ISSN 1471-0498

DEPARTMENT OF ECONOMICS

DISCUSSION PAPER SERIES

UNEMPLOYMENT, PARTICIPATION AND MARKET SIZE

Godfrey Keller, Kevin Roberts and Margaret Stevens

Number 362
October 2007

Manor Road Building, Oxford OX1 3UQ




UNEMPLOYMENT, PARTICIPATION AND

MARKET SIZE

Godfrey Keller, Kevin Roberts and Margaret Stevens*

Department of Economics, University of Oxford

October 8, 2007

Abstract

We construct an equilibrium random matching model of the labour market, with
endogenous market participation and a general matching technology that allows for
market size effects: the job-finding rate for workers and the incentives for partici-
pation change with the level of unemployment. In comparison to standard models
with constant returns to scale in matching, agent behaviour is more complex — the
model generates plausible joint dynamics of employment, unemployment and par-
ticipation with heterogeneity in search behaviour for workers with different degrees
of attachment to the labour market. Techniques are developed to reduce the di-
mensionality of the problem to establish local and global stability; a complicating
factor is the possibility of multiple equilibria, welfare-ranked by market size. A
Hosios-type condition internalises search externalities.

JEL Classification Numbers: J41, J64
Keywords: Unemployment, Participation, Job Search, Matching Function, Returns

to Scale, Multiple Equilibria, Stability, Coordination, Search Externalities.

1 Introduction

In labour markets affected by frictions it takes time for potential trading partners to find
each other and agree to trade. Random matching models of the labour market do not
model explicitly the heterogeneities and information problems that give rise to frictions,
but attempt to capture the implications of the costly trading process by describing the

rate at which workers and firms meet as a function of the numbers of agents on each
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side of the market. A natural assumption for the matching function is that the relative
number of agents matters: for example the job-finding rate for an unemployed worker
increases with market tightness. It is also possible that the absolute number of agents in
the market affects the rate at which individuals match; a market could be too small to
support effective mechanisms for exchanging information about opportunities for trade,

or so large that agents suffer from information overload.

Market size effects were the focus of Diamond’s (1982) model of multiple equilibria and
co-ordination failure, but have since received little attention in the extensive matching
literature. The dominant equilibrium random matching model of the labour market, most
fully described by Pissarides (2000), rules them out by assuming a matching function with
everywhere-constant returns to scale, usually justified by an appeal to empirical evidence.
But the evidence for constant returns is not compelling: at the aggregate level studies for
some countries have found significantly increasing or decreasing returns,! and substantial

departures from constant returns have been found for regional and occupational markets.?

The constant returns assumption buys tractability, but risks over-simplification: it
has stark implications for the dynamic behaviour of the Pissarides model. Away from the
steady state unemployment evolves slowly, but reservation wages, search intensity, and
market tightness remain constant at their equilibrium values. Since market size does not
matter, unemployed workers are indifferent to the level of unemployment, and fluctuations

in unemployment have no effect on labour force participation.

In this article we present an equilibrium matching model of the labour market, sim-
ilar to that of Pissarides (2000) but with a general form for the matching function and
endogenous participation, allowing us to investigate the determination of market size and
the properties of equilibria with non-constant returns. Steady state equilibria have sim-
ple properties, but the model provides a richer environment for the analysis of dynamics.

Since the job-finding rate changes with the level of unemployment, workers adjust their

IPetrongolo and Pissarides (2001) report p-values for a test of constant returns to scale for thirteen
estimates, from a variety of studies, of a Cobb-Douglas aggregate matching function; six of these reject
constant returns at the 5% level; eight do so at the 10% level.

2The evidence for disaggregated markets is mixed. For travel-to-work areas in Britain, the results
of Coles and Smith (1996) strongly support constant returns, but Burgess and Profit (2001) allow for
area fixed effects and find decreasing returns. Kano and Ohta (2005) also obtain decreasing returns for
Japanese regions. Several studies of local labour markets have found increasing returns: Kangasharju,
Pehkonen and Pekkala (2005) for Finland; Baker, Hogan and Ragan (1996) for Canada; and Munich,
Svejnar and Terrell (1999) for the Czech Republic. Fahr and Sunde (2004) find increasing returns for
craft and technical occupations, and substantially decreasing returns for white collar occupations and for

highly educated workers.



behaviour to allow for the current and expected future state of the market. We find that
workers who have higher outside options are less attached to the market; while partici-
pating they set higher reservation wages and search less intensively. When the market is
expected to improve in future, it can be optimal for participating workers to withdraw
temporarily, to wait for more favourable conditions.

We obtain conditions for existence and local stability of steady-state equilibria; when
multiple equilibria exist they are welfare-ranked according to market size, irrespective of
the shape of the matching function and the elasticity of labour supply. Equilibria with
decreasing returns are locally saddle-path stable; those with increasing returns can be sta-
ble provided that returns to scale do not increase steeply, and labour supply is sufficiently
inelastic. Following a shock that increases the level of unemployment, reservation wages
either rise or fall depending on the direction of the market size effect, and participation,
search intensity, reservation wages and market tightness adjust along the saddle-path.
We also consider global stability: as in other rational expectations models with multiple
equilibria, when agents’ behaviour depends on their expectations of the future path of the
economy it is possible for a sub-optimal steady state to be selected simply because they
believe that it will be.

Finally we compare decentralised equilibria with the efficient allocation, and show
that a generalisation of the well-known Hosios condition for efficiency holds: as for the
constant returns case, the decentralised equilibrium can be efficient if the shares of the
surplus obtained by workers and firms are equal to the elasticities of the matching function
with respect to unemployment and vacancies. Thus efficiency requires an employment tax

with decreasing returns, or a subsidy with increasing returns.

1.1 Labour Market Matching Models with Constant Returns

Equilibrium random matching models are now well-established as a framework for under-
standing unemployment. In the textbook random matching model of Pissarides (2000),
ex-ante identical workers and firms search in the labour market and meet according to a
matching technology that is linearly homogeneous in the stocks of unemployed workers
and vacancies. Each match produces a flow of output, with constant returns in produc-
tion, and the wage is determined through bilateral bargaining. When a match is destroyed
as a result of an exogenous productivity shock the worker re-enters the market. The size
of the labour force is fixed, and a zero-profit condition determines the stock of vacancies.

The search-theoretic approach is consistent at a microeconomic level with many fea-
tures of observed labour market behaviour (Rogerson, Shimer and Wright, 2005). At the

aggregate level, the model provides a theory of equilibrium unemployment. Allowing for



endogenous job destruction and aggregate productivity shocks it predicts labour market
flows broadly consistent with business cycle evidence (Mortensen and Pissarides, 1994;
Mortensen and Pissarides, 1999; Cole and Rogerson, 1999). Incorporating a matching
model of the labour market has been shown to improve the ability of RBC models to
reproduce macroeconomic stylised facts (Merz 1995, 1999; Andolfatto, 1996; and Den
Haan, Ramey and Watson, 2000).

A number of recent papers have highlighted problems, however. Shimer (2005) finds
that the Mortensen-Pissarides model cannot account for the strong procyclicality of the
job-finding rate and the vacancy-unemployment ratio. Cole and Rogerson (1999) argue
that the model needs to allow for heterogeneity in search intensity, since consistency with
the evidence requires workers classified as out of the labour force to be treated as low-
intensity searchers. Veracierto (2004) points out that neither standard RBC models (in
which all non-employed workers are non-participants), nor those augmented by matching
frictions (which have assumed a fixed labour force) can explain the joint dynamics of
employment, unemployment and labour force participation.

The conventional assumption of a fixed labour force can be relaxed (see Pissarides,
2000, chapter 7) to allow for upward-sloping labour supply to the matching market and
hence make participation endogenous. However in the standard constant returns model
this gives no insight into participation dynamics. Since the reservation wage — which
captures the value of participation — always remains constant at its equilibrium level,
there is no variation in participation: during a period of adjustment workers do not enter
or leave the labour force as unemployment changes.

The efficiency properties of matching models with constant returns are well-understood.
In addition to the inevitable losses due to the existence of frictions, search externalities
arise because each agent affects the matching rate for other agents. When wages are de-
termined ex-post, the market equilibrium will not in general be constrained-efficient. For
the standard model with constant returns and homogeneous agents, Hosios (1990) showed
that externalities are internalised if the bargaining share of workers is equal to the elastic-
ity of matching with respect to unemployment. In this environment, all external effects
act through market tightness (the v-u ratio), and a single condition for relative surplus

shares is sufficient to ensure that agents make efficient search and matching decisions.

1.2 Non-Constant Returns, Multiple Equilibria and Dynamics

In the elegant stylised model of Diamond (1982) there is only one type of searching agent.
Trading opportunities occur when they meet each other, and the meeting rate — and

therefore the incentive to search — increases with the number of searchers. Increasing
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returns to scale in matching generates multiple equilibria and potential coordination fail-
ure. Diamond and Fudenberg (1989) analyse the dynamics of the Diamond (1982) model,
emphasising the self-fulfilling expectations property. For some initial conditions there
are rational expections equilibrium paths to both high and low activity equilibria, and
there may be cyclical equilibrium paths. Boldrin, Kiyotaki and Wright (1993) provide
a full analysis of dynamics in a generalisation of the Diamond model with differentiated

commodities, focusing in particular on the existence of limit cycles.

