) AT (1) S ()

Substituting K back into var[a, | 0] yields, after some algebraic simplification,

E— & 1 £-& 1 :
V&raz’@ —’}/ZZ 1I<L ( - +\ﬁZ§n1(1/ﬁj2)>< T +ﬁijn1(1//i?)+§z>
~ 1 11— m (& —&)?
:§W+W+V<W2> Zi:lT' (33)

This is decreasing in 7 if m < 2, which is a maintained parameter restriction of the model. Turning

to the pairwise covariance between players’ actions,

2
n K i s —
COV[CMaCLzl | 9] = Zz 1 Wi Ky = 7r2zl 1 Kig = 7r2zz 1/{ (\fz] 1(1//{ ) (gz - f))

gz -
- Z (1//{ 77222 1 /-@2 , (34)

)

where K has been substituted as before. By inspection, this covariance is decreasing in .
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The correlation coefficient of action across players (conditional on 0) is

S SR A o U (9
/A)M _ COV[(I@, Gyt | 9] - ;n:l(l/"i?) + w2 Zi:l ’%2 B 71'2 + B
= = — —7r m (&—8)2 - 2 _

var|ay | 0] N Z7.71211(1/%2‘) +y (1?) Zi:l( ﬁ?) (A+1D)n2+(1—-m)B
where A= 5\fz (1/x5) and B=9) " =3 —. (35)

i j

Differentiating with respect to 7:

dpwr _ B —mB-2mAB g2y (36)

dr (A4 172+ (1 —m)B)2
For 7 small enough, m = 1 and so B = 0 and so this inequality holds. Fixing A and B, the
inequality strengthens as 7 increases. The only remaining case is when m increases following a
rise in 7, so that A and B both change. However, straightforward but long and tedious algebraic
manipulations confirm that such an increase in m serves to strengthen the inequality. O

Proof of Proposition 9. Write ¢; = 1/0? where 02 = k2 + (£2/2;) for the precision of the ith signal.
The precision of a player’s posterior beliefs about 0 is » ", 1; and var[E[0 | ] |0] = 1/ 37, ¢;.
The proposition claim, therefore, is that Z;”Zl 1; is increasing in 7. Taking o? from (30), differen-
tiating 1); with respect to 7, substituting in the derivative of K with respect to 7™ obtained from
differentiating the expression for K stated in (32), and re-arranging yields
i _ & &i—¢&
dr k2 (K — (1 —m)&)%

)

(37)

Hence ", 1); is increasing in 7 if and only if

mg & ! b !
2 mj 2 (K - (j1—7r)g]) >0 Zg m “a-ng)e 5XZ;~=1,<;J§(K—(1—W)@.)2
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k
This inequality is characterised by two products, the jkth elements of which cancel from both
sides whenever j = k. Consider j # k. Collecting together the terms on either side in a typical
such jkth element, a sufficient condition for the above inequality is that, for all j and &,

1 & N & S 1 [ &i&k 4 &k
ping | (K —(1-m)§)?  (K—(1-m&)?| = wing [(K—(1-m&)? (K- (1—m)&)?
- §(& — &) S k(&5 — &k) (39)

(K —(1-m&)? " (K—(1-m&)*
Suppose first that {; > &, then dividing by the (positive) common element simplifies this inequal-
ity to &;(K — (1 —m)&)? > & (K — (1—m)&;)% Multiplying out, cancelling the common component
and collecting terms again simplifies further to (§; — &) K? > (& — &) (1 — 7)2%¢;&. Given that
£ > & has been assumed, the first term on each side can be cancelled and the result is true if
K > & (for m < 2, which is assumed throughout). But, since z; > 0 for such j, K is certainly larger
than ¢;. Finally, when ¢; < &, the penultimate two inequalities both reverse (returning exactly the
same final inequality) and the result holds once more, since K > ;. O
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Proof of Proposition 10. Set v = 1 without loss of generality. The covariance of interest is
S 2 Ellwie — 0)(wje — 0)[6] _ ST 03R2 X s
(j=1¥5)? OZmwi)? (Ciai)?

where the second equality follows from independence across information sources, the third by

cov[E[0 | z¢], E[0 | x¢] | 0] = (40)

definition, and where p; = ¥;x?. Simplifying notation and differentiating with respect to 7 gives
dcov di/fj d,o] moddym
dr ()L 1% 22] ! ( T O3 ¢ 32] 1dn qu%pﬂ

m dqu -
2= 1% 2ZJ 1dr p), (41)

where p = 377 14p; /5770 ;. Therefore, the covariance decreases with 7 if and only if the final
term above is negative. From (37), di; /dr > 0 if and only if ¢; > £. Again from (37),

K¢
K= (1=
is confirmed by straightforward algebra. Now, the differential of the covariance can be written

d cov di; dy; dip; di;
= =Z%(p]——p)+2%(m—p)<Z%(ﬁ—ﬂ)JFZ%(ﬁ_p)’ 43)

gi<E~ &>~ £i<€ &>E
—ve +ve

pi = Yik? = andso p; >p; & & <E (42)

where p = (K — £)/(K — (1 — 7)€). Thus, collecting together the terms in the summation again,

d cov . B m de] _
<0 if (p—p)zj e <0 e p<p, (44)

where the latter statement follows from Proposition 9. Recall Vv =1, and so, using (32) for K,

