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Consider function§,g: X ! R whereX R.

X
*

How do we guarantee that argmax g(x) argmax,y f (x) ?
Familiar argument: Sinck is maximized ak ,f {x ) = 0. Use this to show
thatg¥(x ) > O.

This criterion is valid iff andg are quasiconcave functions, but not gener:
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One-dimensional comparative statics

Consider two functiong,g: X ! R,withX R.
g dominated by thesingle crossing propertlg <. f)iffor x andx
withx > x , the following holds:

fx ) f(x) (>)0) gox ) gx) (=)O0:
(Milgrom and Shannon (1994))
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One-dimensional comparative statics

Consider two functiong,g: X ! R,withX R.
g dominated by thesingle crossing propertlg <. f)iffor x andx
withx > x , the following holds:

fx ) f(x) (>)0) gox ) gx) (=)O0:
(Milgrom and Shannon (1994))

The single crossing property is stronger than

) (>)0) dgx) (>)0:

The latter condition is useless wherandg are not quasiconcave.
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One-dimensional comparative statics

When either argmax , f (x) or argmax, yx g(X) is non-singleton, how can
the sets be ordered?

De nition: Let S°andS%be subsets dR.
SP%ominatessin thestrong set ordefS®°  S9) if for x%92 S%ndx®2 S°

maxf x% x% 2 S% and minfx%x% 2 S®

Example:f3;5;6;, 79 6 f1;4; 69
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One-dimensional comparative statics

When either argmax , f (x) or argmax, yx g(X) is non-singleton, how can
the sets be ordered?

De nition: Let S°andS%be subsets dR.
SP%ominatessin thestrong set ordefS®°  S9) if for x%92 S%ndx®2 S°

maxf x% x% 2 S% and minfx%x% 2 S®
Example:f3;5;6;79g 6 f1;4;69butf3;4;5;6;79g f 1;3;4,5;69.
Note: if S9= x4 andS°®= fx%, thenx®® x©°
More generally,

supS® supS® and inf S inf S
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The single crossing property

Theorem:Supposd andg are real-valued functions de ned o6 R and
g <« f.Thenargmay y g(x) argmax,y f (X):

GE-=npn. 5/



The single crossing property

Theorem:Supposd andg are real-valued functions de ned o6 R and
g <« f.Thenargmay y g(x) argmax,y f (X):

In particular, supargmax,y 9(x)]  sup[argmax,y f (Xx)].

GE-=npn. 5/



The single crossing property
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The single crossing property

Theorem:Supposd andg are real-valued functions de ned o6 R and
g <« f.Thenargmay y g(x) argmax,y f (X):

In particular, supargmax,y 9(x)]  sup[argmax,y f (Xx)].

Proof: Assumeg . f such thak®2 argmax,, f (x) and

x%2 argmay, y g(x) with x%°> x % Sincex®2 argmax.  f (x), we have
f(x% f(x9: Butg < f impliesthatg(x’§ g(x° sox%is also in
argmax, y 9(x). And so on... QED
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The single crossing property

Recallthaty .. f iffor x andx withx >x ,the following holds:

fx ) tx) (3)0) ax ) ax) (>)0: (1)

A simplesuf cient conditionforg 4 f:
there is scalak > Osuch thag¥(x)  kf Yx):
Clearly, this guarantees that
gx ) ox) k[f(x ) f(x)]

and (1) follows.
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The single crossing property

Simple Application:Consider the standard portfolio problem:

AgentV's utility function isV (x) = Rv((w X)r + xs)h(s) ds,

—r i1s the payoff of the riskless asset; the risky asset gagsstates, with the
distribution ofs given by the density functioh

— X Is the investment in the risky asset.
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Simple Application:Consider the standard portfolio problem:

AgentV's utility function isV (x) = Rv((w X)r + xs)h(s) ds,

—r i1s the payoff of the riskless asset; the risky asset gagsstates, with the
distribution ofs given by the density functioh

— X Is the investment in the risky asset.