The assumption of a single type of agent limits the applicability of the Diamond model,
although Camera (2000) uses this approach to obtain multiple equilibria in a monetary
search model. There are rather few analyses of the implications of non-constant returns
to scale when the matching function depends separately on the numbers of buyers and
sellers, as in the conventional labour market approach. Pissarides (1984) shows that with a
general matching technology equilibria are inefficient — the Hosios (1990) condition cannot
hold without constant returns. Howitt and McAfee (1987) use a specific increasing returns
technology to introduce Diamond’s thin-market externality and hence multiple equilibria
into a labour market model, again emphasising the inefficiency of all equilibria in this case.
Hyde (1997) constructs a bargaining model with homogeneous buyers and heterogeneous
sellers, in which an increasing returns matching technology gives rise to both high and
low participation equilibria. Burdett and Wright (1998) model a labour market with
fixed and equal numbers of agents on both sides, and stochastic match productivity, and
show that multiple equilibria may occur either as a result of increasing returns in the
matching function or when utility is not perfectly transferable within a match. In both
cases multiple equilibria are ruled out when the distribution of match productivity is

log-concave.

None of the labour market models considers dynamics with non-constant returns to
scale in matching, although Mortensen (1989) suggests that dynamic behaviour will be
similar to that in a labour market matching model with aggregate increasing returns in
production (Drazen, 1988; Mortensen, 1999) which, like the Diamond model, has multiple

Pareto-ranked equilibria, self-fulfilling expectations and limit cycles.

Multiple equilibria in matching models may of course arise for reasons other than
the matching technology. Non-transferable utility and increasing returns in production
have already been mentioned; in addition, ex-ante heterogeneity or an ex-ante investment
decision can generate strategic complementarity between agents on either side of the
market, so that, for example, when workers set higher reservation wages firms create

more high productivity jobs (Acemoglu, 1997, 2001; van den Berg, 2003).
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2 The Model

2.1 The Matching Technology

Unemployed workers and potential employers meet randomly according to a matching
technology that determines the meeting rate, M, as a function of the mass of unemployed

workers, u, and the mass of vacant jobs, v:
M = M(35u,v)

5 is the average search intensity of unemployed workers, so su is their total effective search.
The rate of meeting per unit of search, which we call the job-finding rate, is:
A= -
Su
and a worker searching at intensity s meets firms at rate sA\. The search intensity of
employers is exogenous and normalised to one;®> hence a vacancy encounters potential
employees at rate M/v. We assume that M(0,v) = M(5u,0) = 0, and that M is strictly

increasing in both arguments, homothetic, and quasi-concave. Hence it can be expressed:
M = ®(m(su,v))

where @ is a strictly increasing function, ®(0) = 0, and m(Su, v) is homogeneous of degree
one with strictly convex isoquants (so m is concave). We can normalise this decomposition
by assuming that m(1,1) = 1.

It is helpful to think of m(5u,v) as the level of aggregate search activity in the market,
and ®(m) as converting activity into matching. Activity increases linearly with the stocks
of searching workers and firms. We define the elasticity of matching with respect to
activity, n(m), and the average matching rate, ¢(m), by:

m®’'(m)

n(m) = (m) and ¢(m) =

The matching function has locally decreasing, constant, or increasing returns to scale

®(m)

m

when the elasticity 7 is, respectively, less than, equal to, or greater than 1. The average
matching rate is a measure of the effectiveness of matching. For a constant returns
matching function it is constant; otherwise ¢(m) rises or falls where returns to scale are
increasing or decreasing respectively. In the example in Figure la (see section 3.1), there
are locally constant returns at m*, where n(m) = 1 and the average matching rate ¢(m)
is maximised; if m < m* there are increasing returns, the marginal matching rate is

greater than the average matching rate, and n > 1; above m* the converse conditions

3With a zero-profit condition for firms (section 2.2) endogenising their search intensity has little effect.



hold. Intuitively, m* is the point where search activity leads most effectively to matching.

Since activity m(su,v) is homogeneous of degree 1 its elasticities with respect to
unemployment and vacancies, denoted by 1 — a and « respectively, are functions only of
market tightness, § = v/Su, (as are average and marginal activity with respect to u and
v). The elasticities of the matching rate M = ®(m) with respect to unemployment and

vacancies are given by:

Ne=(1—a)yp and n, =an

The elasticity of substitution between unemployment and vacancies also depends on 6
only, and is the same for M and m. It is convenient to define ;(6) as activity per unit of
worker search: ( )
m(5u, suf
0)=m(1,0) = ———=
() = m(1,0) = T
The function p(6) also has elasticity a. Then the job-finding rate A, which in the standard

model depends on market tightness only, is proportional to the average matching rate:
A= ¢(m)u(0)

2.2 Participation, Search, and Employment

All agents are infinitely lived with common discount rate p. A worker is in one of three
states at any instant: employed, unemployed and searching for a job, or “inactive” — that
is to say, outside the market.

Workers can move instantaneously between unemployment and inactivity, and may
differ in the opportunities available to them outside the market: a worker of type ¢
obtains a constant flow income ¢ while inactive that he must forgo while participating.
The outside income ¢ can be interpreted as the value of leisure, or home production, or
of participation in a different market. Labour supply to the market is described by an
increasing function L(q), the number of workers with outside income less than or equal
to ¢, and the elasticity of labour supply is denoted by ~. A worker searching at intensity
s receives a flow of utility b(s), which is decreasing and concave with constant elasticity
1+ 1/e. The parameter € > 0 captures the responsiveness of search intensity to market
conditions. The utility of a worker searching at zero intensity, b(0), is normalised to zero.

There are many firms, each with a single potential job.* A firm with no employee
will create and maintain a vacancy whenever the present value of doing so is greater than
zero. Thus the supply of vacancies is perfectly elastic at zero profit. While maintaining a

vacancy the firm incurs a constant flow search cost c.

4Equivalently, firms are of indeterminate size and have constant returns in production.
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Match productivity is stochastic: an employed worker produces a constant flow of
output y, which is a random variable realised when the worker and firm meet, with distri-
bution function F'(y) and supremum g. Matches are destroyed at constant rate d, in which
case the agents may search for a new match, or leave the market. There is no divorce:
once a match has been formed agents cannot leave until it is destroyed. This assumption
— which substantially increases tractability — is a simple way of capturing turnover costs.
If agents incur a sunk cost on match formation, and y represents productivity net of this
(amortised) cost, the ex-post value of a match will be high enough that relatively small
changes in market conditions do not induce re-entry into unemployment.

Potential matches are not necessarily consummated, since if productivity is low the
agents may prefer to search for a better match. If agents have a joint reservation produc-

tivity level z, the probability that a match is acceptable is:

and the expected productivity of an acceptable match is given by:
E(yly=2)=z4+h(2)
where h is the expected surplus, defined by:

M) = [ F()dy

m(2) J=
Intuitively one might expect the surplus h(z) to decrease with z, and it is often useful in
search models to assume that the distribution of productivity is log-concave in order to
guarantee this property. We will assume only that the surplus does not increase too fast

— specifically that the elasticity zh/(2)/h is less than one.’

2.3 Wages and Surplus-Sharing

Wages are determined when the worker and firm meet, and remain constant while the
match lasts. The worker receives a wage wy, and the firm pays a wage wsy; to allow for
the possibility of an employment tax or subsidy we do not assume that they are equal.
The firm’s profit flow is then p = y — ws.

If z is the worker’s reservation wage, and x is the firm’s reservation profit flow,® the
flow surplus from the match is y — (2 + 2). We will assume that wages are set, either

exogenously or through a bargaining process, so that the worker and firm receive non-

®The analysis does not rely heavily on this assumption, but it reduces the number of cases we need
to consider. It is of course implied by, but weaker than, log-concavity.

SIntuitively, free entry implies that 2 = 0; this is established formally below.



negative shares 1 and 35 of the surplus:

wy=z+pi(y—2z—2) and y—wy=z+ Po(y — 2 — 1)

2.4 The Decisions of Individual Workers and Firms

In this section we determine the reservation wage z and search intensity s of a worker of
type ¢, and the reservation profit level z of a firm, taking the behaviour of other agents

in the market as given.

For workers, market opportunities depend on the job-finding rate A\, and the distri-
bution of wages. Let the expected present value of income be U(t) for a worker who is
not currently employed (he may be unemployed or inactive), and W (wy,t) for a worker
employed at wage wy. Similarly V(t) and J(p,t) are the values for a firm of a vacant
and filled job. The worker remains employed until the match is exogenously destroyed,
so W(wy,t) satisfies:

pW:w1+(5(U—W)+a£/ (1)
Since an increase in the wage, dw;, raises the worker’s income by this amount for the

duration of the match, its effect on his valuation of the match is given by:

ow 1

aor - - 2

Consider the decisions of a worker who is not currently employed. Over a time period of
length dt he can take the outside income ¢ dt, after which he will still be non-employed.
Alternatively he can participate in the market, choosing his current search intensity s
optimally, in which case he may remain non-employed, but with probability s\ dt he will
encounter a potential match with present value W. If a potential match arises, it is

acceptable if and only if W > U. Hence U satisfies:

dU

pU = max {q, msax(b(s) + sAE [max {WW — U, O}])} + =

(3)
Since W increases with the wage, he will accept any wage greater than z, where:
Wiz, t) =U(t) (4)

The reservation wage z satisfies this equation continuously, so:

L de oW _dU -
p+dodt ot  dt
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Using (4), (5), and (1) evaluated at z, we can eliminate U from (3) to obtain for the

optimal reservation wage z:”

z = max{qa(z,\)}+ P (6)
where a(z,\) = msax(b(s) + sAE [max {W (w;) — W(z),0}]) (7)

The value functions for the firm are obtained in the same way. But free entry implies that
V' is identically zero, from which it follows that the firm’s reservation profit level is also

zero and the value J(p) of a filled job satisfies:
A
0=—c+ EE max {.J(p),0}] (8)

J(p) is constant over time, with dJ/dp = 1/(p + 9).