K-¢ 1 Z;ﬁ:ﬂ/)j Pj

F m 2 and pP=<m
K—(1-m¢§ 1+3755§/k; > i1

by definition. So p > pif and only if Y771 40 (1+ 32, &k /k7) > DI ;. Rearranging, this occurs
if and only if > 70 9 (p; (1 + D24 &/k3) — 1) > 0. Using the definitions for p; and for K from (32),

. (45)

) . E_¢ K &)(€—§)
p>p & Z.:l%m < Z] 12 (i—ﬂ)iaj) =0

m L 1 K¢ m & K — ¢
- Zk 152 7(K_(1_;)§j)2 Zk’ 1H223 1/<;j —:r)fj)Q' (46)

The jkth terms cancel when j = k. For j # k, collect together the relevant jkth terms, so that a

sufficient condition for the above inequality to hold is that, for all j # k,

1 [ K —&) o GE &) ] S 1 [ GE &) L G~ &)
P (K- (-mgP2  K-0-m&r]  wr [(K-0-mg? (K- (- &)
(e — &K — &) (& — &) (K — &)
(K- (1-m¢&)* ~ (K- (1-m&)*
Suppose initially that £, > &;, so that the first term of the numerator cancels, then this reduces to
K—§; - K — &
(K —(1=mg)? (K —(1—m)&)?

& (47)

(48)
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whenever & > ¢;. In other words, (K — €)/(K — (1 — 7)¢)? must be decreasing in £&. Now

d K—¢ B 1 21 —m)(K —¢§)
dEE-1-me2 <K—<1—w>5>2< K—(1- ) 1) <0

& K-(1-m¢>2(l-m)(K—-¢§ <

—£
™ > 2K—§7

(49)

which is only satisfied for all ¢ if 7 > % (because &; < K for all z; > 0 as usual). It remains to be
shown that the covariance is also decreasing in 7 when n < 3. From (41), and multiplying out p,

dcov m dw]
= & Zk 1%2] . d —pi < Zk 1¢kPkZJ T (50)
This inequality is characterised by two products. The jkth terms cancel when j = k. For j # k,

collect together the relevant jkth terms, so that a sufficient condition for the inequality is that, for
all j #F,

77[) @Z}k 1/}]

d d
1/1kdjpg+%d Pk<¢kﬂk id:

+,¢jjd w]

< (o — o) 5 6Y)
Suppose initially that §, > &; so that pr < pj, then this last inequahty s1mpl1f1es to ¢y, X dip;/dm <
Yj x dipy/dr. Now recall that di;/dr > 0 if and only if & > & Ifn = 2, then & > & > & =
dip/dr > 0 > dip;/dr (as € is a weighted sum of & and ;). Therefore, since ¢; > 0 for all i, the

required inequality holds for sure (the case &, < {; follows in exactly the same way).

& Yr(p — Pk)

For n = 3, note that there are two possibilities: £} < & < € < & and & < € < & < &. (Ties
cause no problems, as may be readily verified.) The latter of these two cases may be dealt with by
reference to (51) alone. Recall that p; = 1;x? and hence the inequality in (51) may be written

d cov dp;

. dpg, .
f = o) 2 C— o) £ forall . 2
g <0 it pulpj—pe) = <pjlpj—p) - forallj#k (52)

Now, dp;/dr > dpy/dm if & > & > £. To confirm this, differentiate an appropriate function p(¢),

constructed from (37) in an obvious way, with respect to &, giving

ddple) _d EE-§ &K -(1-md+(E-HK )
& dr (K — (1-m)e)? K-(1-mef

which is certainly positive if £ > £. Therefore each pair of comparisons required in (52) between
jkth elements is satisfied: £3 > & > € > &1 = p3 < p2 < p1 and dpz/dr > dpz/dr > 0 > dp; /dr.

For the former case, & < & < & < &3, this comparison cannot be done. Instead, again note that
p1 > p2 > p3 and that dyy; /dm < 0, dypo/dm < 0, and dip3/dmr > 0. Now, writing out the full
expression in (50), and eliminating the common jkth terms with j = k from both sides,

dcov d d)- d
& 1/11(/)2—/)1)ﬂ+¢2(/>3—/?2)£era(ﬁl—03)ﬂ
dm ~ ——dr ~— ——dr ~———dr
—ve 7"ve —ve +vve +ve —ve

dm drm

—Vve —Vve “+ve
—Vve —Vve “+ve

< ta(p2 — Pl)% +3(p3 — 02)% +1(p1 — P3)%- (54)
< & —<

The problem lies in the very first term. The other left-hand-side terms are negative and the right-
hand-side terms are positive. Hence it suffices to show that the absolute value of the first left-
hand-side termis smaller than that of the last right-hand-side term. Note that ¢/; is identical (and
positive) in both terms. |p1 — p3| = p1 — p3 > p1 — p2 = |p2 — p1l, so the second element in the
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right-hand side term exceeds that in the left-hand side term. It remains to be shown that
dis| _dbs vy _|dby| & &€ & b
drm dm dm dm k(K —(1-m)&)? ~ k3 (K —(1—m&)?

Since &3 > &9, and it is sufficient to show that this holds for 7 < 1 (the case of 7 > % has already
been proved for all n), this latter inequality will hold if

(55)

-6 -6 S & (1 1
p > p = /<;§+m§>€<n§+n§>' (56)

This inequality holds: € = 32 &/x?/ 32_, 1/x? by definition and any weighted average of the
two higher ;s will always be larger than the smallest &;, completing the proof for n = 3. O
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