Suppose Agent is less risk averse than aganti.e.,v has a smaller
coef cient of risk aversion thamn. Equivalently,

VO(Z) IS Increasing ire. This guarantees that
0
0 VIWE) 0.
VH(x) W) U™(x):

SoV 4. U and comparative statics follows.
A bit more general than usual proof because nenheor u need to be
concave.
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The single crossing property

Recall:g <. f if,forx >x ,we have
f(x ) f(x) (>)0) ox ) aox) (>)0:
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The single crossing property

Recall:g <. f if,forx >x ,we have
f(x ) f(x) (>)0) ox ) aox) (>)0:

g < f Intop picture but not the lower.
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The single crossing property

In both cases, the optimum has increased, but SCP captsteml of the
two cases.

Motivation for thelnterval Dominance Order

to develop an ordering for functions that captuoesh situations.
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The single crossing property

LetX Randf,g:X ! R.Recall:g «f if,foranypairx >x ,we
have

Fx ) tx) (3)0) ax ) gx) (=)0
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The single crossing property

LetX Randf,g:X ! R.Recall:g «f if,foranypairx >x ,we
have

Fx ) tx) (3)0) ax ) gx) (=)0

Alternatively,g < f ifforany pairx > x ,we have

X 2argmax, ., (x) ) x 2argmax, , ,9(x) and

X = argmax, . g]c (x) ) X = argmax, . gg(x):
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The single crossing property

LetX Randf,g:X ! R.Recall:g «f if,foranypairx >x ,we
have

fx ) fx) (>3)0) aox ) gax) (>)0:
Alternatively,g < f ifforany pairx > x ,we have
X 2argmax, ., (x) ) x 2argmax, , ,9(x) and
X = argmax, X g]c (X) ) X = argmax, X gg(x):

g dominated by theinterval dominance orddg , f) if for any pair
X >X ,we have

X 2argmax . f(x) ) X 2 argmax . ;9(x) and
X = argmax . f(x) ) X = argmax . 9(xX):
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The Iinterval dominance order

g ,f ifforanypairx >x we have

X 2argmax, ., f(x) ) X 2 argmax . ;9(x) and
X =argmax, ., f(x) ) X = argmax, . 19(x):

<V
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The single crossing property

LetX Randf,g: X! R.

Recall:g < f If, forany pairx >x ,we have

fx ) tx) (3)0) alx ) alx) (=)0
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The single crossing property

LetX Randf,g: X! R.

Recall:g < f If, forany pairx >x ,we have

fx ) tx) (3)0) alx ) alx) (=)0

g dominated by theinterval dominance orddg  f)

If for any pairx > x satisfying

GE=nbpn. 12/



The single crossing property

LetX Randf,g: X! R.

Recall:g < f If, forany pairx >x ,we have

fx ) tx) (3)0) alx ) alx) (=)0

g dominated by theinterval dominance orddg  f)

If for any pairx > x satisfyingf (x ) f(x) for x in the interval
X ;X ]=1fx2 X :X X X g, the following holds:

fx ) tx) (3)0) alx ) alx) (=)0
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The Iinterval dominance order

g ,f ifforanypairx >x satisfyingf (x ) f(x) for x inthe interval
[X ;X ]=1fx2 X :X X X g, the following holds:

Fx ) tx) (3)0) ax ) gx) (=)0 (?)

<V

B - \/ .

Notice that ?) need nobe applied to« andx .
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SCP and IDO

Both SCP and IDO are ordinal properties, i.e.,
fg «f,thenh f | f,whereh andl are strictly increasing function:
similarly,

fg ,f,thenh f I f,wherehandl are strictly increasing functions.
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The Iinterval dominance order

Theorem:Suppose thdt andg are real-valued functionsde ned ofi R
andg ,f. Thenargmay y g(x) argmax,y f (X):

GE-=nbpn. 15/



The Iinterval dominance order

Theorem:Suppose thdt andg are real-valued functionsde ned ofi R
andg ,f. Thenargmay y g(x) argmax,y f (X):

Theorem can be made sharper:

A subset of X is called arinterval of X if for any x®andx®in | andx in X
such thak®< x < x 9% we havex in | .

Note thatX is always an interval of itself and
X need not be an interval &.

Example: IfX = f1;2;3;5; 69, thenf 1; 2; g andf 3; 5; 6g are intervals oX
butf 3; 6g is not an interval oKX .
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The Iinterval dominance order

Theorem:Suppose thdt andg are real-valued functions de ned o6 R.
Theng | f ifand only if

argmax,, g(x) argmax,,f (x) for any intervall of X.