With these reservation values the joint flow surplus of a potential match is y — z. The
worker’s expected surplus from a meeting with a firm is:
m(z)h(z)

E [max(W(wy) — W(2),0)] = /Z(W(wl(y)) —Wi(z))dF(y) = Blﬁ = 15(2)

(where (2) is used to evaluate the integral). Note that S(z), the present value of the
joint surplus, decreases with the worker’s reservation wage. Similarly the firm’s expected
surplus from a meeting with a worker with reservation wage z is $25(z), and its expected
surplus from a random meeting is (3,5, where S is the expectation of S(z) allowing for

differences across worker types. Using these expressions for the surplus gives for workers:

z = max{qa(z,\)}+ ) i 5 9)
where a(z,A) = max(b(s) + sABLS(2)) (10)

and for firms:
0= —c+2525* (11)

a(z, ) can be interpreted as the current market income available to the worker; he par-
ticipates when this is greater than his alternative income ¢. Current income a increases
with the job-finding rate A, but it decreases with z because with a higher reservation wage

the worker is less likely to find an acceptable job.

2 is a function z(g,t). We suppress arguments, and in particular time dependence, where this can be

done without confusion. Z denotes the derivative with respect to time.
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2.5 Aggregate Unemployment and Participation

To determine aggregate variables we need to keep track of the distribution of worker-types
across employment, unemployment and non-participation. Let N(q,t) be the current
number of non-employed workers with outside income less than ¢q. N(q,t) is the effective
labour supply, instantaneously available to the matching market at time ¢t. The number
of employed workers with outside income less than ¢ is L(q) — N(g,t). From (9) we can

describe participation by a function p(q,t):

oq) = { 1 if a(z(q),\) >q (1)

0 otherwise

Aggregate variables can then be expressed in terms of N and p. Assuming that we can
write N(q) = [*dN(q) = [*n(q) dq for some non-negative function n(q), unemployment,

average search intensity, and the average expected surplus from a random meeting are:

u = [plo)aN() (13)
1

s = [ st@pla)dN(g) (14)

u

- 1

S = - | 5(=(a))s(a)p(q) dN(q) (15)
Finally, we can describe the evolution of the instantaneous supply of labour N(g). The
change in the distribution of non-employed workers is the difference between the inflow
from employment as jobs are destroyed, and the outflow to employment, allowing for the

search intensity and reservation wages of each type:

a]g,EQ) =0(L(q) = N(g)) - A/q s(q)m(2(q))p(q) AN(q) (16)

This equation, together with (9) to (11) for individual behaviour and (12) to (15) for
aggregate variables, completes the description of an evolving market. In the next section

we look for steady-state equilibria, before analysing the dynamics in more detail.

3 The Steady State

In a steady state, the numbers of participants are constant, as are their reservation values.
From (9) and (10) we can see that all participating workers will have the same reservation
wage z and search intensity s, so all matches have the same expected surplus S(z). Since

z is constant, it can be interpreted as the steady-state income of unemployed workers,
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and workers participate if they have outside income below z: p(q) = 1 if and only if ¢ < z.
The active labour force is L(z) and unemployment is v = N(z). From equations (9)

to (11) and (16), a steady-state equilibrium (2*, s*, 6*, u*) satisfies:®

17
18

z = bls)+sAB1S(2) (17)
0 = V(s)+A%S(2) (18)
0 = —c—i—;\ﬂgS(z) (19)
O(m)m(z) = O(L(2) — u) (20)
) (21)

where A\ = ¢(m)u(f and m = su () 21

and the distribution of non-employed workers is:

(22)

N(q):{ u+ L(q) — L(z) ifqg> 2

3.1 Existence of Equilibria

To establish existence, equations (17) to (20) can be reduced to a pair of equations in the

reservation wage z and market activity m, as follows:

Lemma 1 (i) For all m such that ¢(m) > ¢ (a positive constant) equations (17) to (19)

have a unique solution:

sgn

z = Gm) 0<G(m) <y, G(m) =01if ¢(m) = do, ¢ = n(m) —1
s = s1(2) s(0)=0, >0
0 = 91(2) 91(0) =0, 0/1 >0

(ii) Equation (20), together with s = s1(z) and 0 = 01(2), has a unique solution ¥m > 0:

z = (G(m) (0)=0, ¢ >0, and ((m) =7 for some m < oo
PROOF: See Appendix A. |

The solution to (17) to (19), for the choices of individual agents, depends on the level
of market activity through the average matching rate, ¢(m). If this is low — below a
constant ¢g that depends on the parameters — workers will not search and there is no
solution. Above ¢q, the income z that the market can provide for workers increases with
the average matching rate, so z = (;(m) rises or falls with market activity m according to

whether returns to scale in matching are increasing or decreasing. In the case of a constant

8Tt can be verified that there is always an interior solution for s.

12



returns matching function there is a unique income level for workers, irrespective of the

level of activity in the market.

Equilibria can be found by looking for levels of market activity where (;(m) = (a(m).
Both functions are continuous, and (3(m) is strictly increasing; if the matching function
has everywhere non-increasing returns to scale (;(m) is non-increasing and there is at
most one equilibrium. Otherwise there may be several equilibria. By considering the

properties of (; and (5 we can show that:

Proposition 1 A steady-state equilibrium (z,s,0,w) with activity m > 0 exists for any

b1, B2 > 0, provided that M,(1,0) is sufficiently large. It is unique if n(m) < ny for all m,

where
o = T+~
0= ETX
e——i’—-l + g
PROOF: See Appendix A. [ ]

Figure 1b illustrates possible equilibria for a matching function with initially increasing
and subsequently decreasing returns to scale. For this form of matching function, at most
one equilibrium — the one with the highest activity level — can occur in the region of
decreasing returns. More generally, the equilibrium with highest activity always occurs
at a point where ¢, > (]. Note that, since the function (3(m) is increasing, equilibria
with higher activity levels have higher average matching rates and higher levels of worker

income.

As in the standard model a sufficient (but not necessary) condition for existence is
that there are incentives for vacancy creation even when the market is small. The suffi-
cient condition for uniqueness is obtained from a single-crossing condition: () > (] at any
equilibrium where n(m) < ny. The uniqueness condition may be compared with the result
of Burdett and Wright (1998) that in the special case of fixed and identical numbers of
workers and firms and exogenous search intensity, log-concavity of the productivity dis-
tribution is sufficient to guarantee uniqueness with increasing returns. Here log-concavity
is not enough: when agents are able to respond to market conditions we need an upper
bound on the degree of returns to scale, which becomes more restrictive with increasing

elasticity of labour supply, v, or responsiveness of search intensity, €.

Later we will consider the dynamic stability of equilibria, but we can show immediately
that equilibria like (2) where () < (j are implausible, in that they are not robust to any

variation in the number of vacancies.
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Figure 1: (a) A matching function with initially increasing and then decreasing returns

to scale; (b) corresponding equilibria at the intersection of ¢; and (.

3.2 Incentives for Vacancy Creation

We have used the conventional assumption that the number of vacancies is determined

by a zero-profit condition. Behind this is an implicit assumption that if profits ever rose
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above zero more firms would enter, reducing profit to zero again; similarly a fall in profit
would be reversed by exit of firms. However, there is nothing in the model to ensure
that this mechanism will operate. It is possible that at a solution of the steady-state
equilibrium conditions with increasing returns to market activity, creation of additional
vacancies would lead to a rise in profit and further incentives to create vacancies. This

would be an implausible equilibrium — effectively a profit-minimising point for firms.

A minimal requirement for a market equilibrium is therefore that it should be stable
with respect to vacancy creation — that a rise in vacancies should lead to a fall in the profit
flow of firms (and vice-versa). This requires a bound on the rate of increasing returns at

the equilibrium, and the condition fails at alternate equilibria:

Proposition 2 With one or more steady-state equilibria, numbered in order of decreasing
market size, even-numbered equilibria are unstable with respect to vacancy creation. Odd-

numbered equilibria are stable with respect to vacancies if and only if:

I+

<
e+a =
e+1 + ’Y

~ L
o where 5= —r
U

PROOF: Suppose that, in a steady-state equilibrium satisfying (17) to (20), v increases
instantaneously by dv. This has no effect on reservation wages because agents expect to
be in equilibrium in future when matches are formed. However the change in v changes
the current activity level m, and hence also the current income of workers. They respond
by changing their current search intensity s, and some workers enter or leave the market

temporarily. The change in activity level m(su,v) is:

dm du ds dv
—=(01-a)({—+—|+a—
m U s v

From (18) and (19) the changes in search intensity and instantaneous profit x satisfy:

1\ ds dm  du
<1+) = n— = —
€/ s m U
de _ dm_dv

c 77m v

Finally, the instantaneous change in unemployment is du = n(z)da. Calculating the

change in current income a using (10) gives:




Solving these four equations for dx gives the overall effect on profit:

g@sgln e—i-oz_l_n(z)z B 1+n(z)z
cdv I+e U U

Stability requires this expression to be negative. From (22), n(q) is discontinuous at z: if

z rises the change in labour supply is n(z) = L/(z) whereas if z falls n(z) = L'(z)u/L. We
have stability in both directions if and only if this expression is negative when n = L/,
that is, if and only if n < 7. Since 77y < 19, this condition implies that (5 > (] (see the
proof of Proposition 1). Hence it cannot hold at equilibria where ¢} < (] — that is, at

even-numbered equilibria — but may do so at odd-numbered equilibria. [ ]

The interpretation of the condition n(m) < 7 is straightforward: for an equilibrium to
be stable with respect to vacancy creation, it must have decreasing returns to vacancies,
allowing for the responses of workers and firms. With fixed participation of workers
(v = € = 0) the condition is simply that the elasticity of matching with respect to
vacancies, an, is less than one. The upper bound 7y falls as v or € rises; in the limiting
case of a perfectly elastic supply of workers stability requires decreasing returns to scale
at the equilibrium: 7jo(m) = 1.

Stability depends on 4, an upper bound on the elasticity of instantaneous labour
supply N(z), which may be higher than the elasticity of total labour supply v. At an
equilibrium the instantaneous supply of labour is given by (22). When worker income
rises, N(z) is more elastic than total labour supply L(z) because the number of workers
who enter is all of those with outside income just above z, while the unemployed are only
a proportion of those with outside income below z. When worker income falls, however,

the elasticity of instantaneous labour supply is equal to that of total labour supply.

3.3 Steady State Welfare

In a steady-state equilibrium, social welfare €2, which we take to be the present value of

aggregate net income, is given by:
pQ = (L(z) —u) (2 + h(z)) + ub(s) + /qu(q) — sufc

— the flow of output, plus the utility of unemployed workers, plus the outside income of

non-participants, less the cost of vacancies. Using the equilibrium conditions:

p2= [ max(z } dL() + @(m)n(=)h(z) (i - ﬁéifb)
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If there are several equilibria, we know that since they satisfy z = (3(m), equilibria with
higher market size provide higher income z for workers. They also satisfy z = (;(m),
from which it can be shown that ®(m)m(z)h(z) increases with m. Hence a comparison of

welfare gives an unambiguous ranking:

Proposition 3 When multiple equilibria exist, steady-state welfare increases with equi-

librium market size if 81 + P < 14 p/d.

PROOF: See Appendix A. [ ]

Thus in a decentralised equilibrium with no employment subsidy,” the equilibrium
with the highest market size is welfare-superior: the average matching rate, the expected
income z for unemployed workers, labour supply L(z), and the aggregate surplus from

employment (L(z) — u)h(z) are all higher than at other equilibria.

4 Participation and Reservation Wages

Without constant returns to scale in matching, the job-finding rate, A\, varies over time
when the market is not in steady state. We now examine the participation and search
strategies of workers on a dynamic equilibrium path, which are determined by their expec-
tation of the future path of the job-finding rate. We will assume here that A is continuously
differentiable with respect to time,'? with a steady-state value \*.

The reservation wage of a worker with alternative income ¢ satisfies equation (9). It
follows from (10) that both his current market income a(z, A) and his search intensity s
increase with A\ and decrease with z. In the steady state, he participates if and only if

g < z*. Thus his reservation wage z(q,t) is the solution of:

z

¢ = max{ga(z )+ (23)
Jim z(q,t) = max{q,z"} where z*=a(z",\") (24)

We can integrate (23) to obtain:
1) = (p+9) [ expl=(p+0)(7 — ) max{q.a(z, M)} dr (25)

9Tf By + B2 > 1+ p/6, workers and firms have high incentives to search, and as activity rises search
costs may increase faster than output.
10This will be so in equilibrium with a well-behaved matching function and continuous labour supply.

Otherwise A\ could jump; we could relax the assumption to piecewise differentiability to allow for this.

17



from which is it clear that z(g,t) is continuously differentiable with respect to time, and
can be interpreted as the worker’s permanent income with a discount rate p + . Note
that it can never be optimal to accept a wage less than outside income: z(q,t) > ¢ for all
¢ and t. Furthermore a worker who expects to participate for some future period, with
a(z(q),\) > g, has a reservation wage strictly above outside income. Workers enter or

leave when current market income is equal to their outside income. From (23):

o Entry and Exit. At the time of entry (exit):

a(z(),\)=q, a=ai+aA>0(<0), and 2>0(>0)

Some may participate intermittently, but for those who participate continuously, and

those who remain inactive forever, we can immediately describe the reservation wage:

e Permanent Attachment. A worker who is participating at time ¢ and expects always
to do so has a reservation wage independent of his outside income: z(q,t) = z(t),
the solution to: '

z
z=ua(z,\) + — z— 2" 26
2= alz )+ oo (26)

o Permanent Inactivity. For a worker who is not participating at time ¢ and expects

never to do so, z(q,t) = q.

As we would expect, workers with higher outside options participate less, have higher

reservation wages, and search less intensively:

Proposition 4 If q; > go:
(i) if type q1 participates at time t, then type qo also participates;

(ii) z(q1,t) > 2z(q2,t) and s(q1,t) < s(qo,t) with strict inequality unless they are both

permanent participants.

PROOF: See Appendix A. [

Thus, workers’ behaviour varies with their degree of attachment to the labour market,
which is determined by their alternative income, relative to evolving market opportunities.
Those with low outside incomes are permanently attached, and their outside income is
irrelevant: they all set the same reservation wage and the same search intensity. Workers
with higher levels of ¢ expect to leave the market either permanently or temporarily in
the future, and the higher their outside income the lower their attachment — that is, the

less they expect to participate. Less attached workers have higher reservation wages and
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lower search intensity. Those with outside income above the steady-state level of market
income, z*, will eventually leave the market for permanent inactivity, with reservation

wage equal to outside income.

4.1 Who Participates?

From Proposition 4, since workers with higher outside incomes are less likely to parti-
cipate at any instant, it follows that there is a critical value ¢(t) such that all workers
with ¢ < ¢(t) participate at time ¢. The determination of the critical participant ¢(t)
depends in general on the whole evolution of A. For some precise results we focus on the

case when A evolves monotonically towards a steady state.

An Improving Market
Suppose that A > 0 for all future ¢, on a path towards a steady state. Differentiating (26):

zZ = a-+ and z—0

p+0
=i(1—-a) = aA+ =

p+0

from which it follows that the market reservation wage is also rising: z > 0.

One might think that in these circumstances any worker with ¢ < z(¢) would enter
the market and stay forever, but this is not true, for two reasons. First, we know that the
reservation wage lies strictly above outside income, unless the worker is forever indifferent
to participation. A worker who will stay forever enters with reservation wage z when
a(z(t),\) = ¢, and cannot be forever indifferent since z is changing. Hence z(t) > ¢ at
the moment of entry. He does not enter immediately when the market reservation wage
reaches ¢ because he would not want to commit himself to a job little better than his
outside income; he prefers to wait until market opportunities improve. Second, although
A > 0, it is possible that a(z(t),\) will fall, causing some workers to leave the market
temporarily.!! However, sufficiently close to the steady-state it must be true that z < 0, in
which case (from the equation above) @ > 0, and any worker who is currently participating

will never leave. Thus, we can say that:

Lemma 2 If market opportunities are rising (A > 0 for all future t) then (i) 2> 0 and

1To see how this can happen, suppose that the market is expected to improve rapidly at some time
in the future. While that time is distant, workers are happy to participate; as it gets nearer reservation
wages rise, and those who have a relatively high outside income may withdraw, saving search costs, and

return when the improvement has occurred.
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(i) sufficiently close to the steady state that a(z, \) is increasing, all participants have

reservation wage z and a worker of type q participates if and only if a(z, \) > q.

PROOF: If type ¢ leaves the market, the exit conditions with A > 0 imply 2(q) > 0, so
z > ¢, and exit must be temporary. At the time of exit, a(z) > a(z(q)) = ¢. When
the worker re-enters permanently a(z) = ¢, but this cannot happen since a(z) is rising.
Hence there is no exit from the market. Then, since all workers who participate must

have reservation wage z, they do so if and only if a(z, \) > q. |

A Falling Market

Now consider the opposite case, in which A<Oona path to a steady state. Then, by the
same argument as before, it follows that the market reservation wage is falling: z < 0.
Clearly in this case workers with low outside incomes — below the steady-state income z*
— will remain in the market forever, with reservation wage z. However, there will be other
workers in the market who will leave at some time in the future, who will therefore have
higher reservation wages than the permanent participants. Participation is described by

the following result:

Lemma 3 If market opportunities are falling (A < 0 for all future t) then (i) 2 < 0 and
(ii) a worker of type q participates if and only if a(q, \) > q.

PROOF: From the entry conditions, entry cannot occur when A < 0, so all workers outside
the market are permanently inactive, with z = ¢ and hence a(q,\) < ¢. And any worker

for whom a(q, \) < ¢ has a(z(q),\) < a(g,\) < g, so does not participate. |

Summary
Drawing together the results in this section we can say that close to a steady-state, the

marginal market participant ¢ is determined by:

R a(@g,\) if A<0
q= :
a(z,\) if A>0

where z = z(t), the reservation wage of a permanently attached worker.

5 Stability of Steady-State Equilibria

In section 3 it was shown that if the matching function has increasing returns at some levels

of market activity there may be several steady-state equilibria, although for appropriate
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incentives for vacancy creation there is an upper bound 7y on the degree of increasing
returns at equilibrium. In this section we will obtain conditions for dynamic stability in

the neighbourhood of a steady state.

From section 4 we know that, close to a steady-state equilibrium when market condi-
tions are improving (A is rising), all participating workers have the same reservation wage

and search intensity. So z,u, 6 and s satisfy:

z

z = a(z,\)+ P (28)
0 = V(s)+ %S (2) (29)
0 = —c+ 2625(2’) (30)
where A = ¢(m)u(d) and m = sup(h) (31)

When A is falling, there are some workers who will leave before the steady state is reached
and who therefore have different reservation wages and search intensity. But in the neigh-
bourhood of the steady state, the differences between the average values S(z) and 5 and
the corresponding values S(z) and s for permanently attached workers are of second or-
der. Ignoring these differences, the equations above are also satisfied in a falling market

by u, 6, and the values of z and s for permanently attached workers.