Compare this with
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The Iinterval dominance order

Theorem:Suppose thdt andg are real-valued functions de ned o6 R.
Theng | f ifand only if
argmax,, g(x) argmax,,f (x) for any intervall of X.

Compare this with

Theorem:Suppose thdt andg are real-valued functions de ned o6 R.
Theng 4 f ifand only if
argmax,s9(x) argmax,sf (x) for any subse$s of X .
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The Iinterval dominance order

Recall suf cient condition forg . f:

there is scalak > O such thag?x)  kf Yx).
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The Iinterval dominance order

Recall suf cient condition forg . f:

there is scalak > O such thag?x)  kf Yx).

Suf cient conditionforg | f:

there is a nondecreasing positive functiosuch that

gx)  (f Ax):

GE-=nbpn. 17/



The Iinterval dominance order

Theoptimal stopping time problermat each moment in time, agent gains
protof (t), which can be positive or negative. If agent decides to stop «
time x, the present value of his accumulated protis

Z X

V (X) = e b (t)dt
0

where > 0is the discount rate.
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time x, the present value of his accumulated pro tis
Z X
V (X) = e ' (t)dt
0
where > 0is the discount rate.

How does optimal stopping time vary with discount rate?

Note thatvdx) = e X (x). So

() there are lots of turning points;
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The Iinterval dominance order

Theoptimal stopping time problermat each moment in time, agent gains
protof (t), which can be positive or negative. If agent decides to stop «
time x, the present value of his accumulated protis
Z X
V (X) = e ' (t)dt
0
where > 0is the discount rate.

How does optimal stopping time vary with discount rate?

Note thatvdx) = e X (x). So

() there are lots of turning points;
(if) turning points do not vary with the discount rate.

GE-=nbpn. 18/



The interval dominance order
Proposition:Suppose -

V (X) = e b (t)dt:
0

If > > Othenargmayx ,V (x) argmax ,V (X):
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The interval dominance order
Proposition:Suppose -

V (X) = e b (t)dt:
0

If > > Othenargmayx ,V (x) argmax ,V (X):
Proof: We have
Vix)=e X (x)= & *XVvYx):

Note that the function (x) = el )X is positive and increasing.
SoV ,V. QED
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IDO with Uncertainty

Letfu( ;S)gs2s be an IDO family of functions, i.e.,

u(:s%Y  u(:s% wheneves®>s®

Basic Examplefor everys, u( ;s) is quasiconcave (ir) with
argmaxu(x;s®  argmaxu(x; s for s%°> s?O.
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IDO with Uncertainty

Letfu( ;S)gs2s be an IDO family of functions, i.e.,

u(:s%Y  u(:s% wheneves®>s®

Basic Examplefor everys, u( ;s) is quasiconcave (ir) with
argmaxu(x;s®  argmaxu(x; s for s%°> s?O.

>

We call this theguasiconcave family with increasing pedk¥CIP).
(Note: need not be an SCP family.)
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IDO with Uncertainty

Eachs denotes a state of the world...

>

At each states there is an optimal action, which increases vatiAgent

choosex under uncertainty, i.e., befosas realized. He maximizes
Z

U(x) = u(x;s) (s)ds;
s2S

where :S! R isthe density function.
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IDO with Uncertainty

We expect the optimal choice &fto increase when higher states are more
likely.
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IDO with Uncertainty

We expect the optimal choice &fto increase when higher states are more
likely.

Theorem:Supposéd u( ;s)gs2 s Is an IDO family and let
Z
U(x; )= u(x;s) (s)ds:
s2S

Consider an MLR-shift in the density function fromto ; i.e.,

(s)

——— Is increasing irs:

(s)
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We expect the optimal choice &fto increase when higher states are more
likely.

Theorem:Supposéd u( ;S)gs2 s Is an IDO family and let
Z

U(x; )= 28u(x;s) (s)ds:

Consider an MLR-shift in the density function fromto ; i.e.,

(s)

——— Is increasing irs:

(s)
ThenU(; ) ,U(; ):
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IDO with Uncertainty

We expect the optimal choice &fto increase when higher states are more
likely.

Theorem:Supposéd u( ;S)gs2 s Is an IDO family and let
Z

U(x; )= 28u(x;s) (s)ds:

Consider an MLR-shift in the density function fromto ; i.e.,

(s)

——— Is increasing irs:

(s)
ThenU(; ) ,U(; ). Conseqguently,

argmax,y U(X; ) argmax,y U(X; ):
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Comparing Information Structures

Setting: Agent chooses action after observirgigmalz 2 R,
but before realization of state.
Distribution over signals at a stasas H (zjs) (with densityh(zjs)).

The familyf h( |S)gs» s IS theinformation structurd .

Assume that distributions aMLR-ordered i.e., fors®9> s0

h(zjs") IS INncreasing Irg
h(zjs9) J I

Higher states make higher signals more likely.
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Comparing Information Structures

Suppose the agent is Bayesian, i.e., he has a uniqueoortheS. Given
P, agent can work out the posterior distributidi® ( jz)g,2 2 .
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Comparing Information Structures

Suppose the agent is Bayesian, i.e., he has a uniqueoortheS. Given
P, agent can work out the posterior distributidi® ( jz)g,2 2 .

Fact:If fh(s)gs2s iIs MLR-ordered family theihp (j2)g,22 IS also an
MLR-ordered family.
Higher signals make higher states more likely.

Theorem:Supposéd h( jS)gs2 s IS MLR-ordered and u( ;S)gs2s is an IDO
family of functions. Then, for any prid?P, agent has amcreasing decision

rule, i.e., there is
Z

(z) 2 argmax, u(x;s)np (s; z)ds
s2S

such that is increasing irz.
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Comparing Information Structures

Suppose the agent is Bayesian, i.e., he has a uniqueoortheS. Given
P, agent can work out the posterior distributidi® ( jz)g,2 2 .

Fact:If fh(s)gs2s iIs MLR-ordered family theihp (j2)g,22 IS also an
MLR-ordered family.
Higher signals make higher states more likely.

Theorem:Supposéd h( jS)gs2 s IS MLR-ordered and u( ;S)gs2s is an IDO
family of functions. Then, for any prid?P, agent has amcreasing decision

rule, i.e., there is
Z

(z) 2 argmax, u(x;s)np (s; z)ds
s2S

such that is increasing irz.
In other words, higher signals lead to higher actions.
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Comparing Information Structures

Assume prior i? and consider information structuke. If  is the optimal

decision rule, then agentsx ante utilityis

Z Z
V(H;P) = . 28u( H(2);s)dhp (sjz) d H

where y Is the marginal distribution of.

We wish to comparél with another information structut® = fg( jS)gs2s.

Suppose its optimal decision rule ig, so
Z Z

V(G;P) = u( c(z2);s)der(sjz) d G:

z27 s2S
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Comparing Information Structures

Assume prior i? and consider information structuke. If  is the optimal

decision rule, then agentsx ante utilityis
Z Z

V(H;P) = . 28u( H(2);s)dhp (sjz) d H

where y Is the marginal distribution of.

We wish to comparél with another information structut® = fg( jS)gs2s.

Suppose its optimal decision rule ig, so
Z Z

V(G;P) = u( c(z2);s)der(sjz) d G:

z27 s2S

WhenisV(H;P) V (G;P)forallP?
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L ehmann informativeness

Recall,H ( js) is the distribution of signat conditional on stats.
Similarly, G( js) is the distribution of signat conditional on stats.
Dene T(z;s) byH(T(z;s)js) = G(z]s).

De nition: H is more informative tha (in the sense of Lehmann)
If T(z; ) isincreasing irs.

AN AN
1 1

G(, s

/
-

H (>, s() H (>, s(() G() S«)

V

Vv

T(2,8) T(z,s9 Z
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Comparing Information Structures

Theorem (Lehmann)Suppose that

(i) information structuréd is more informative thas
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Theorem (Lehmann)Suppose that

(i) information structuréd is more informative thas
(i) fu( ;S)gs2s is a QCIP family
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Comparing Information Structures

Theorem (Lehmann)Suppose that

(i) information structuréd is more informative thas

(i) fu( ;s)gs2s is a QCIP family

(ii)) at the priorP, the optimal decision rule fdB6, ¢, is increasing irz
(assuming (ii), this condition holdsH = fh(js)gs2s IS MLR-ordered.)
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(ii)) at the priorP, the optimal decision rule fdB6, ¢, is increasing irz
(assuming (ii), this condition holdsH = fh(js)gs2s IS MLR-ordered.)