Non-employed workers participate if and only if they have alternative income less than
¢ determined by (27). Unemployment is the number of non-employed workers with outside

income less than ¢:

. } . ON
u=N(qt),t) = w=n(q)q+ ot
4

In the steady state the partial derivative n is discontinuous at z. But in any case it is

bounded:
0 <n(qt) < L'(q)

since the number of non-employed workers with outside income in any interval cannot

exceed the total number of workers in this interval. Evaluating ON/0t using (16) gives:
i@ =n(q)q + 6(L(q) — u) — P(m)m(2) (32)

In the neighbourhood of a steady state, market variables z, s, 8 and wu satisfy equations
(28) to (30), and (32).
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5.1 Local Dynamics

To analyse local dynamics, the system of equations (28) to (30) and (32) can be reduced
to a 2-dimensional system in the reservation wage z of (almost all) participating workers,

and market activity m. All other variables can be written in terms of z and m:

Lemma 4 In the neighbourhood of a steady state, equations (27) and (29) to (31) deter-

mine s, 0, u and X as implicit functions of z and m:

s=30), 5 >0

0=0(z,m), 6,<0, 6, Zn—1;
w=1a(z,m), @, >0, Uy = 1+e—n(a+e);
)\:X(z,m), A<0, A Ep—1;

qAZQN(Zam)a gz<07 Cfm:ﬁ—l

The proof, including expressions for the elasticities, is given in Appendix A. Equations

(28) and (32), for the dynamics of z and u, can now be written in terms of z and m:

2 = filz,m)
(U = 1(@)Gm) 0 = (n(q)G: — 0z) 2+ f2(z,m)
where f1 = (p+9)(z —a(z, ),
fo = 0(L(q) —u) — ®(m)m(2),

and Gg=q(z,m), A= 5\(2, m), u=1u(z,m)

Linearising in the neighbourhood of the steady state, we can see that the stability of the

system depends on the matrix:

flz flm
f2z + (n(jz - az)flz f2m + (n(jz - az)flm

in which all functions are evaluated at the steady state (where ¢ = z). The derivatives of
f1 and f5 can be evaluated using the elasticities in the proof of Lemma 4; in particular,
note that fi, > 0 and fi,, = 1 —7. The system is saddle-path stable if and only if the

determinant:

A — flz.]me - flmez

Um — nq~m
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is negative. It can be shown that if n(m) < 7y (the condition for stability with respect to
vacancy creation) the denominator of A is positive, and the numerator is negative,'? so
the equilibrium is saddle-path stable. Moreover the direction of slope of the saddle path

depends on the slope of f; = 0, and therefore on returns to scale. In summary:

Proposition 5 A steady-state equilibrium that is stable with respect to vacancy creation
15 locally saddle-path stable. The saddle path is downward-sloping in m-z space if n < 1,
flat if n =1, and upward-sloping if n > 1.

PROOF: See Appendix A. [ ]

5.1.1 Decreasing returns to scale

Figure 2a illustrates dynamic behaviour near an equilibrium where n < 1.13 An equilib-
rium with decreasing returns to scale is always stable, with a downward-sloping saddle
path: higher activity is associated with lower reservation wages because with decreasing
returns matching is less efficient when there are more agents searching.

Following a shock, both z and m may jump. The expectational variable z can jump
to any value, to ensure that the market moves onto the saddle path. Market activity
m is constrained because employment adjusts slowly, and this affects the adjustment of
unemployment. Some instantaneous adjustment of m takes place, however, since workers
and firms can enter or leave the market.

Suppose, for example, that the market is in steady state, and an unexpected produc-
tivity shock destroys some jobs so that unemployment and hence market activity are too
high. At the equilibrium reservation wage the job-finding rate A falls. Workers lower their
reservation wages instantaneously, and those who have the highest outside income leave
the market, reducing u instantaneously. The more elastic is labour supply, the greater this
initial jump. But (unless labour supply is perfectly elastic) unemployment is still above
its equilibrium level, so firms create more vacancies and activity m is also high. Then
market activity falls gradually as unemployed workers find jobs, raising the effectiveness of
matching; workers gradually raise their reservation wages, and inactive workers re-enter,
until equilibrium is restored. Using Lemma 4 it can be verified that as the market returns

to equilibrium along the saddle path:

12The numerator has the same sign as (| — ¢5; this is not surprising, since f; = 0 and f, = 0 are locally
identical to z = (; and z = (5.

13Note that the lines drawn are 2 = f; = 0, and fo = 0 where 1 ' 2, which together determine the
slope of the saddle path. The line rin = 0 is not shown; the diagram is drawn for a case in which vh =0

is positively sloped, but when labour supply is elastic (L’ is high) it can slope downwards.
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Figure 2: Phase diagrams for (a) n <1, (b) n > 1

e Unemployment u falls; search intensity s rises, and total search su falls.

e Vacancies fall, but market tightness rises.

e Participation L(§) rises, and the unemployment rate u/L falls.
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5.1.2 Constant and increasing returns

If the equilibrium has locally constant returns to scale, the dynamics are much simpler.
There is no need for the reservation wage to change while the market remains near the
steady state, since the efficiency of matching is not affected by a change in activity level.
As in the standard constant returns model, while unemployment and vacancies evolve
to their steady-state values, the other variables — market tightness, reservation wage and
search intensity — all remain constant at their equilibrium values; with no change in market
opportunities, entry and exit of workers does not occur.

An equilibrium with increasing returns to scale is stable (both with respect to va-
cancies, and dynamically) provided that n < 7, — that is, if the responsiveness of the
matching rate to a shock is not too high. The saddle path is upward-sloping. A shock
that raises unemployment and market activity leads to a rise in the reservation wage,
because matching is more effective; workers take advantage of temporarily more effec-
tive matching by raising their reservation wage to obtain more productive jobs, and new
workers enter temporarily while the market is operating more effectively. Along the saddle

path, z falls with m and u, as unemployed workers find jobs or leave the market.

5.2 Multiple Equilibria and Stability

Bringing together the results of sections 5.1 and 3, we can now describe the properties
of the equilibria that can arise in a market where the matching function does not have
everywhere constant returns to scale. Numbering them in order of decreasing market size,
we can rule out even-numbered equilibria because they are not robust (unstable) with
respect to incentives for vacancy creation. Odd-numbered equilibria are stable in this
sense provided that returns to scale are not too high and labour supply is not too elastic
(n < 7o), in which case they are also dynamically saddle-path stable. The equilibrium
with the largest market is welfare-superior to others, and is stable if n < 7. Figure 3
shows the same multiple equilibria that were illustrated in Figure 1. The welfare-superior
equilibrium (1) has decreasing returns to scale, so it is stable, with a downward-sloping
saddle path; (2) is unstable; (3) has increasing returns, so it is stable if and only if n < 7,

in which case the saddle path slopes upwards.

5.3 Global Dynamics

With multiple rational expectations equilibria, agents face a severe coordination problem.
We have established that steady-state equilibria are locally stable if returns to scale are

not too high, but stability of a steady-state equilibrium also requires that all agents expect
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Figure 3: The functions (; and (, as in the existence diagram, with multiple equilibria

and saddle paths for stable ones

the market to return to this steady state. Where there are several stable steady states,
it is possible that any one of them can be reached from a given initial position, if agents
believe that it will be. We can demonstrate this property by considering a simple special

case of the model.

Suppose that every match has the same productivity y > 0, the utility of unemploy-
ment is zero, and search intensity is exogenous (s = 1). There is a mass normalised to
one of workers with outside income zero, who always participate, and an equal mass with

outside income gy € (0,y). Thus labour supply to the market is:

L(q) =

1 if 0<qg<qy
2 if ¢g>qu

Matches are always consummated and the expected surplus for a worker with reservation

income z is S(z) = y — z. Suppose that the matching function is:

e
Smy = | O ST e b0 < 6
¢opm otherwise

Thus the average matching rate is either high or low depending on the level of market
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activity. It is straightforward to show that for a given value of the average matching rate

¢, the steady-state equations (17) to (21) have a solution:

+ +
Z:Z(¢), 9:‘9(¢)v )‘:¢M<6)7 u =

So we have two possible stable steady states (z;,0;,u;) corresponding to the two levels
of the average matching rate ¢;; an equilibrium with a high (low) level of ¢ exists if
the corresponding activity level m is above (below) m. The equilibrium with higher
average matching rate has higher income, tightness, participation and activity, but a

lower unemployment rate u/L. If:

=2
=
—
D
~
N~—
t

2614(6)
d+ N\ d+ A

0<zy<qu<z,<y and

we have multiple equilibria: a Pareto superior one in which all workers participate, and a

second with low activity in which only low-types (with low outside income) participate.

Z )
Zhn + }
Ep
|
|
|
20 {
E,
|
|
% i % -
my m mp m

Figure 4: High and low activity equilibria and saddle paths

Since the matching function has constant returns to scale within the regions of high and
low activity, the saddle paths for both equilibria are horizontal in m—z space (see Figure
4). The market may be able to jump straight onto either saddle path, with constant

worker income and market tightness, and converge to the steady state as employment
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and hence market activity evolves. Whether this is possible from an arbitrary starting
point depends on how many workers are initially employed — which determines whether
market activity can instantaneously adjust to a level within the same region as the steady
state.

Which equilibrium is reached from any initial position depends entirely on the expec-
tations of workers about the future path of the market. It can converge to either of the
two steady states (even if the horizontal saddle path is not reached immediately) and
there are many equilibrium paths. And if the expectations of workers change, the market
can shift instantaneously from an equilibrium path towards one steady state onto a path

to the other. To illustrate the possibilities we describe two cases in more detail.

1. If the market is at the high (low) steady state, it is possible for it to jump instan-
taneously to the low (high) saddle path.

At the high steady state the number of unemployed low-types is lower than w,. If ev-
eryone believes that the market will move to the low equilibrium with z = z, for all
future ¢, then the unemployed high-types immediately leave, firms close down vacancies
and market tightness falls, and the market jumps to a point on the low horizontal saddle
path with a level of market activity lower than my, then converges to the low equilibrium
as employment adjusts. Conversely, at the low steady state, all the high-types are inac-
tive, and the number of unemployed low-types is higher than at the high steady state. So

the market can instantaneously jump to the high saddle path with activity level above my,.