ThenV(H:P) V (G;P).
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Comparing Information Structures

Theorem (Lehmann)Suppose that

(i) information structuréd is more informative thas

(i) fu( ;s)gs2s is a QCIP family

(ii)) at the priorP, the optimal decision rule fdB6, ¢, is increasing irz
(assuming (ii), this condition holdsH = fh(js)gs2s IS MLR-ordered.)

ThenV(H:P) V (G;P).

Recall: a QCIP family need not be an SCP family, nor an SCPIyaa@QCIP
family.

Our extension(il) can be replaced with
(i) °fu( ;s)gs2 s is an IDO family.
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Statistical Decision Theory

Recall that ifH = fh(js)gs» s is MLR-ordered, then the Bayesian agent h
anincreasingdecision rule. In fact, increasing rules are appropriaenef/
agent uses some other decision criterion.

GE-=n. 28/



Statistical Decision Theory

Recall that ifH = fh(js)gs» s is MLR-ordered, then the Bayesian agent h
anincreasingdecision rule. In fact, increasing rules are appropriaenef/
agent uses some other decision criterion.

De nition: Therisk of a decisionrule :Z ! X is given by (the vector)
Z

u( (z);s)dH(zjs)
Z s2S
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Statistical Decision Theory

Recall that ifH = fh(js)gs» s is MLR-ordered, then the Bayesian agent h
anincreasingdecision rule. In fact, increasing rules are appropriaenef/
agent uses some other decision criterion.

De nition: Therisk of a decisionrule :Z ! X is given by (the vector)
Z

u( (z);s)dH(zjs)
Z s2S

The Bayesian (with prioP) chooses the rule that maximizes
Z Z
u( (z);s)dH(zjs) dP(s):

S Z

Themaxmincriterion chooses the rule that maximizes
Z

rsr;ig ] u( (z);s)dH(zjs):
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Complete Class Theorem

De nition: Arule isbetter than if
Z Z

u( (z);s)h(zjs) dz u( (z);s)h(zjs) dz
z27Z s2S z27 s2S
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Complete Class Theorem

De nition: Arule isbetter than if
Z Z

u( (z);s)h(zjs) dz u( (z);s)h(zjs) dz
z27Z s2S z27 s2S

R
Geometrically.... whe® is nite, we can think of _ u( (z);s)dH(zjs)
as a point irR!S!. Each rule is associated with a pointRi>).

s2S

E E

2 2

R R
[E1;E2]= ., u( (2);s1)h(zjs1)dz; ,,, u( (2);s2)h(zjs.)
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Complete Class Theorem

De nition: A subset of decision rule€ form anessentially complete clagds
for every rule thereis arule in Csuch that is better than .
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Complete Class Theorem

De nition: A subset of decision rule€ form anessentially complete clagds
for every rule thereis arule in Csuch that is better than .

Theorem (Karlin-Rubin)LetH be an MLR-ordered information structure
andf u( ;s)gs2s a QCIP family. Then the increasing decision rules form &
essentially complete class.
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Complete Class Theorem

De nition: A subset of decision rule€ form anessentially complete clagds
for every rule thereis arule in Csuch that is better than .

Theorem (Karlin-Rubin)LetH be an MLR-ordered information structure
andf u( ;s)gs2s a QCIP family. Then the increasing decision rules form &
essentially complete class.

Our extensionQCIP family can replaced by IDO family.
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Statistical Decision Theory

Application (adapted from Manski):
Medical Treatment A is the status quo with known recovenbpiility of p*.

Treatment B is the new treatment with unknown recovery podiaof p®,
taking values in séeb.
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Medical Treatment A is the status quo with known recovenbpiility of p*.

Treatment B is the new treatment with unknown recovery podiaof p®,
taking values in séeb.

N subjects are randomly selected to receive Treatment B.