2. A “new” market, starting from zero employment, can converge to either equilibrium.

The following are equilibrium paths:

a) All workers enter immediately, and the market converges to equilibrium on the high

saddle path.

b) Only the low-types enter, and the market converges to the low equilibrium along
the low saddle path. This can only happen if ¢, is sufficiently low that u(6,) < m,

so that even when all the low-types are searching the activity level is below m.

c) All workers enter, and the average matching rate is initially high, but the market
converges to the low equilibrium. Since workers know that the average matching
rate will fall their reservation wages are lower than zj, (so market tightness is initially
higher than 6;,). Unemployment falls, and eventually all the high-types leave the
market together, permanently, and the low saddle path is reached. Exit of the
high-types cannot occur until the number of employed low-types is sufficiently high
(above € = 1 —m/u(6,)) that market activity below m falls when the high-types
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leave.

Figure 5 shows the evolution of employment (e, ey) of the two types of worker along
these paths, for the case pu(6,) < m, when all three types of path are possible. Note,
however, that the only paths shown are those on which the high types leave the market at
most once; there are others on which the market alternates between high and low activity

— possibly indefinitely.

€H ,
1 +
Ej,
Ee } } >
)\[ )\h 1 6L
0+ 0+An

Figure 5: Equilibrium paths for a new market

6 Efficiency

It is well known that with constant returns to scale in matching, the decentralised match-
ing market is efficient (subject to matching frictions) under the Hosios condition: when
the surplus shares 3; and [, are equal to the elasticities of matching with respect to
unemployment and vacancies. This gives individual agents the right incentives to ensure
that search externalities are internalised, and hence maximise total output net of search

costs. Thus it is possible, in principle, for a market in which wages are determined by
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ex-post bargaining between worker and firm to achieve efficiency, although in practice
there is no reason to expect the condition to be satisfied.
In this section we determine the social planner’s optimum for the matching model

with non-constant returns and derive a simple generalisation of the Hosios condition.

6.1 The Social Planner’s Problem

Consider a social planner who wishes to maximise the present value of aggregate net
income, continuously determining the number of vacancies (or equivalently market tight-
ness), and for each type of worker the participation decision, search intensity, and reser-
vation productivity level for match consummation. The planner is subject to the frictions
imposed by the matching technology, which determine how the distribution of workers

across the three labour market states evolves over time. The objective is to maximise:

/OOO exp(—pt) [Y + /pb(s)n dq — Gc/psn dq + /(1 —p)gn dq} dt

where Y is the total instantaneous output of current matches. The second and third terms
are the utility of unemployed workers, and total vacancy costs, respectively, and the final
term is the income of inactive workers. The current states of workers and total output

cannot be directly controlled by the planner; from (16) n(q) evolves according to:
n=48(L" —n)— Apsm(2)n
and the path of current output is given by:
Y =\ /psw(z) [z 4+ h(z)|ndq — oY

6.2 First-order Necessary Conditions for Optimality

Proposition 6 On a socially optimal dynamic path, participation p(-), reservation pro-

ductivity z(-), search intensity s(-) and market tightness 0 satisfy:

v at(z(g),A) = g
pla) = { 0 otherwise (33)
z = max{qa*(z,\)}+ p; (34)
where a*(z,\) = max {b(s) + sA (mS(2) + (1= nu)[S(2) - 5]) } (35)

7
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PrOOF: By the Principal of Optimality, the social planner’s value function Q(Y,n(-))
satisfies the Bellman equation:'4
pQY.n() = max {v + /pb(S)n dq — QC/psn dq + /(1 —p)gndg
sPL),2(),8
+ Y+ [ Quginda }

We can write down first-order conditions with respect to 6,p(-), z(-) and s(-), together
with envelope conditions for Y and n(-). Starting with the first-order condition for z(-)

and the envelope condition for Y we have:!®

0 = p(q) (2(g) — Uny)) (37)
Py = 1—060y +Qy (38)

Since €y is bounded,!® the solutions are:'”

1
Oy = —— and Q) =

p+0 p+o (39)

These are the social marginal values of a unit of output, and an unemployed worker of

type g, respectively. The first-order condition with respect to 0 is:
_ A
0= —Suc+ Ty /psw(z) {Qy[z + h(2)] — Qn(q)} ndq
which, using (37) and (15), gives us condition (36).
The envelope condition for n(-) and the first-order condition for s(-) are:

P = (1=p(q))q+p(q) {b(s) = sbc+ sA[S(2) = S] + nsAS} = 0Qu(g) + ungy)
0 = b(s)—0c+ AS(z) —S]+n\S when p(q)#0

Since Q is a function of Y, Qy denotes 92/9Y as usual; however, Q is a functional of n(-), and we
write {1, for the partial derivative of (2 with respect to n at q in the sense of Volterra. Furthermore,
since we are maximising the objective with respect to the functions p(-), z(-) and s(-), the first-order
conditions for them will also be in terms of Volterra derivatives. (See Appendix B.)

15Observe that %ny/ + 2 [ Qugndg = OyyY + J Qyngndg = Qy.

16The additional value, d2, of an increase in output, dY, lies between 0 and dY/p, i.e. what the SP
gets if the match that produced the extra output is destroyed immediately, and what she gets if it is
never destroyed; so 0 < Qy < 1/p.

17"The reservation value z(q) is indeterminate when p(q) = 0; however in that case we can simply set it

equal to (p +0)Q,(q)-
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and eliminating €2,,(,) and ¢ using (39) and (36), we obtain:

Z
p+0

z=(1-p)g+pa*(z,\)+ (40)

where a*(z, \) is given by (35).

Finally, consider the choice of p(-). The derivative of the maximand in the Bellman

equation with respect to p at ¢, evaluated using the first-order conditions above, is:

n(q) (a*(=(a), N) — q)

Hence the social planner chooses p(q) according to (33), and equation (40) for z(q) can

be written in the form (34). |

6.3 The Steady State and Second-order Conditions

Inspection of the optimality conditions (33) to (36) shows, by the same argument as for
the decentralised equilibrium, that in a steady state all participating workers have the
same reservation value z and search intensity s. Thus in an optimal steady state z, s, 6

and u satisfy:

z = bs) + sMpS(2) (
= b'(s) + AnuS(2) (
= —c+2?7v5(z) (43
O(m)m(z) = O(L(2) —u) (

These equations are clearly very similar to the equations for the decentralised steady state:
they differ only in that the surplus shares are replaced by the elasticities of matching with
respect to unemployment and vacancies. It appears that a generalisation of the Hosios
condition holds. But we should first consider whether a solution to first-order conditions

exists, and whether the first-order conditions are sufficient for a social optimum.

6.3.1 Existence

It can be shown in the same way as for the decentralised case that a solution to the
social planner’s first-order conditions exists provided that M,(1,0) is sufficiently large.
The only substantive difference is that in the analogue of Lemma 1 z depends on market

size through the marginal matching rate ®'(m), rather than the average ®(m)/m. It is
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also useful to note that the crossing condition in this analysis implies that there can be

at most one solution in any concave region of the matching function ®(m).

6.3.2 Second-order Conditions

As well as satisfying the first-order conditions, an optimal choice of 0, p(-), z(-) and s(-)
must correspond to a local maximum of instantaneous welfare.

With §f denoting a differential change in a function f, we write E[df] for % [pndf(q) dq
and similarly for Var[df]. We decompose the relevant differential changes in 6, p(-) (whose

changes are felt via changes in u), z(-) and s(-) into the vectors dg and dy,, given by:!®
dg' = (d@ E[0s] du E[62]> and dy' = (Var[és] Var[dz])

The second-order differential change in the objective €2, at a steady-state solution of the
first-order conditions, is then directly proportional to dg’ Hg dp — dy' Hy dy, where the

symmetric matrices Hg and Hy are given by:

a ( md”’ B I—J) gm@” gmfbﬂ O
02 oY o 0s @/ Ou P’
1 (m@” . 1—a> 1 m®” 0
52 P/ € su P’
1"
e g
1
n mh

and

() )

respectively, and o is the elasticity of substitution between unemployment and vacancies.

If Hg is negative definite, then this change is negative and we have a local maximum.
On the other hand, if Hg is not negative definite, then there is a vector of changes that
makes dr’ Hg dg non-negative and at the same time has dy = 0, and so the second-order
effect on (2 is non-negative.

If L/(z) > 0, it can be verified that Hp is negative definite if and only if ®”(m) < 0,
giving necessary and sufficient conditions for a strict local maximum.'® With an upward-
sloping supply of workers to the market, it can never be optimal to be on a convex part
of the matching function — since by bringing another worker into the market the social

planner raises activity and the marginal matching rate, and hence increases income z for

Bdu = dN(q)
f " = 0, we have a maximum with respect to s, 6, z, but the second-order effect of changing u is
Z€ro.
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all the workers in the market.

When labour supply is inelastic, du = 0. In this special case, the relevant matrix
(the sub-matrix corresponding to changes in 6, s and z) is negative definite if and only
if m®”/®" < (1 — «a)/(e + ao). This condition can be intepreted as saying that if, at
an optimum, raising search activity would increase the matching rate, the effect must be

small enough that the gain for workers is outweighed by the increased search costs.

6.3.3 Steady State Welfare

Evaluating total welfare at a steady-state solution of the first-order conditions gives:

p+9

pS) = /max{z, q}dL(q) + (L — u)h(2) (1 _ 6)

Equivalently the net social surplus from the market — the difference between p{) and total

income when all workers are inactive — is:

AR = [ (= 0) dL(a) + (L(:) — wh(:) (1 - 5) (45)

p+o

It follows that if there is a solution to the first-order conditions in a region of non-increasing
returns, the social planner can achieve a positive social surplus. A positive surplus can
occur at a solution with increasing returns, but if n > 1+ p/§ this requires the total rents

to outweigh losses from employment. We discuss this case further below.

6.4 Necessary and Sufficient Conditions for Optimality
Putting together the results above we can now state our main efficiency result:
Proposition 7 A steady-state allocation is a local welfare optimum if and only if

(i) z,s,0 and u satisfy the social planner’s first-order conditions (34) to (36), and

(it) ®"(m) <0 (or =2

< tas Uf labour supply is inelastic).

Corollary 1 (Generalised Hosios Condition) A decentralised steady state equilibrium

with variable labour supply is a local welfare optimum if and only if ®"(m) < 0 and

51 = Nu, 52 =My-

We can also conclude that if the matching function ®(m) has only one concave region, a
local optimum is the unique global optimum provided that the net surplus (45) is positive.
Corollary 1 means that efficiency can in principle be achieved by a policy maker who

sets the surplus shares of workers and firms, as in the standard constant returns case.
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The difference is that with non-constant returns a tax or subsidy is required: the surplus
shares do not sum to one. If the optimum has decreasing returns to scale, the surplus
must be taxed in order to give agents appropriate search incentives. If the optimum has
increasing returns the policy maker must use a subsidy. In particular, we can see from
(45) that when n > 1+ p/d employment is effectively loss-making, but the subsidy could
nevertheless be financed by a lump-sum tax on workers, who earn rents in equilibrium.
This generalisation of the Hosios condition is quite intuitive. With constant returns to
scale in matching, search externalities arise when the relative number of agents — market
tightness — is suboptimal, and efficiency can be achieved by manipulating the relative
return to search. With non-constant returns there are also market size effects: additional
search externalities that arise when the absolute number of agents is not optimal. To
achieve efficiency in this case, it is necessary to control both the relative and absolute

return to search.

6.4.1 Efficiency away from the steady state

With everywhere-constant returns, the Hosios condition is necessary and sufficient for
efficiency not only at the steady-state, but everywhere on the equilibrium path. With a
more general matching function this is not the case. Comparing the social planner’s first-
order conditions in Proposition 6 with the dynamic equations for individuals in section
2.4, we can see that, while setting 5, = 1, allows firms to behave optimally, 5, = n, is
not sufficient for optimal worker behaviour when workers are heterogeneous. There is an
additional external effect from a worker who has a different reservation wage from the
average in the market. His reservation wage changes the average surplus S; so it changes
the incentives facing firms, affecting market tightness and hence the matching rate for
other workers. For example, consider a worker who has high enough outside income that
he will leave the market in future. His reservation wage is above average, so his expected
surplus is below average. From (35) we can see that the social planner would lower his
reservation wage, to mitigate his negative effect on market tightness and the aggregate
matching rate. This result is similar to that of Shimer and Smith (2001) who show that
the Hosios condition is not sufficient for efficiency with ex-ante heterogeneous agents who

have different reservation productivities.

6.5 Interpretation: Search Externalities

Our efficiency analysis, as well as providing a neat generalisation of the Hosios condition,

gives some insight into the different sources of inefficiency in random matching models.
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Agents’ decisions to search affect the returns to other agents by changing market tightness
or market size (both of which can affect individual matching rates) or the expected surplus
from a match. In a model with constant returns and homogeneous agents only the first
of these has an external effect, and it can be offset by an appropriate sharing rule. Non-
constant returns introduces a market size externality, which can be internalised using a
uniform employment tax or subsidy. Heterogeneity of reservation values means that an
agent’s decision to search changes the expected surplus for agents on the other side of the

market; this externality could be offset only with agent-specific taxes or subsidies.

Concluding Remarks

Empirical evidence suggests that labour markets are not always characterised by constant
returns to scale in matching, and hence that market size matters. The generalisation of
the standard labour market matching model developed here allows us to describe the
implications of market size effects. Matching markets can have stable decentralised equi-
libria with either decreasing or increasing returns. When there are multiple equilibria,
larger markets deliver higher welfare, but pessimistic expectations may nevertheless lead
to a low activity equilibrium.

The key difference from the constant-returns case is that the private returns to search
are determined by the average matching rate, which increases or decreases with market
size depending on returns to scale. A deterministic model cannot provide a full account of
the business cycle, but the non-constant average matching rate induces plausible dynamic
variation in labour force participation and search intensity that is absent from the standard
model, suggesting that introducing a market size effect into an empirical matching model

would allow the incorporation of separate labour force and unemployment dynamics.
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Appendix

A Various Proofs

PrROOF OF LEMMA 1: From (17) and (18), search intensity s satisfies sb'(s) + z —
b(s) = 0 which determines s;, with s;(0) = 0 and 2%% = ¢. Then from (18) and (19):

s dz
Brcl + Gob'(s) = 0. Since s is a function of z, this determines 0;(z), with 6,(0) = 0 and
24 — 1. Substituting s = s1(z) and 6 = 6;(z), equation (19) can be written in terms of
z and m only:
c 01(2)
m) = Al
) = 5,50 ner () A

The right-hand side is a continuous, differentiable and increasing function of z, with limits
o = ¢/325(0)/(0) at 0 and oo at y. Hence ¥Ym such that ¢(m) > ¢q this equation has a
solution z = (;(m) € [0,y) as required. Differentiating (A.1):

mdG
z dm

+132) o -

Now consider the flow condition (20). Substituting u = m/su and using s;(z) and 6,(z):
(OL(2) = ®(m)7(2)) s1(2)(61(2)) = om (A.3)

This determines z = (3(m), with (3(0) = 0, and derivative:

m d(s a+e 27’

——=|~L —(L—u)— | = L— A4

toe (T - =0T ) =k (L (A4)
(2(m) is strictly increasing, reaching a maximum value 3 at a finite value m. ]

PROOF OF PROPOSITION 1: An equilibrium is a solution of (a(m) = (;(m). If we
define ¢;(m) = 0 when ¢(m) < ¢, then both (» and (; are continuous on [0,m], and
¢1(m) < ¢(m) = 7, so a sufficient condition for a solution to exist is (;(0) > (2(0) = 0;

that is, the average matching rate at 0 is greater than ¢,:

Tlnig{)cb(m) > o

= M,(1,0) = ¥(0)/(0) > ——

325(0)

If this condition holds, we have at least one solution (z,m) with z > 0 and m > 0;

corresponding equilibrium values of the other variables are given by: s = s1(z), 6 = 0,(2)
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and u = m/spu(f). At any equilibrium, from (A.4) and (A.2):

dGy  dC  sgn (Z ( a+ E))
52 Y1 ser | _
dm dm Y h+ R AN 1+e¢

e o35 0 (- )

£ L<2+1+7—77<7+(‘fj:>)+<L_u)(n_1) (1_2}1h/>

Since zh//h < 1 by assumption, this is positive if n(m) < no. If this condition holds for

all m, then (; and (5 can only cross once, and the equilibrium is unique. ]

PrROOF OF PROPOSITION 3: Most of the argument is given in the text; it remains
to prove that ®(m)w(z)h(z) is increasing in m between equilibria. From the proof of

Proposition 1, equilibrium values of z and m satisfy z = (;(m) and:

L (@(min(2)h(z) L T2y T )l

dm
which is strictly positive from (A.2). |

PROOF OF PROPOSITION 4: From (23):
Aar) = 2(@) = K(t) + 55(4ar) — 2(a) (A.5)

where K = max{q;,a(z(q1))} — max{q,a(z(q2))}.

1. Suppose that z(q1) < 2(g2) for some t. Then K > 0, so 2(¢1) — 2(q2) < 0, and
2(q1) < z(gq) for all future t. But this is impossible since from (24) z(q1) > z(¢2) in

the limit. Hence we must have z(q1) > 2(go) for all ¢.

2. If worker ¢, is participating at time ¢, ¢; < a(z(¢1)). Then from 1 (above), a(z(g2)) >

a(z(q1)) > q1 > g2, so g strictly prefers to participate.
3. Compare 2z(q1) and z(g2) at time ty in the following cases:

(a) a(z(q1)) < ¢1 in an interval [to, ;) (so ¢ does not participate).

If 2(q1) = 2(qo) at to, K(to) = 1 — max{qe,a(z(q1))} > 0s0 2(q1) — 2(q2) < 0.
Then z(q1) < z(q2) immediately after ¢y, which is impossible. Hence z(q;) >

2(qo) at to.

(b) a(z(q1,t0)) = q1, and a < 0 (so ¢ exits at t).
From 2 (above), ¢y strictly prefers to participate at to. Then K(t) = ¢1 —
a(z(qe)) for some interval t € [to,t1). If 2(q1) = 2(q2) at to, K(tp) = 0 and
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2(q1) = 2(q2). Since a(z(qq)) is strictly decreasing at to, so is a(z(g2)), and
K(ty) > 0. Differentiating (A.5), the second derivative of z(q1) — 2(gz) is
strictly negative at ty. Again this implies z(q;) < z(¢2) after to, which is

impossible, so z(q1) > 2z(q2) at to.

(¢) a(z(q1)) > ¢ in an interval [tg,t;).
Then both ¢; and g, participate, and z(q;) and z(gs) satisfy the same equation
z = a(z,t) + ﬁz’ in this interval, which has a unique solution through any
point (z,t). If ¢; will exit in future, z(q;) > 2(g2) at that time, and hence
z2(q1) > z(q2), at to. Otherwise both participate permanently with z(q;) =

2(qo) = z for all t > t,.