Planner observes the numlzwho are cured.

Planner's decision (treatment) rule map® the proportiorx of population
who will receive treatmens .
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Statistical Decision Theory

Application (adapted from Manski):
Medical Treatment A is the status quo with known recovenbpiility of p*.

Treatment B is the new treatment with unknown recovery podiaof p®,
taking values in séeb.

N subjects are randomly selected to receive Treatment B.

Planner observes the numlzwho are cured.

Planner's decision (treatment) rule map® the proportiorx of population
who will receive treatmens .

Fact: The distribution ofz givenp® is binomial and

fh(jp®)gps 25 is MLR-ordered
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Statistical Decision Theory

Assume that cost of treating fracticnof the population with B (and the res
with A) is C(x).

Normalize utility of cure at 1 and that of no cure at 0. Plarmetility if
fractionx of the population receives B (and the rest A) is

u(x;p%)=@1 x)p*+xp® C(x): (2)
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Assume that cost of treating fracticnof the population with B (and the res
with A) is C(x).

Normalize utility of cure at 1 and that of no cure at 0. Plarmetility if
fractionx of the population receives B (and the rest A) is

ux;p®) =1 x)p* +xp® C(x): (3)

The familyfu( ; p? )Ope 25 is not a QCIP family but it is an IDO family.
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Statistical Decision Theory

Assume that cost of treating fracticnof the population with B (and the res
with A) is C(x).

Normalize utility of cure at 1 and that of no cure at 0. Plarmetility if
fractionx of the population receives B (and the rest A) is

u(x;p%)=@1 x)p*+xp® C(x): (4)

The familyfu( ; p? )Ope 25 is not a QCIP family but it is an IDO family.

Conclusion(from extended Karlin-Rubin Theorem):
planner can con ne herself to rules whetencreases witlz.

GE-=n. 32/



Statistical Decision Theory

Another applicatior(to portfolio problem with multiple investors):

There is one safe asset and one risky asset.
There areN investors, with different risk attitudes and priors, whawue their
funds with amanager

Assume investors are rewarded the same share they put ihstatas of the
world.
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Statistical Decision Theory

Another applicatior(to portfolio problem with multiple investors):

There is one safe asset and one risky asset.
There areN investors, with different risk attitudes and priors, whawue their
funds with amanager

Assume investors are rewarded the same share they put ihstatas of the
world.

Manager has information structuire = fh( js)gs> s (which we assume is
MLR-ordered).

Manger has a decision rule which speci es the fraction cditbinds,
(z) 2 [0; 1], to be invested in the risky asset after receiving signal
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Comparing Information Structures

Portfolio problem continuedGiven a decision rule we can work out the ex
ante expected utility of investors 1, 2, et al.
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Comparing Information Structures

Portfolio problem continuedGiven a decision rule we can work out the ex
ante expected utility of investors 1, 2, et al.

A decision rule is Pareto optimaif there does not exist another decision
rule that gives higher ex ante utility to all investors.
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Portfolio problem continuedGiven a decision rule we can work out the ex
ante expected utility of investors 1, 2, et al.

A decision rule is Pareto optimaif there does not exist another decision
rule that gives higher ex ante utility to all investors.

Applying the extended versions of the Karlin-Rubin and Lanm Theorems
we obtain:
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Comparing Information Structures

Portfolio problem continuedGiven a decision rule we can work out the ex
ante expected utility of investors 1, 2, et al.

A decision rule is Pareto optimaif there does not exist another decision
rule that gives higher ex ante utility to all investors.

Applying the extended versions of the Karlin-Rubin and Lanm Theorems
we obtain:

1. Pareto optimal decision rules are increasing in signal.
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Comparing Information Structures

Portfolio problem continuedGiven a decision rule we can work out the ex
ante expected utility of investors 1, 2, et al.

A decision rule is Pareto optimaif there does not exist another decision
rule that gives higher ex ante utility to all investors.

Applying the extended versions of the Karlin-Rubin and Lanm Theorems
we obtain:

1. Pareto optimal decision rules are increasing in signal.

2. If information structure improves in Lehmann's sense, ttiee is a new
decision rule that leads to a Pareto improvement.

GE-=npn. 34/
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