Finally, differentiating the first-order condition for search intensity, b'(s) + A\315(z) = 0,

shows that s is a strictly decreasing function of z. [
PROOF OF LEMMA 4: Eliminating A and S(z) from (29) and (30) =

sds

s = 5(0), 9dq8 ¢

u o= u(zm), . l—o u 1—a ’
N h(z)\. -« mAm  n—1
A= Alzm), X 1-a A 1l—a

Finally, using (27): ¢ = ¢(z,m)

where in a rising market: G = Q; + ax\s, Gm = QA

and in a falling market: (1-a,)q. = W\, (1—a.)qm = A\

which can be evaluated using the results above together with, from (10):

h
A _ 1+¢€ and (2)a:
a a

=—(1+¢)
=

PrROOF OF PROPOSITION 5: If the equilibrium is stable with respect to vacancies,

n(m) < 7. To determine the sign of A, the derivatives of f; and f, are:

flz = (P + 5) (1 —az — a/\j\z) flm = —(P + 5)a)\5\m
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J2. = 5<L,(2>(jz — ) — CID(m)T(I(z) Jom = 5<L/(Z)ij — Upy) — (I)/(m)ﬂ'(z)

which can be evaluated using the elasticities in the proof of Lemma 4. After a little

rearrangement the numerator of A can be written:

flzme - flmez - flmq)ﬂ-, - flzq),ﬂ- - 5 [flmL/ + flzam - flmﬁ'z]

(This expression takes the same form irrespective of whether A rises or falls towards the

steady state.) Substituting the expressions above gives, after some manipulation:

O [fimL + frztim — fimi.] = wu <Z L= (”y—i— OH_G))

(1—a)m h 1+e
+9)(1+¢) z l—-a 27’
m @7 — f1, P :—(p—L— < ) 1— - —
fim®m — f1. @' (1 —a)m (L—wu)(n h+1+e + (1 =n) |~ -
so from the proof of Proposition 1 fi,fom — fimfe: = (] — ¢}, which is negative when

n(m) < 7. In a rising market the denominator of A is:

Ty — NGy = 1teu (1 4 n(z>z _q (6"‘@ n n(z)z))

1—am 1+e€ U

which is positive when 1 < 7. It is straightforward to show that this is also true in a
falling market. Hence A < 0 and the equilibrium is saddle-path stable. The slope of the
saddle-path is determined by the sign of fi,,,2° which is equal to the sign of 1 —7. So it is
downward-sloping, upward-sloping or flat when 7 is, respectively, less than, greater than,

or equal to 1. [

y b
20Tn general the saddle-path of a system: ( Y ) = < “ ) ( Y ) with a > 0 is downward-sloping

if b > 0, flat if b = 0, and upward-sloping if b < 0.



B Notes on Volterra derivatives

Let f be a function and let I be a functional that takes f as its argument. We wish
to determine the differential change in I[f] resulting from a differential change in f.
Following Volterra (1930), we fix a point ¢; in the domain of f and define a particular
small change in f, denoted by Af, as follows: (a) Af(q) #0iff g € (1 —w/2,q1 +w/2);
(b) either Af >0 or Af <0; (c) |Af(q)| < h. Consider the fraction

If + Af1 = 11f]
JAf(q)dg

asw | 0,h | 0. If the limit exists (uniformly in f and in ¢;), then it is the first derivative
of I w.r.t. f at ¢; in the sense of Volterra, and is variously denoted by I'[f(-); ¢1], I'[f; ¢1],
or [61/6f]q, -

With df denoting a general differential change in the function f, §I denotes the total
differential of I (w.r.t. f), and is given by

o1 = [ I'lfsa)of(a) da

koI

i=1 57, df; when I is a function of the

which is seen as the continuous analogue of dI =
k-vector (f1,..., fx)-

Partial derivatives of a more general functional are defined similarly.?! Also, since I’
is again a functional, second- and higher order derivatives can be defined in the obvious
way, and are denoted by I"[f; q1, 2], etc., the total second-order differential of I (w.r.t.
f) being given by

01 = [ [ 11F01,00)0F (1) O (a2) da s

Of particular interest here, consider I being defined by an integral: I[f] = [4(f(q)) dq
for some function . In this case, I'[f; q] is simply given by ¢/(f(¢)), and so optimisation
of I w.r.t. f is in effect pointwise. Further, when I’ is not defined by an integral, the total

second-order differential of I (w.r.t. f) is given by

%1 = [ w/(£()) (4 (a)* dg

which is the continuous analogue of cross-partial derivatives being zero.

2IThere seems to be no agreed notation for partial derivatives; when I is a functional of f and g we

use I¢[f,g;q] or, more simply, ).

41



References

AcemMocLu, D. (1997): “Technology, Unemployment and Efficiency”, European Eco-
nomic Review, 19, 1-20.

AcemocLu, D. (2001): “Good Jobs versus Bad Jobs”, Journal of Labor Economics,
41(3-5), 525-33.

ANDOLFATTO, D. (1996): “Business Cycles and Labor Market Search”, American Eco-
nomic Review, 86, 112-32.

BAKER, S., HOGAN, S. and RAGAN, C. (1996): “Is there compelling evidence against
increasing returns to matching in the labour market?”, Canadian Journal of Eco-
nomics, 29, 976-93.

BoLprIN, M., KivoTAKI, N. and WRIGHT, R. (1993): “A dynamic equilibrium model

of search, production and exchange”, Journal of Economic Dynamics and Control,
17, 723-758.

BuUrDETT, K. and WRIGHT, R. (1998): “Two-Sided Search with Nontransferable Util-
ity”, Review of Economic Dynamics, 1, 220-245.

BURGESS, S. and PROFIT, S. (2001): “Externalities in the matching of workers and firms
in Britain”, Labour Economics, 8, 313-33.

CAMERA, G. (2000): “Money, Search, and Costly Matchmaking”, Macroeconomic Dy-
namics, 4(3), 289-323.

CoLE, H.L. and ROGERSON, R. (1999): “Can the Mortensen-Pissarides matching model
match the business-cycle facts?”, International Economic Review, 40, 933-59.

CoLEs, M. and SMITH, E. (1996): “Cross-section estimation of the matching function:
evidence from England and Wales”, Economica, 63, 589-597.

DiaMOND, P.A. (1982): “Aggregate demand management in search equilibrium”, Journal
of Political Economy, 90, 881-94.

DiaMOND, P. and FUDENBERG, D. (1989): “Rational Expectations Business Cycles in
Search Equilibrium”, Journal of Political Economy, 97(3), 606—20.

DRAZEN, A. (1988): “Self-fulfilling Optimism in a Trade-Friction Model of the Business
Cycle”, American Economic Review, T8(2), 369-72.

FAHR, R. and SUNDE, U. (2004): “Occupational Job Creation: Patterns and Implica-
tions”, Ozford Economic Papers, 56, 407-35.

DEN HaaN, W.J., RAMEY, G. and WATSON, J. (2000): “Job Destruction and Propa-
gation of Shocks”, American Economic Review, 90(3), 482-98.

Hosros, A.J. (1990): “On the efficiency of matching and related models of search and
unemployment”, Review of Economic Studies, 57, 279-98.

Howitt, P. and MCAFEE, R.P. (1987): “Costly search and recruiting”, International
Economic Review, 28(1), 89-107.

42



Hypg, C.E. (1997): “Multiple equilibria in bargaining models of decentralized trade”,
Economic Theory, 9, 283-307.

KANGASHARJU, A., PEHKONEN, J. and PEKKALA, S. (2005): “Returns to scale in a
matching model: evidence from disaggregated panel data”, Applied Economics, 37,
115-18.

KANO, S. and OHTA, M. (2005): “Estimating a Matching Function and Regional Match-
ing Efficiencies: Japanese Panel Data for 1973-1999”, Japan and the World Economy,
17, 25-41.

MERz, M. (1995): “Search in the labor market and the real business cycle”, Journal of
Monetary Economics, 36, 269-300.

MERz, M. (1999): “Heterogeneous job-matches and the cyclical behavior of labor turnover”,
Journal of Monetary Economics, 43, 91-124.

MORTENSEN, D.T. (1989): “The Persistence and Indeterminacy of Unemployment in
Search Equilibrium”, Scandinavian Journal of Economics, 91(2), 347-70.

MORTENSEN, D.T. (1999): “Equilibrium Unemployment Dynamics”, International Eco-
nomic Review, 40(4), 889-914.

MORTENSEN, D.T. and P1sSARIDES, C.A. (1994): “Job creation and job destruction in
the theory of unemployment”, Review of Economic Studies, 61, 397-415.

MORTENSEN, D.T. and PissAriDES, C.A. (1999): “Job Reallocation, Employment
Fluctuations, and Unemployment Differences”, in Handbook of Macroeconomics (M.
Woodford and J. Taylor, eds.). Amsterdam: North Holland, 1171-228.

MuNICH D., SVEINAR, J. and TERRELL, K. (1999): “Worker-firm matching and unem-
ployment in transition to a market economy: (why) were the Czechs more successful
than others?” (WP No. 107, Davidson Institute, Michigan Business School).

PETRONGOLO, B. and PissARIDES, C.A. (2001): “Looking into the black box: a survey
of the matching function”, Journal of Economic Literature, 39, 390-431.

PissArIDES, C.A. (1984): “Search Intensity, Job Advertising, and Efficiency”, Journal
of Labor Economics, 2, 128-143.

PissarIDES, C.A. (2000): Fquilibrium Unemployment Theory , 2nd Edition (Cambridge:
MIT Press).

ROGERSON, R., SHIMER, R. and WRIGHT, R. (2005): “Search-Theoretic Models of the
Labor Market: A Survey”, Journal of Economic Literature, XLIII, 959-88.

SHIMER, R. (2005): “The Cyclical Behavior of Equilibrium Unemployment and Vacan-
cies”, American Economic Review, 95, 25—49.

SHIMER, R. and SmiTH, L. (2001): “Matching, Search and Heterogeneity”, Advances in

Macroeconomics, 1, Article 5.

VAN DEN BERG, G.J. (2003): “Multiple Equilibria and Minimum Wages in Labour Mar-

43



kets with Informational Frictions and Heterogeneous Production Technologies”, In-

ternational Economic Review, 44, 1337-57.

VERACIERTO, M. (2004): “On the cyclical behaviour of employment, unemployment and
labor force participation” (WP 2002-12, Federal Reserve Bank of Chicago).

VOLTERRA, V. (1930): Theory of Functionals and of Integral and Integro-Differential
Fquations (London: Blackie).

44



